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. Introduction:

A large variety of the problems of analysis and applied mathematics reduce to finding solutions of non
linear functional equations which can be formulated in terms of finding the fixed points of a non linear
mapping. Fixed point theorems are very important tools for proving the existence and unigness of the solutions
to various differential, integral and partial differential equations and variational inequalities etc. representing
phenomena arising in different fields. Therefore the fixed point methods specially Banach’s contraction
principle provides a powerful tool for obtaining the solutions of these equations which were very difficult to
solve by any other methods. Recently described about the application of Banach’s contraction principle [2].
Ghalar [4] introduced the concept of 2- Banach. Recently Badshah and Gupta [3], Yadava, Rajput and
Bhardwaj [6] and Yadav, Rajput, Choudhary and Bhardwaj [7] also worked for Banach and 2-Banach spaces
for non contraction mapping. In present paper we prove some fixed point theorems for non-contraction
mappings, in 2-Banach spaces motivated by above, before starting the main result first we write some
definitions

Il.  Preliminaries:
Definition (2.1), 2-Banach Spaces: Let L be a linear 2- normed space to be pair (L, || , ”)Where Lisa

linear space and ||,|| is non negative, real valued function defined on L such that a,b,c,e
L.

(i) [la, b|| = 0 if and only if a and b are linearly dependent

(i) lla,bll = lIb, all

(iii)  lla, gbll = |Bllla, bll, B is real

(iv) lla,b +cll < lla, bll + lla,cll

Hence |l.,. || is called a 2-norm.

Definition (2.2): A sequence {x,} in a linear 2-normed space L, is called a convergent sequence if there is
x€L

Such that lim,,_,.||lx,, — x,y|| = 0 for all y € L.

Definition (2.3): A sequence {x,} in a linear 2-normed space L, is called a Cauchy sequence if there exists
y,Z€L,

Such that y and z are linearly independent and lim,,, ,, .. |1x,, — x,,, ¥l =0

Definition (2.4): A linear 2-normed space in which every Cauchy sequence is convergent is called 2-Banach
space.

I11.  Main Results
Theorem 3.1: Let T be a mapping of a 2-Banach spaces into itself. If T satisfies the following conditions:
F? =1, where I is identity mapping.
(3.1.1)
_ lx—Fx.alllx—y.all + lly=Fy.allly = Fxall +llx=y,al?
IFx = Fy,all < a lr—Fxall + -y al |+

B [IIy—Fy,allllx—y,a||+ llx—Fx,alllx—Fy,all + ||x—y,a||2] +
lly=Fy,all + llx—y,all
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Ylllx — Fx,all + lly = Fy,alll + 8 [llx — Fy,all + lly — Fx,alll + 5 llx — y,all
(3.1.2)
Where x # y,a > 0is real with 5a + 58 +4y + 25 + n < 2. Then F has a fixed point. If a + 8 + 26 +
n <1
Then F has a unique fixed point.
Proof: suppose x is a point in the 2-Banach space X.
Taking y = %(F +1)(x), Z=F(y) and u = 2y — z we have
Iz —xall = IIFy = F2(0),all = |IFy — F(Fx),all )
<« ly—Fy.a lllly—Fx.all + |Fx—F%(x).a|[lFx—Fy,all + ly—Fx,all ]

lly=Fyll + lly—FxI|
IFx — F2(x),alllly = Fx,all + lly = Fy,allly — F>(x),all + lly - Fx,all?

IFx — F2(x),all + lly — Fx,all
+yllly = Fy,all + IFx = F*(x),alll + &[lly —F*(x),all + [Fx —Fy,all] +

n [lly — Fx,all]

lly—=Fy,allly=Fx,all + IFx—x,allllFx—Fy,all + Ily—Fx,allz] +
lly=Fy.all +lly—Fx,all
B IFx—x,alllly—=Fx,all + lly—Fy,allly—x,all + Ily—Fx,allz] + [Ily—Fy.a|I+|IFx—F(FX).aII
IFx—x.all + ly—Fxal 14 2
+ 6 [lly —x,all + lIFx — Fy,all] + n[lly — Fx,all]
lly=Fy,allly=Fx,all + IFx—x,allllFx—Fy,all + IIy—FX.aIIZ] +
IFx—Fy,all

Fx—x,allly—Fx, —Fy alllly—x, —Fx,al?
B [II x—x,allly xa||+||”yy_x)jaa“||||y xall +lly—Fx.all ] +yllly = F&), all + IF(X) = X, all]

