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Abstract:The Euler-Bernoulli model of flexible beam robots is a four-dimensional under-determined partial 

differential equation, related to define the unique link’s deflection of this type of robots. In this paper, Lie point 

symmetries of the equation have been investigated by a Lie group method. Then, reductions of the Euler-Bernoulli 

equation to ordinary equations have been obtained by repeat the method . Two of the reduced equations are of the 

first order. 
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I. Introduction 
1.1   Classical Lie point symmetries of PDEs 

 Sophus Lie and et al innovated the methods for finding Lie point symmetries and reductions of 

differential equations in the 19th century. They sought the linearized symmetry condition for infinitesimal 

transformations. The linearized condition for a classical infinitesimal one-dimensional Lie point symmetry X  

corresponded to a k-dimensional PDE, 0= , is given by (ref to [1]):  

 0.=|)( 0=

)(

Xpr k
 (1) 

 Calculating invariants for each of one-parameter infinitesimal Lie point symmetries lead to find 

reductions of the equation. In this work, for the Euler-Bernoulli PDE of the fourth order, with two independent 

variables and two dependent variables, Lie reductions are repeatedly obtained. The reduced equations involve one 

independent variable and two dependent variables. Two of the reduced equations are the first order ODEs. 

 

1.2  Flexible beam robots 

 In two recent decades, flexible robots have been paid much attention in mechanics and robotic. In 

particular, a robot with three joints and two links that one of the two links is elastic and the deformation of (elastic) 

link 2 can happen along a direction perpendicular to the longitudinal axis of link 2, was exhaustively studied by 

Wenhuan Yu. According to [2], Yu acquired a mathematical model for this class of flexible robots in 1994. 
Indeed, he with citing to [3, 4, 5, 6, 7, 8, 9], at first, produced a system which is composed of two elastic partial 

differential equations and three nonlinear integrodifferential equations for a general robot of that class. 

Thereupon, he exhibited three special cases of that mathematical model. Here, we focus on one of those specials 

which is concerned with flexible beam robots. A robot with an unitary flexible link is named a flexible beam robot.  

 

1.3  Euler-Bernoulli model 

 Consider a motor driven beam robot (refer to [10]) with a joint and an elastic link that can deform along 

a direction perpendicular to its longitudinal axis. In the other, assume that the link is located in the horizontal 

plane. Likewise, let an orthogonal frame },{ ji  at the joint point in the plane, such that the axis i is tangent to the 

link at the point and the axis j is the direction of deformation. Now, install a DC motor at the joint which deflects 

the link around the axis i. Besides, suppose that t is the time variable, similarly, x  is the distance between an 

arbitrary point on the link and the joint. Furthermore, ),( txR  is the vector from the joint to the corresponding 

point to x , at time t . Afterward, other necessary information of the robot are presented in the Table 1: 

Table  1: The information of the beam robot 

),( txv    bending of point x  at time t , along the direction j  

)(x    linear density of the link at x  

)(xE   the Yong’s modulus of elasticity  

)(xJ   inertia moment of the link, with respect to the direction i  at x  

)()(=)( xJxExp   bending stiffness of the link at x  
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 It should be noted that jtxvxitxR ),(=),(  . On the other hand, by very detailed calculation, the 

mathematical model of the flexible beam robot has been obtained as (refer to [11, 12])  

 

 ,2)(=),,,( xxxxxxxxxtt pvvpvpvxpvxt    (2) 

 ).=,=( xxx ppppwhere   

 On the basis of [10], this partial differential equation is an Euler- Bernoulli equation. It is the same 

Euler-Bernoulli model of flexible beam robots. In this research, a Lie point symmetry group for this PDE is 

represented. Then, sub-algebras are classified. Finally, the reductions of the equation to ODEs by optimal 

sub-algebras, are found. 

 

II. The symmetry group 
2.1  The Lie point symmetry algebra 

 Take infinitesimal generators of the Lie algebra of a Lie point symmetry group of (2), in the form  

 ,= 2121 pvxtX    (3) 

 where 1 , 2 , 1 , 2  are
C functions of t , x , v , p . 

