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Abstract:The Euler-Bernoulli model of flexible beam robots is a four-dimensional under-determined partial
differential equation, related to define the unique link’s deflection of this type of robots. In this paper, Lie point
symmetries of the equation have been investigated by a Lie group method. Then, reductions of the Euler-Bernoulli
equation to ordinary equations have been obtained by repeat the method . Two of the reduced equations are of the
first order.
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I.  Introduction
1.1 Classical Lie point symmetries of PDEs
Sophus Lie and et al innovated the methods for finding Lie point symmetries and reductions of
differential equations in the 19th century. They sought the linearized symmetry condition for infinitesimal
transformations. The linearized condition for a classical infinitesimal one-dimensional Lie point symmetry X

corresponded to a k-dimensional PDE, A =0, is given by (ref to [1]):

privX(8),-=0. ()

Calculating invariants for each of one-parameter infinitesimal Lie point symmetries lead to find
reductions of the equation. In this work, for the Euler-Bernoulli PDE of the fourth order, with two independent

variables and two dependent variables, Lie reductions are repeatedly obtained. The reduced equations involve one
independent variable and two dependent variables. Two of the reduced equations are the first order ODEs.

1.2 Flexible beam robots

In two recent decades, flexible robots have been paid much attention in mechanics and robotic. In
particular, a robot with three joints and two links that one of the two links is elastic and the deformation of (elastic)
link 2 can happen along a direction perpendicular to the longitudinal axis of link 2, was exhaustively studied by
Wenhuan Yu. According to [2], Yu acquired a mathematical model for this class of flexible robots in 1994.
Indeed, he with citing to [3, 4, 5, 6, 7, 8, 9], at first, produced a system which is composed of two elastic partial
differential equations and three nonlinear integrodifferential equations for a general robot of that class.
Thereupon, he exhibited three special cases of that mathematical model. Here, we focus on one of those specials
which is concerned with flexible beam robots. A robot with an unitary flexible link is named a flexible beam robot.

1.3 Euler-Bernoulli model
Consider a motor driven beam robot (refer to [10]) with a joint and an elastic link that can deform along
a direction perpendicular to its longitudinal axis. In the other, assume that the link is located in the horizontal

plane. Likewise, let an orthogonal frame{l, j} at the joint point in the plane, such that the axisi is tangent to the
link at the point and the axis j is the direction of deformation. Now, install a DC motor at the joint which deflects
the link around the axis i. Besides, suppose thatt is the time variable, similarly, X is the distance between an
arbitrary point on the link and the joint. Furthermore, R(X,t) is the vector from the joint to the corresponding

pointto X, attime t. Afterward, other necessary information of the robot are presented in the Table 1:
Table 1: The information of the beam robot

V(X, t) bending of point X attime t, along the direction j

p(X) linear density of the link at X

E (X) the Yong’s modulus of elasticity

J (X) inertia moment of the link, with respect to the direction i at X
p(x) = E(X)J (X) bending stiffness of the link at X
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It should be noted that R(X,t) = Xi +V(X,t) ] . On the other hand, by very detailed calculation, the
mathematical model of the flexible beam robot has been obtained as (refer to [11, 12])

A(t, XV, p) = p(X)V, + PV, + 2PV, + PVyss 2
(where p"=p,, p"=p,).

On the basis of [10], this partial differential equation is an Euler- Bernoulli equation. It is the same
Euler-Bernoulli model of flexible beam robots. In this research, a Lie point symmetry group for this PDE is
represented. Then, sub-algebras are classified. Finally, the reductions of the equation to ODEs by optimal
sub-algebras, are found.

I1.  The symmetry group
2.1 The Lie point symmetry algebra
Take infinitesimal generators of the Lie algebra of a Lie point symmetry group of (2), in the form

X = élat + é:Zax +¢18v +¢28p’ (3)
where &,&,,4,, ¢, areC” functionsof t,X,V,p.
Applying the classical linearized symmetry condition ( 1) results the following linearly independent vector fields

u, = _%tat —V0, + po,,

u, =Xx0,, 4)
u, =0,

u, =txo,,

u. =to,.

Ug =0,.