+6[lly—xall + lIFx—Fy,alll + nllly - Fx,all] ,
ly=Fy.all|3F+D ) ~Fx,a|| + IFx—x.all| Fx—F[5F+D@a]|| + [|3E+D G0 -Fx.a|
=a T +
[[Fx=F|zF+D O]
IFx—x.all| 2D —Fx.al| + ly=Fy.all| [2F+n @] + |[sF+D0—Fx.a]”
[3E+DGO-x.a]
LF+D@ - xa|+ |Fx-FEE+

yllly = Fyall + IFx —xall] + ¢ |

n |2+ DG - Fx.qf

1 1 1
ly—Fy.alllIFx—xal + lIFx-x,al5lIFx—x,all +;||I‘"9f—x.a||2
= a T
sIFx—x.all

/lxa+

1 1 1
[nﬁx—x,aninm—x,an +lly—Fy,allzllFx—xall + ;an—x.anZ]

1
EIIFx—x,aII
1 1
ylly—Fy.all + IFx=xall + & [2IFx - xall + 2lIFx - xall| +
1||Fx — x, all
2

1
= a[ly-Fy.all + IFx - xall + 2IFx—x,all] +
1
B [IIFx—x,aII + lly=Fy,all + EIIFx—x,aII] + yllly—Fyall + IFx—xalll] + & lIFx - x,all
+ ZlIFx = x,al

3 3
= a[ly - Fy.all + 2IFx—xal| + g EllFx—xall + ly - Fy,all] +
vy =Fy,all + IFx—x,alll + 8 IFx—xall + JIIFx - x,all
3 3
= Fa+2p+v+6+YIFx—xal + [« + B + yllly - Fy,al

llz—x, all < Ea + %ﬁ +y+6+ g] [|Fx —x,all + [a + B + yllly — Fy,all (3.1.3)
Also,
lu—xall =12y—z—x,all = IF+Dx)—z—x,all = lIFx+x—2z—x,all
= |[Fx—zall = ||[Fx—Fy,all
|IFx — Fy,all

llx—Fx,alllx=y.all + ly—Fy,allly—Fx.all + llx—y,all?
< a[ y y=Fy.allly y +
llx—Fx,all + llx—=y,all
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8 [Ily —F),allllx —y,all + llx — F(x), allllx — F(y), all + llx — y, all? N
lly — Fy),all + llx — y, all

vlllx — Fx,all lly — Fy,all] + & [llx = Fy,all + |ly — Fx, aIZI] + nllx—y,all
< o |lFrallix—y.all + Iy —Fy allly=Fxal +lx—y.al ] 4
ly—Fx,al ]
lly—Fy,allllx=y,all + llx—Fx,allllx—Fy,all + llx—y,all
B [ llx—Fy,all ] +
vllix = Fx,all + lly — Fy,alll + & [llx — Fy,all + lly — Fx,all] + nllx —
rva

le—Frall|x=[3F+D@]a|| + ly-Fy.all|3F+D 00 ~Fra|| + [|x-[5¢+D00]a I’
- a[ ||%(F+I)(x)—Fx,a” ]+
[ly—Fyall|x-[2+D 0o a]| + lr—Fxal]x—F [fE+nela]| + |- [E+ne]a|”
[l el E
y llx = Fx,all + Ily — Fy,all] +

[l ¢ +0e]al + e+ [Je o + oo .o

llx— anll llx—Fx,all +lly— Fyall lx—Fx,all + |Ix —Fx,all?

B

—

= a

Ellx Fx,all

1 1 1
P [ny—Fy.an;nx—Fx.an + lx—Fx,allyllx—Fx,all +;||x—Fx,a||2]

Jlx—Fx,al
[Ix - Fx.all + lly—Fy,all]l + 6 [2llx - Fx,all + Sllx— Fx,all| +

U [gllx—Fx,aII]
=a [IIx—Fx,all + lly —Fy,all + %IIx—Fx,aII] +

B [y = Fy.all + llx— Fxall + 3llx — Fx,all] +

ylllx=Fxall + lly = Fy,alll + & [llx—Fx.all + 7 llx - Fx,all
=a Ellx—Fx,aII + IIy—Fy,aII] +p [Ily—Fy.aII + zllx—Fx,all]

v lllx=Fx,all + lly = Fy,alll + & [llx = Fx,all] + 7 llx - Fx,all
= Ea + %ﬁ +y+6+ g] [lx — Fx,all + [a+ B+ y]lly — Fy,all

s lu—x,al < Ea+%ﬁ +y+5+%] [lx — Fx,all + [a+ B+ y]lly—Fy,all (3.1.4)
Now,
lz=wall < llz=xall + llx—uall

