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Abstract: In this paper, we introduce a generalisation of the Banach contraction mapping for fixed point 

theorem in complete metric space. The results presented in this paper substantially improve and extend the 

result due to Dutta and  Choudhary we support our result by example. 

 

I. Introduction 
It is well known the Banach contraction mapping theorem in one of the pivotal results of functional analysis. A 

mapping T: X   X where (x,d) is a metric space, is said to be a contraction if there exit 0   k   1 such that  

                     𝑑 𝑇𝑥, 𝑇𝑦 ≤ 𝑘 𝑑 𝑥, 𝑦 ,    𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥, 𝑦 ∈ 𝑋 
If  the metric space (x,d) is complete then the mapping satisfying (1.1) has a unique fixed point which 

established by Banach (1922). 

 

II. Perliminaries and definitions 

Definition 2.1 (altering distance function [6]). A function     ,0,0:  is called an altering distance 

function if the following properties are satisfied: 

(a)   ,00   

(b)   is continuous and monotonically non-decreasing. 

 

Theorem 2.2 (see [6]). Let (X,d) be a complete metric space, let   be an altering distance function, and let 

XXf : be a self – mapping which satisfies the following inequality: 

                                   yxdcfyfxd .,                                               (2.2) 

for all Xyx , and for some 0 < c < 1. Then f has a unique fixed point. 

          In fact Khan et al. proved a more general theorem [6, Theorem 2] of which the above result is a corollary. 
          Altering distance has been used in metric fixed point theory in a number of papers. Some of the works 

utilizing the concept of altering distance function are noted in [8-11]. 

In [12], 2-variable and in [13] 3-variable altering distance functions have been introduced as generalizations of 

the concept of altering distance function. It has also been extended in the context of multivalued [14] and fuzzy 

mappings [15]. The concept of altering distance function has also been introduced in Menger spaces [16]. 

                        Another generalization of the contraction principle was suggested by Alber and  

Guerre-Delebriere [7] in Hilbert Spaces. Rhoades [17] has shown that the result which Alber and Guerre-

Delabriere have proved in [7] is also valid in complete metric spaces. We state the result of Rhoades in the 

following. 

 

Definition 2.3 (weakly contractive mapping). A mapping XXT : , where (X,d) is a metric space, is said 

to be weakly contractive if 

 

                                                  ,,,, yxdyxdTyTxd                      (2.3) 

 

Where Xyx , and     ,0,0:  is a continuous and nondecreasing function such that   0t if 

and only if t = 0. 

               If one takes   ktt   where 0 < k < 1, then (2.3) reduces to (2.1). 

Theorem 2.4 (see [17]). If XXT : is a weakly contractive mapping, where (X, d) is a complete metric 

space, then T has a unique fixed point, 

                  In fact, Alber and Guerre-Delabriere assumed an additional condition on   which is  

lim𝑡→∞ ∅ 𝑡 . But Rhoades [17] obtained the result noted in Theorem 1.4 without using this particular 

assumption. 
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         It may be observed that though the function   has been defined in the same way as the altering distance 

function, the way it has been used in Theorem 1.4 is completely different from the use of altering distance 

function. 

           Weakly contractive mappings have been dealt with in a number of papers. Some of these works are 
noted in [17-20]. 

             The purpose of this paper is to introduce a generalization of Banach contraction mapping principle 

which includes the generalizations noted in Theorems 2.2 and 2.4. 

 

III. Main results 

Theorem 3.1. Let (X.d) be a complete metric space and let XXT :  be a self-mapping satisfying the 

inequality 

 

                                          xTxdyxdyxdTyTxd ,,,, '  ,                          (3.1) 

 

Where     ,0,0:,, ' are all continuous and monotone nondecreasing functions with 

     ttt '0    if and only if t = 0. 

Then T has a unique fixed point. 

Proof. For any ,0 Xx  we construct the sequence nx  by ,2,1,1   nTxx nn  

            Substituting 1 nxx and nxy   in (2.1), we obtain 

 

                   1

'

111 ,,,,   nnnnnnnn xxdxxdxxdxxd  ,                                 (3.2) 

 

Which implies  

          

   nnnn xxdxxd ,, 11          (Using monotone property of  -function).                            (3.3) 

It follows that the sequence   1, nn xxd  is monotone decreasing and consequently there exists 0r  such 

that 

 

                                  ., 1  nasrxxd nn                                                         (3.4) 

 

Letting n  in (2.2) we obtain 

 

                                                               rrrr '  ,                                           (3.5) 

 

Which is a contradiction unless r = 0. 