 Applying the classical linearized symmetry condition ( 1) results the following linearly independent vector fields  

 ,
2

1
=1 pvt pvtu   

 ,=2 vxu   (4) 

 ,=3 vu   

 ,=4 vtxu   

 .=5 vtu   

 .=6 tu   

 Their fourth prolongations are according to  
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 ,=5
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 .=6

(4)
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 Hence 

 

 6)1,2,3,4,5,=(0.=|)( 0=

(4) iupr i   (6) 

 Thus  654321 ,,,,,= uuuuuug  is a Lie algebra corresponding to a symmetry group of the Euler- 

Bernoulli equation. It is known as the symmetry algebra.  

 

2.2  The Lie point symmetry group 

 Let G  be the Lie point group related to the symmetry algebrag. G  is a Lie point symmetry group for 
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the Euler- Bernoulli equation which is produced by one-parameter transformations )(exp iu

6)1,2,3,4,5,=(i , giu , R . It is obvious that each of these transformations creates a one-parameter 

subgroup of G . Because of this equation involves two independent variables and two dependent variables, it can 

be accounted as a total space 
22E  with coordinates pvxt ,,, . Then, the Lie point transformations are via 

 

 ),(),,,(= 2

1   pvxttt  

 ),(),,,(= 2

2   pvxtxx  

 ),(),,,(= 2

1   pvxtvv  (7) 

 ),(),,,(= 2

2   pvxtpp  

 where 1 , 2 , 1 , 2  are 
C  functions. 

Note that for per ),,,(= pvxtw  belonging to the total Euclidean space E  and R , the local flow 

))((exp wui  is defined by  

 )=(.=|))((exp,|=))((exp 0=))((exp


 
d

d
wherewwuuwu iw

i
uii   

Therefore, the operation of one-parameter Lie point transformations EEui :)(exp  , namely  

 )6,1,2,3,4,5,=(),,,,(),,,(:)(exp  ipvxtpvxtui   (8) 

 is computed as  

Table  2: One-parameter subgroups actions  
  

t  

 

x  

 

v  

 

p  

)(exp 1u  
te


2

1


 

x  ve 
 pe

 

)(exp 2u  t  x  xv   p  

)(exp 3u  t  x  v  p  

)(exp 4u  t  x  txv   p  

)(exp 5u  t  x  tv   p  

)(exp 6u  t  x  v  p  

 

 It is worth mentioning that for each g  belonging to G , there are vectors kuu ,,1 

6)1,2,3,4,5,=(k  of g , such that kuug expexp= 1  . Afterward, since the action of G  on E  is 

obtained by combination of the one-parameter subgroups actions, the use of the Table 2 results:  

Theorem 2.1 If )),(),,((=),( xtGxtFpv  is a solution of the Euler- Bernoulli equation then so are  

 )),,(),,((=),( 2

1

2

1

xteGexteFepv









 

 )),,(,),((=),( xtGxxtFpv   

 )),,(,),((=),( xtGxtFpv   

 )),,(,),((=),( xtGtxxtFpv   (9) 

 )),,(,),((=),( xtGtxtFpv   

 )),,(),,((=),( xtGxtFpv    

 where   is an arbitrary parameter.  

 

 

 Account general vector V  as  
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 ),,(.= 616611 R   uuV  (10) 

 Computating )(exp V  deduces:  

Corollary 2.2 If ),(= xtFv  ,  ),(= xtGp  is a solution of the Euler- Bernoulli equation then so is  

 


txcxctcxcectFv
c

6543

22

1

1 ),(=


 

 ,)( 2
9

22

1

87

 cc

ecexcc


  (11) 

 ),,(= 3

22

1

1
2 xcectGep

cc


 
 

 where  , ,9)1,2,=( ici  are arbitrary numbers.  

 

III. Structure of the symmetry algebra 
3.1  Lie algebra structure 

 This Lie algebra is non-nilpotent and solvable; because it has no upper central series, and its lower central 

series is  

 .,,,,44,,,,22 6543265432  uuuuuuuuuug  (12) 

 Also, g  is not semi simple because its killing form is generated as the following 
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 (13) 

 On the other, based on ijjiji uuuuuu =],[ 6)1,2,3,4,5,=,( ji , the commutator table of Lie algebra g  is 

constructed as the next table:  

Table  3: Commutation relations 
 [ , ]