= Fa+2p+y+o+2lx—Fxall + [a+p+yllly—Fyal +
[a+2p+y+o+2lk—Fral + [a+p +ylly—Fy,al

= 2[%a+%,8+y+6+g] [lx — Fx,all +2[a+ B +yllly —Fy,all
= [Ba+3B8+2y+ 25 +nlllx— Fx,all + [2a+ 28+ 2y]lly — Fy, all

llz—wall = [3a+3B8+2y+26+n]llx — Fx,all + [2a+ 28 + 2y]lly — Fy, al| (3.1.5)
Also, [z —u,all = [[Fy — 2y — 2),all

= |IFy — 2y + zall

=2|lFy —y,all
« From (3.1.5)

~2lly=Fy,all = [Ba+ 3B+ 2y +25+nlllx — Fx,all + [2a + 28 + 2y]lly — Fy,all
~ly = Fy,sqll 3% gllxzs— Fx,all
_ 3a+3f+2y+26+n
Where g = 2—(2a+28+2y)
Since 5a +58 +4y +26+n <2

LetG = %(F +I) then for every x € X
1G*(x) = G(x),all = IIG(ly)—y.aII
= |+ Do) -y.q|
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= 2 ly —Fy,al
< gllx — Fx,all
By the definition of g, we claim that {G?(x)} is a Cauchy sequence in X.
By the completeness, {G?(x)} converges to some element x, in X.
ie. lim,_,G"(x) = x,
Which implies that G (x,) = x,.
Hence F(xy) = xq
i.e x, is a fixed point of F.
For the uniqueness, if possible let y,(# x,) be another fixed point of F then
llxo = yo,all = IIF(xq) = F(yo), all )
< a [HXO—F(XO).IZ||||X0_YO|ia” +llyo—F@o)alllyo—F (xo).all + llxo—yo.all ] +
xo—F(xo).all + llxo—yo.all
lyo—Fo).alllxo—yo.all + lxo—F (xo).alllxo—F (yod.all + llxo—yo.all
g llyo=F(yod.all + llxo—yo.all ]
¥ lllxo — F(xo), all + llyo — F(yo),all]l +
8 [llxo = F(yod,all + llyo — F(yo),alll + 1 llxg —yo,all

llxo—yo.all® llxo—yo.all®
-« llxo—yo.all + B llxg—yo.all + 26llx = yoll +nllxg = ol
= allxo —yo.all + B llxg —yo,all +28 llxg —yo,all + 1llxg — yo.all
= [a+ B +26 +nlllxg — yo,all
= lxg —yo all < [a+ B +268 +nlllxo — yo,all
Sincea+f+25+1n <1
o llxo = yooall =0
X0 = Yo
This is the complete prof.
Theorem 3.2 : Let K be closed and convex subject of a Banach space X. Let F:K - K,G: K = K
Satisfy the following conditions:

F and G commute (3.2.1)
F? =and G? = I, where | denotes identify mapping (3.2.2)
IF(x) — F(y),all (3.23)

IG(x) = F(x),alllc(x) = G(y),all + IGQ) = F),allllcy) = F(x),all + IG(x) — G(),all?

= 16G) — FGo), all + 16(x) — GO, all
B [IIG(y)—F(y),aIIIIG(x)—G(y),all + I6(x) = F(x), allllG(x) = F(y),all + 1G(x) — G(y),all?
IG(y) — F(y),all + IG(x) — G(),all

+yI6G) = FG,all + 16D —FO),alll + §[lIGGx) — Fx),all + 1G(y) — F(x), all]

+716(x) = G(), all

For every x,y € X,a > 0is real and 5a + 58 + 4y + 26 + n < 2. Then there exist at least one fixed point,
Xy € X such that F(x,) = G(x,) = x,. Further if « + 8 + 26 + n < 1 then X is the unique fixed point of F and
G.

Proof: From (3.2.1) and (3.2.2) it follows that (FG)? = I and (3.2.2) and (3.2.3) weget

IFGG(x) — FGG(y),all = IIFG*(x) — FG?*(y),all

[166%() — FG*(x), allll66% () — 662 (), all + 166%(y) — FG*(3),alllGG*(y) — FG2(x), all |
<o +11662(0) = 662 (), all? |
= |l 166260 = FG2 (), all + 1667 () — 662 (y), all JI

[1662() — FG*(3),allllG6?() — 66*(y), all + 1662(x) — FG*(x),allll66(x) — FG2(¥),all]
15l +11662(0) = 662 (), all? |

|l 16620) = F62(), all + 1662 (x) - 6GZ(y), al JI

+y [IGG*(x) — FG*(x), all + I6GG*(y) — FG*(y),all ]
+8 [IGG*(x) = FG* ), all + IGG*(y) — FG*(x), all 1 + 1 1GG*(x) — GG* (), all
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[1G() = FG.G(x),alll6(x) — G(y), all +16() — FG.G(),all 1G(y) — FG.G(x), all +]

< ol 16 — G),all?