Hence 

                                 .0, 1  nasxxd nn                                                      (3.6) 

 

We next prove that  nx is a Cauchy sequence. If possible, let  nx be not a Cauchy sequence. Then there 

exists   > 0 for which we can find subsequences   kmx  and   knx  of  nx  with n (k) > m (K) > K such 

that 

 

                                                         knkm xxd , .                                                             (3.7) 

Further, corresponding to m (K), we can choose n (K) in such a way that it is the smallest integer with n (K) > m 

(K) and satisfying (2.7). 
         Then  

 

                                           1, knkm xxd .                                                                         (3.8) 
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Then we have 

 

                    knknknknknkmknkm xxdxxdxxdxxd ,,,, 111   .                             (3.9) 

 

Setting k and using (3.6), 

 

                                     knkmk xxd ,lim .                                                                   (3.10) 

 

Again, 

          

                           kmkmkmknknknkmkn xxdxxdxxdxxd ,,,, 1111   , 

                          1111 ,,,,   kmkmkmknknknkmkn xxdxxdxxdxxd .                           (3.11) 

 

Setting k in the above two inequalities and using (3.6), (3.10), we get 

 

                                                       11 ,lim kmknk xxd .                                             (3.12) 

. 

Setting   1 kmxx and   1 knxy  in (3.1) and using (3.7), we obtain 

 

                         1

'

1111 ,,,,   kmkmknkmknkmknkm xxdxxdxxdxxd 
 (3.13) 

 

Setting k , utilizing (3.6), (3.10) and (3.12), we obtain 

 

                                                                                                                   (3.14) 

 

Which is a contradiction if 0 . 

This shows that  nx  is a Cauchy sequence and hence is convergent in the complete metric space X. 

Let 

                                  zxn          as     n .                                                              (3.15)    

Substituting 1 nxx  and y = z in (2.1), we obtain 

 

                    1

'

11 ,,,,   nnnnn xxdzxdzxdTzxd                                       (3.16) 

 

Setting ,n using (3.15) and continuity of ,
'  and , we have 

 

                   0000, '   Tzzd ,                                                                      (3.17) 

 

Which implies    0, Tzzd , that is, 

 

              0, Tzzd           or                 Tzz  .                                                           (3.18) 

   

To prove the uniqueness of the fixed point, let us suppose that 1z  and 2z  are two fixed points of T. 

                   Putting 1zx  and 2zy   in (3.1), 

 

                               11

'

212121 ,,,, zTzdzzdzzdTzTzd    

                     or            11

'

212121 ,,,, zzdzzdzzdzzd                          (3.19) 
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                     or    0, 21 zzd , 

 

    or equivalently   0, 21 zzd , that is, 21 zz  . 

     This proves the uniqueness of the fixed point. 

 

Example 3.2. Let    ,4,3,21,0 X and 

 

                 
 

 
















.,0

,1,0,

,,1,0,,,

,

yxif

yxandyorxofoneleastatifyx

yxyxifyx

yxd                             (3.20) 

 

Then (X,d) is a complete metric space [1]. 

 

Let     ,0,0: be defined as 

                    t  









,1,

,10,
2 tift

tift
                                                                             (3.21) 

 

Let     ,0,0:'  be defined as 

 

                      













.1,
2

1

,10,
2

1 2

'

tif

tift
t                                                                           (3.22) 

 

Let     ,0,0:  be defined as 

 

                    













.1,
2

1

,10,
2

1 2

tif

tift
t                                                                           (3.23) 

 

Let XXT :  be defined as 

 

                    

 











.,3,2,1

,10,
2

1 2

xifx

xifxx
Tx                                                                 (3.24) 

 

Without loss of generality, we assume that x > y and discuss the following cases. 

Case 1   .1,0x   Then 

 

                                  
















 22

2

1

2

1
, yyxxTyTxd  

                                                      =          2

2

1

2

1
yxyxyxyxyx   

                                                      =     2
,

2

1
, yxdyxd                                               (3.25)      
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                                                      =      2
,

2

1
, yxdyxd   

                                                      =        yxyxceyxdyxd  sin,,  . 

Case 2   ,4,3x . Then 

                                              1,0
2

1
,1, 2 








 yifyyxdTyTxd  

                                 Or       1
2

1
1, 2  yxyyxTyTxd ,                              (3.26)               

                                                ,4,3,21,1,  yifyxdTyTxd     

                                 or        12,  yxyxTyTxd . 

 

Consequently, 

 

                               111,,
22

 yxyxyxTyTxdTyTxd  

                                           =    
2

1
1

22
 yxyx                                        (3.27)                                                             

                                           =      yxdyxd ,,   . 

Case 3  2x .  Then        1
2

11,,1,1,0 2  yyTyTxdandTxy . 

              So, we have      11,  TyTxd . 

              Again   yyxd  2, . 

              So, 

               

                                       

          

 

14
2

7

2

1
2

22,,

2

2

22







yy

y

yyyxdyxd 

            (3.28)                                  

                                                                                 =   .,TyTxd  

Considering all the above cases, we conclude that inequality (3.1) remains valid for ,,,'  and T 

constructed as above and consequently by an application of Theorem 2.1, T has a unique fixed point. 

It is seen that “0” is the unique fixed point of T. 
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