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Abstract: The fuzzy square graph G is G
2
 =( V,E(G

2
) ). A set D of G

2
 is said to be connected dominating set of 

G
2
 if every vertex not in D is adjacent to at least one vertex in D and the sub graph H = <D> is connected .The 

minimum cardinality of a connected dominating set of G
2 

is called the connected domination number of  fuzzy 

square graph G
2
 and denoted by c (G

2
). In this paper, we introduce connected dominating numbers of fuzzy 

square graph and proves some important results related to connected dominating numbers of fuzzy square 

graphs. 
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I. Introduction 
In 1975, the notion of fuzzy graph and several fuzzy analogues of graph theoretical concepts such as 

paths cycles and connectedness are introduced by Rosenfeld[4].  Bhattacharya[1]  has established some 

connectivity regarding fuzzy cut node and fuzzy bridges. The concept of domination in fuzzy graphs are 

introduced by A.Somasudaram and S.Somasundaram[6]  in 1998. In 2012, Bounds on connected domination in 

square graph of graph is introduced by M.H.Muddabihal and G.Srinivasa[7]. In this paper ,We analyze bounds 

on  connected dominating set of fuzzy square graph and proves some results based on connected dominating  

fuzzy graph. 

 

II. Preliminaries 

Definition  2.1 [2] A fuzzy subset of a nonempty set V is a mapping  : V[0, 1] and A fuzzy relation 

on V is a  fuzzy subset of V x V. A fuzzy graph is a pair  G:( , ) where  is a fuzzy subset of a set V and   is 

a fuzzy relation on  , where (u,v)  ≤  (x)    (y)  x , y V 

 

Definition 2.2[2]  The fuzzy graph  H (V1, 
'
,  

'
 ) is called a fuzzy subgraph of G(V,, ) if 

V1V,
'
(u) ≤ (u)  for all  uV and 

'
(u,v)  ≤   (u,v) for all u,vV 

 

Definition 2.3 [2] The fuzzy subgraph  H(V1, 
'
, 

'
 ) is said to be a spanning fuzzy subgraph of 

 G(V, ,)  if (u) = 
'
(u)for all uV1 and '(u,v)  ≤  (u,v) for all u,v  V. 

 

Definition 2.4 [2] The fuzzy graph  H(,) is called a partial fuzzy subgraph of G(V,,) if ≤  and 

   ≤ . 

The partial fuzzy subgraph of G(V,,) induced by  is maximal partial fuzzy subgraph  of G that has 

fuzzy vertex set . This is partial fuzzy graph H(, ) where  (x,y) =  (x)   (y)  
 
(x,y)  x,yV. 

 
Definition 2.5[9] The Strength of the connectedness between two nodes u,v in a fuzzy graph G is 

 

(u,v) = sup{

k
(u,v);k =1,2,3..}  where 

k 
(u,v) = sup 

    
(u,u1)  (u1,u2)  (u2,u3)  …. (uk-1,v) . 

 An arc (u,v) is said to be a strong arc if (u,v) = 

 (u,v). If (u,v) =0 for every  v V then u is called isolated 

node. 

 

Definition 2.6[2] An arc (u,v) is called a fuzzy bridge in G, if the removal of (u,v) reduces the strength 

of connectedness between some pair of nodes in G.A connected fuzzy graph is called a fuzzy tree,if it contains a 

spanning subgraphs T which is a tree such that for all arcs (u,v) not in T. 

 

Definition 2.7 [9]   Let  G(V,,) be a fuzzy graph and D  V.  D is a dominating set if for every  

u V-D there exist vD such that (u,v) is strong arc and (u) ≤  (v). 
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Definition  2.8 [9] A dominating set of a fuzzy graph with minimum number of vertices is called a 

minimum dominating set. The domination number of G is denoted by  (G). Domination number of a fuzzy 

graph is the sum of membership values of the vertices of a minimum dominating set. 