  1u  2u  3u  
4u  5u  6u  

1u  0  
2u  3u  

4
2

1
u  5

2

1
u  6

2

1
u  

2u  2u  0  0  0  0  0  

3u  3u  0  0  0  0  0  

4u  

4
2

1
u  

0  0  0  0  
2u  

5u  

5
2

1
u  

0  0  0  0  
3u  

6u  

6
2

1
u  

0  0  
2u  3u  0  

 

 

 Therefore, g  is not Abelian. Nevertheless, its Abelian sub-algebras are as:  
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 ,665544332211  ucucucucucuc  

 ,,,,,, 546655443665544332  uuucucucuucucucucu  

 ,,,,,, 54366554432  uuuucucucuu  (14) 

 .,,, 5432  uuuu  

 (where ,,, 321 ccc 654 ,, ccc  are arbitrary constants) 

Besides, the center of g  is empty. The optimal systems of sub-algebras follow as the next subsection.  

3.2  Classification of sub-algebras 

 Using the Table 3 for the Lie series ,]],[,[
2

],[=))(exp(A
2

 jiijiiji uuuuuuuud


  generates 

the subsequent table: 

Table  4: Adjoint actions  
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(with the ),( ji -th entry indicating ji uud ))(exp(A  6)1,2,3,4,5,=,( ji ) 

Hence, for (10), the matrix of Vudud ))(exp(A))(exp(A 6611     is determined as 
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 which leads us to the next theorem proof. 
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Theorem 3.1 A one dimensional optimal system of symmetric sub-algebras of the Euler- Bernoulli equation is 

conformity with  

 ,, 654

6

2=

1   buauuucu ii

i

 (16) 

 where 6)1,2,3,4,5,=(ici  and ba,  are arbitrary and nonzero constants, respectively.   

 For every 5)(1 ii ,  if  )(1 iV   are generators of a definite member of i -dimensional optimal 

system, then providing this vectors with together an appropriate V  (refer to (10)) construct a Lie algebra, 

necessitates that  iVVV ,, 1  is a member of 1)( i -dimensional optimal system. In general, it can be 

obtained:  

Table  5: Optimal systems of sub-algebras 

dimension Sub-algebras  
1  

  654

6

2=1 , buauuucu iii
 

2  
  65433221332

6

2=1 ,,, buauuucucuucuucu iii
 

3  
  332654332213332

6

2=1 ,,,,, ucubuauuucucuuucuucu iii
 

4  
  53332

6

2=143332

6

2=1 ,,,,,,, uuucuucuuuucuucu iiiiii
 , 

  63332

6

2=1 ,,, uuucuucu iii
 

5  
  643332

6

2=1543332

6

2=1 ,,,,,,,,, uuuucuucuuuuucuucu iiiiii
 

6  g  

 (where 6)1,2,3,4,5,=(ici  and ba,  are arbitrary and nonzero constants, respectively.)  

 

IV. Lie reductions of the equation by the optimal systems of sub-algebras 
 Constructing and solving the characteristic equations for generators of the optimal symmetric 

sub-algebras produce differential invariants of these sub-algebras as the table:   

 

Table  6: Invariants of up to three-dimensional optimal systems  

sub-algebras differential invariants up to the first order      
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 ,,)),()22((2, 2

23
 

 33265433221 ,, ucubuauuucucu
 

pvvx xt
,,,  

 

 Each of the first two rows in the Table 6 includes three ordinary differential invariants. More generally, 

apart from the penultimate row, for each of the other rows can be defined three ordinary invariants. Ordinary 
invariants are applied to formulate relations that substituting them into the Euler- Bernoulli equation reduces the 

number of its independent variables. This fact is the first stage of reductions. Also, repeating the mentioned 

manner for the reduced equations, constructs the later stages of reductions (refer to [12]). As is following:  
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Remark 4.1 The equation (18) not only isn’t symmetric but also isn’t non- classical symmetric 1.  

 

V. Conclusion 

 In this article has been given the details of the symmetry analysis of a certain nonlinear partial differential 

equation arising in the study of elastic beams, known as Euler-Bernoulli beam equation. At first, a symmetry 

group has been computed using the standard Lie algorithm. At second, in preparation for the determination of 
symmetry reductions, the sub-algebras of the symmetry algebra have been classified, using standard techniques. 

Finally, a list of Lie reductions of the equation, contained of two ODEs has been resulted. The results have 

simplified the Euler-Bernoulli beam model of a flexible beam robot which its unitary flexible link, moves only in 

the horizontal plane. 
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