a IGC) = FG.G(),all + IGG) — G(), all

(160 —FG.G(y),alllc(x) =GO, all +16(x) — FG.G(x), all IG(x) —FG.G(y),all +]

|

6 — (), all?
IG») —FG.G(),all + IGG) — G(), all

+y[lG(x) = FG.G(x),all + [IGly) — FG.G(y),all]

+6 [lIG(x) = FG.G(),all + IG(y) — FG.G(x),all] + n [lIG(x) — G(y),all]
Now that G(x) = Z and G(y) = W, then we get

IFG(z) — FG(w),all

+B

B ————

< lz—FG(2),allllz—w,all + llw—FGw),allllw—FG(2),all + IIZ—W,aIIZ] N

lz—FG(2),all + llz—w,all
B lw=FGw),alllz—w,all + llz—FG(2),allllz—FGw),all + Ilz—w,allz]
lw—=FGw),all +llz—w,all
Y lllz=FG(2),all + llw—FGWw),all]l + & [llz—FGw),all + llw—FG(2),all] +
77 ”Z - W, a”
We have (FG)? = I and so by theorem1. FG has at least one fixed point say x, in K, i.e.
FG(xy) = x (3.2.9)
FFG(xy) = F(x,)
G(x9) = F(xp)

Now,
IF (xo) = xq,all = IIF(xp) = F*(xp),all = IIF(xq) = FF(x,),all

[11G (xo) — F(x0), allllG(xp) — GF (xg), all + IGF(xy) — FF(x), allllGF (xy) — F(xg), all]
<4 + 1G(xy) — GF (xp), all?
- 1G (xo) — F(xo), all + [1G(xq) — GF (xp), all

[IGF (xo) — FF(x),allllG(xy) — GF(xp),all + 1G(xy) — F(xo), allllG(x) — FF(xy), all
‘s + 116 Gx) = GF (xy), al?

[|GF(xy) — FF(xp), all + 11G(xg) — GF (xg), all

+7 [1G(xo) = F(xp), all + IGF (xo) — FF (xo), all]
+ 6 [IIG(xo) — FF(xo), all + IGF (xy) — F(x0), all] + n [[G(x) — GF(xy), all
" IF (xo) — F(xo), allllF (x) — xq,all + llxg — xo, allllxg — F(xo), all + IF(xy) — xo,all?

IF Ceo) — F o), all + IF (o) — xg,al

[leo — X, allllF (xo) = xg, all + IF (o) = F (%), allllF (xo) — xo, all + IIF(xy) — xo, all?
+ B

llxg — xo, all + 1IF(xp) — xo, all

+ ¥ [lIF(xo) = F(xo), all + llxg — xo,alll + & [IIF (x¢) — xo,all + llxg — F(xp), all]
+1 [IF(xp) — x, all]
= allF(xy) — xg,all + B IIF(xo) — xg,all + 28 IF(xo) — xo, all + 1 IF(xo) — xo,all
= (@+B+26 +IF(xy) — x,all
Therefore
IF (xo) — xp,all < (a+ B + 28 + MIIF(xo) — xo, all
This is contradiction
Sincea+f+5+n<1
~ Fxo) = x
i.e. x, is fixed point of F but F(x,) = G(x,) therefore we have G(x;) = x,
i.e. x, is the common fixed point of F and G.

Now we shall prove that x, is the unique common fixed point of F and G. If possible let y, be another fixed

point of F and G.
Now by (3.2.1), (3.2.2), (3.2.3), (3.2.4) and (3.2.5) we have

llxo — yo,all = IF?(x0) — F2(yo), all = IIFF(x,) — FF(y,), all
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+ B

+ [IGF (xy) — FF(xo), all + IGF (y) — FF(v),all]

[IGF (xo) — FF(xo), alllGF (xo) — GF (yo), all + IGF(yo) — FF(yo), allllGF (yo) — FF (x), all]
+ IGF (xo) — GF (o), all®
G (xo) — F(x0), all + 11G(xo) — GF (o), all

[IGF (o) — FF (o), allllGF (xo) — GF(y,), all + IIGF(x,) — FF(x), allllGF (x,) — FF(y),all]
+ [IGF (xy) — GF (), all?
IGF(yo) — FF (o), all + |IGF (xy) — GF (y,), all

+ 6 [IIGF(xo) — FF(yo),all + IGF (yo) — FF(xo), all] +n lIGF (xo) — GF (o), all
= allxo — yo.all + Bllxg —yo,all +28llxg —yo,all + nllx, — yo.all

= (a+ B +25 +nllxg — yo,all

llxo — yo,all < (e + B + 26 + nlixg — yo, all

Since a + B + 26 + n < 1. it follows,

X0 = Yo-

Proving the uniqueness of x;.

Hence the complete proof of theorem 2.
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