 

III. Connected Dominating Set In Fuzzy Graphs 

Definition  3.1 [10] . A dominating set D of a fuzzy graph G = (, ) is connected dominating set if the 

induced fuzzy subgraph H=<D> is connected. The minimum cardinality of a connected dominating set of G is 

called the connected dominating number of G and is denoted by  c (G),obviously  (G) ≤ c(G) . 

In this  section , We proved some important theorems based on connected dominating fuzzy graphs. 

 

              
 

Theorem  3.2 :   Let G = (V, ,  ) be a connected fuzzy graph order n and let c (G) = d ,let S V be such that 

<S> is connected then | N(S) –S | ≤ n-d. 

Proof : The result is clear if d ≤  |S|  so  assume d>|S|. If V-S-N(S) =  then c (G) < d  a contradiction. 

Let H= < V-S-N(S) > and let H1,H2,..Hl  be  the connected components of H. Because G is connected for each 

i,1 ≤ i  ≤  l there exists ui  N (S)  and vi V (Hi) Such that ui is adjacent to vi where (ui , vi) >0    i.   The 

subgraph induced by X is connected and that X dominates G. Hence d≤ | x | ≤ |v| -|N(S) –S| that is |N(S) –S|≤ |v| 

-d 

 

Corollary  3.3 : If G is connected and has n vertices and c (G) = d then every vertex in G has degree atmost  

 n-d. 

Proof : Apply the proceeding theorem with S consisting of just one vertex. 

 

Theorem  3.4 : If G is connected fuzzy graph and n 3 then   c (G) ≤  n-2 

Proof:  Let (V1,  ,  ) be a spanning fuzzy tree of G such that (u) =(u) for all u V1 and  (u,v) ≤ 

(u , v) with   (G) pendant vertices and Let L denote the set of pendant vertices then T-L is connected 

dominating set having n-  (G) vertices. that is c (G) ≤ n-  (G).  Conversely, Let D be connected dominating 

set .Since < D> is connected. < D> has a spanning tree  T s . A spanning tree  T of G is formed by adding the 

remaining  n - c (G) vertices  of V-D to Ts and adding edges of G such that vertex in V-D is adjacent to exactly 

one vertex in D. Now T has at least n -c(G) pendant vertices. Thus   (G)  n -c(G) or  c(G) n -  (G)  .  

Hence c(G) = n-  (G) and since   (G)  2  ie., c(G) ≤ n-2 
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Theorem  3.5:  Let G be connected fuzzy graph and have  n vertices m edges if n  4 , m  n and G is not a 

circuit then c(G) ≤ n-3 

Proof : If G is not a circuit then T is a spanning fuzzy tree of G . G must have at least one vertex  V with 

degree at least 3. By theorem3.2, c(G) ≤ n-3 

 

Theorem  3.6:  For any connected fuzzy graph G, c(G) ≤ n-(G). 

Proof : Let u be node of G such that the strong neighborhood of u is Ns(u) = {v V : (u,v) is strong arc  } equal 

to maximum cardinality of a strong neighborhood  s(G) then  V- Ns(u) is a dominating set. Therefore  

(G) ≤ | V- Ns(u) |≤ n- s(G).The maximum cardinality of a strong neighborhood is maximum degree of u and  

(G) ≤ c(G)  that is c(G) ≤ n -  (G). 

 

Corollary  3.7: For any fuzzy tree T ,   c(T) = n -  (T) then T has atmost one vertex of degree three or more. 

 

Theorem  3.8  If  H is connected fuzzy spanning subgraph of G then  c(G) ≤ c(H)  

Proof : If H is connected spanning subgraph of a connected fuzzy graph G then every connected dominating 

set of H is also connected dominating set of G and V=V1.The  spanning subgraph of G has connected 

dominating set but need not be a minimum fuzzy dominating set. ie,  c(G) ≤ c(H)  

 

IV. Connected Domination Number Of Square Fuzzy Graph 

In this section, we introduce a new notion called  connected domination number of  fuzzy square graph 

.  

Definition  4.1  The square fuzzy graph G is G
2
 =( V,E(G

2
) ). A set D  of G

2
 is said to be connected dominating 

set of G
2
 if every vertex not in D is adjacent to at least one vertex in D and the sub graph H = <D> is connected. 