Their fourth prolongations are according to

1 1 1
pr(4)ul — _Etat _ng + pap _Evta —Vxﬁvx + pxﬁpx ——V, 0

Vi 2 vy
1 1
_Vxxavxx + pxxapxX +§Vtttavm _Evtxxavtxx _Vxxx@vxxX
1
+ pxxxapxxX +Vttttavtm +§Vtttxavmx _EvtxxxavtxxX
~ Voo Vasoox + pxxxxapxxxx’
priu, =xd,+9, , (5)
pr@u, =0,
pru, =, + X3, +19, +9, ,
pru, =19, +9, ,
pr¥u, =o,.
Hence
pru(A)[,.o=0.  (i=1,2,3,4,5,6) (6)

Thus g= {u;, U,, Uy, U,, Ug, Ug) is a Lie algebra corresponding to a symmetry group of the Euler-
Bernoulli equation. It is known as the symmetry algebra.

2.2 The Lie point symmetry group
Let G be the Lie point group related to the symmetry algebra g G isa Lie point symmetry group for
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the Euler- Bernoulli equation which is produced by one-parameter transformations exp(eu;)
(1=1,23,4,5,6), u, €g, € €R. Itis obvious that each of these transformations creates a one-parameter
subgroup of G . Because of this equation involves two independent variables and two dependent variables, it can
be accounted as a total space E; P *2 \with coordinates t, X,V, p . Then, the Lie point transformations are via

|r—l-l

=t+&,(txV,p)+0(?),
X =X+&,(t XV, p)+0(e?),
V=v+ap,(t,xV, p)+0(?), @
P=ptah,(tx v, p)+O(e?),
where &, &,, ¢, ¢, are C” functions.
Note that for per W= (t,X,V, p) belonging to the total Euclidean space E and &€R, the local flow
exp (eu;)(w) is defined by

d
0, exp (eu;)(w) =y, |exp(f,ui)(w)’ exp (eu; )(W) |,.o= W. (where 0, = d_g)

Therefore, the operation of one-parameter Lie point transformations exp (eu,) : E — E, namely

exp (eu) : (t, XV, p) — (&, X,V, p), (i=1,2,3456, ceP) ®)
is computed as
Table 2: One-parameter subgroups actions

t X v P
exp (eu,) efégt X e v e‘p
exp(‘guz) t X V+&X p
exp(éus) t X V+¢& P
exp(éu4) t X V + &tX p
exp((c’US) t X V+ &t p
exp(éue) t+¢ X \' P

It is worth mentioning that for each g belonging to G , there are vectors U,,---,U,

(k=1,2,3,4,5,6) of g, such that g =€Xp U, o---oeXp U, . Afterward, since the action of G on E is
obtained by combination of the one-parameter subgroups actions, the use of the Table 2 results:
Theorem 2.1 If (v, p) = (F(t, X),G(t, X)) is a solution of the Euler- Bernoulli equation then so are

(v, p) = (e °F(e 2't,x),e°G(e 2't,x)),
(v, p) = (F(t, x) +&x, G(t, X)),
(v, p) = (F(t,x) +&,G(t, X)),
(v, p) = (F(t, x) + &, G(t, X)), ©)
(v, p) = (F(t, x) + &, G(t, X)),
(v, p) =(F(t+e&,%),G(t+¢,X)),

where & is an arbitrary parameter.

Account general vector V as
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V=aou +-+al,. (a,,05<R) (10)
Computating exp (&V) deduces:
Corollary 2.2 1f v=F(t,x) , p=G(t,x) isasolution of the Euler- Bernoulli equation then so is

1
—ZChe
V=F(t+Ce 2% +C5 X)+C,t +CoX+ CotX +
,Eczg e
(C, +CgX)e 27 +cee 2, (11)

1
e —=Che
p=e?2G(t+ce 27 +c,,X),
where ¢, ¢, (1=1,2,---,9) are arbitrary numbers.