The minimum cardinality of a connected dominating set of G
2 

is called the connected domination number of 

fuzzy square graph G
2
 and denoted by c (G

2
).The fuzzy square graph G denoted by G

2  
has the same vertices as 

in G and the vertices u and v are joined in G
2  

if and only if they are joined in G by a path of length is less than 

or equal to two. 

. 

Theorem  4.2:   For any connected fuzzy graph G , c(G
2
)  ≤ c(G)   

Proof : For any connected fuzzy graph G with  n 3.Let P be a path such that P: (u0,u1).(u1,u2)…(un-1,un)  

where  (ui-1,ui) > 0 i. Suppose S = { ui  V (ui) > 0  i } be a connected dominating set of G such that S 

V(P) .So, that | S | = c(G).  Now  we consider D = { ui-1, ui-2,… ui-m},  m ≤ i such that D = V(P)  V(S) be a 

minimal connected dominating set of G
2
 .Hence  | D | = c(G

2
)  clearly c(G

2
)  ≤ c(G) 

 

Theorem 4.3 :  If G is connected fuzzy graph G then  c(G
2
)  ≤  5 (G

2
) - 4 

Proof : Let G be a connected fuzzy graph G and Let D be a dominating set of G
2
 then the induced fuzzy 

subgraph <D> has at most | D | components. Since D is a dominating set of G
2
. We can connect two of these 

components to one components by adding atmost four vertices to D. Hence we can construct a connected 

dominating set S of G
2
 such that D  S in atmost | D |-1 steps by adding atmost four times of | D |-1 vertices to 

D. Consequently   c(G
2
)  ≤  |S| ≤ |D|+ 4(|D|-1)=5|D| - 4 and if we choose D such that | D | = (G

2
)  

  

Theorem  4.4 : For any connected fuzzy graph G : (,  c(G)  - (G)  ≤  n- c(G
2
)   

Proof : Let H ={ vn  V (vn) > 0} be a minimal dominating set of G. Suppose the subgraph <H> is 

connected then H is connected dominating of G .Further  if the subgraph <H> is disconnected then there exist 

another vertex set  J ={viV (v i) > 0} where J V(G) –H whose vertices are at distance one to the vertices 

in H such that the subgraph  <HU J> is connected. Clearly H U J is a connected dominating set of G.Since  

V(G) = V(G
2
) there exists a vertex set D = { vk  VH U J. Clearly it follows that | HU J | - | H|  ≤   n- | D | 

there c(G)  - (G)  ≤  n- c(G
2
). 

 

Theorem  4.5 : Let G be connected fuzzy graph and H be any connected spanning fuzzy subgraph of G then 

every connected dominating  set of H
2
 is also a connected dominating set of G

2 
and Hence  c(G

2
)   ≤  c(H

2
)   

Proof : Suppose H is totally disconnected or disconnected with at least one component as an isolated vertex. 

 Then we consider V(G) = {vn (vn) > 0, n = 1,2,…}and S = {Vi ≤ i ≤ n such that S   V(G) in such a way 

that every vertex of V-S are at a distance of at most two with respect to the corresponding vertices of S in G 

which gives a connected minimal connected dominating set in G
2
. Let vi vj be any edge of G such that i < j and 

for all i, j = 1,2,.. (n-1). Suppose H is minimal connected spanning subgraph of G and E(H) = E(G) - vi vj . Since  
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V(G
2
)  =  V (H

2
)   then S is also a minimal connected dominating set of both G

2
 and

  
H

2
 which gives the equality    

c(G
2
)  = c(H

2
)  . If H is totally disconnected  then V(G

2
)  =  V (H

2
) such that  E (H

2
) = ,and   

c(G
2
) = c(H

2
) =n,  where n is the number of vertices in G. Now one can easily verify that c (G

2
)   ≤  c (H

2
)  

 

V. Conclusion 

The connected dominating number of   fuzzy square graph is defined. Theorems related to this concept 

are derived and the relation between connected dominating number of   fuzzy graphs and connected dominating 

number of fuzzy square graphs are established. 
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