I11.  Structure of the symmetry algebra
3.1 Lie algebra structure
This Lie algebra is non-nilpotent and solvable; because it has no upper central series, and its lower central
series is

g>o(2u,,2u,,u,,u.,uU,) > (4u,,4u,,U,, U, Ug). (12)
Also, g isnot semi simple because its killing form is generated as the following

(13)

o o o o or~R

O O O O o o
O O O O o o
O O O O o o
O O O O o o
O O O O o o

On the other, based on [u;, uj] =uu; —ugy, (1, ] =1,2,3,4,5,6) , the commutator table of Lie algebra g is

constructed as the next table:
Table 3: Commutation relations

L] u, u, U, u, U, Ug
U, 0 u, U, 1, %Us L
u, —u, 0 0 0 0 0
Uy — Uy 0 0 0 0 0
uy, 1 0 0 0 0 -u,
__U4
2
Ug 1 0 0 0 0 — U,
__u5
Ug —Zu 0 0 u, Us 0
2 6

Therefore, g is not Abelian. Nevertheless, its Abelian sub-algebras are as:
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(Cu, +C,U, +CzU, +C,U, 4 CU: +CoUy),
<u2 1 CaU3 +C,Uy + CUs + C6u6>’ <U3, CaUy +C5Usg +C6u6>! <U4 | U5>,

{Uy, U, CuU,y +Csllg +Cellg ), (U, Uy, Us),

<u2’u3’u4’u5>'

(where C,, C,,C;, C,, Cg, Cy are arbitrary constants)
Besides, the center of J is empty. The optimal systems of sub-algebras follow as the next subsection.
3.2 Classification of sub-algebras

(14)

2
: ) ) &
Using the Table 3 for the Lie series Ad(exp (su;))u; = u; —e&lu;, uj]+?[ui,[ui,uj]]—---, generates
the subsequent table:
Table 4: Adjoint actions

Ad ul u2 u3 u4 u5 u6
u u e‘u e‘u : =) 1,

1 1 2 3 e2 U4 g2 us e2 u6
u, u, u, — &, U, u, Us Ug
U, U u, Uy —&u, u, Us Ug
u, u, U, — &l Uy u, —leul Us U

2
Us Uy U, Uz — &g U, Us lgul Us
2

u u u, +eu u, +eu u u 1

6 1 2 4 3 5 4 5 Ug _E‘C’ul

(with the (i, j) -th entry indicating Ad (exp (eu;))u; (i, j =1,2,3,4,5,6))

Hence, for (10), the matrix of Ad (exp (gU,))o---o Ad (exp (gUq))V

0 O
el 0
0 en
0 O
0 O
0 O

which leads us to the next theorem proof.

0 0
elg, O
0 elg
1 ~
e2t 0
1
0 e?t
0 0

0

&
1
-elg,

&
_p1
e'le,

(15)

is determined as
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Theorem 3.1 A one dimensional optimal system of symmetric sub-algebras of the Euler- Bernoulli equation is
conformity with

6
(u+>dcu), (U +aug+bug), (16)
i=2

where ¢, (1=1,2,3,4,5,6) and a,b arearbitrary and nonzero constants, respectively.
For every i (10iCJ5), if V_ (L) li) are generators of a definite member of i -dimensional optimal

system, then providing this vectors with together an appropriate V (refer to (10)) construct a Lie algebra,
necessitates that (V,V,,---V,) is a member of (i+1) -dimensional optimal system. In general, it can be
obtained:

Table 5: Optimal systems of sub-algebras
dimension Sub-algebras

! <u1+z;ciui>,<u4+au5+bu6>

2 6
(Uy+ G, Uy +CUz), (Uy +CyU, +Cliz, U, +as +bug)
3 6
(U, +Zi:20iui ,U, +C3Us, Ug), (U, +C,U, +C,U,, U, +au; +bug,u, +C,u,)
4 6 6
Uy + Gy, Uy +Cglig, Ug, Uy ), (U + D GU;, Uy +Callg, Ug, Ug )

6
(Uy+ Gy, Uy +Cliz, U, Ug)

5 6 6
Uy + D Gy, Uy +Cgliz, Ug, Uy, Ug), (U + > GU;, Uy +Calg, Us, Uy, Ug)
g

6

(where ¢; (1=1,2,3,4,5,6) and a,b arearbitrary and nonzero constants, respectively.)

IV.  Lie reductions of the equation by the optimal systems of sub-algebras
Constructing and solving the characteristic equations for generators of the optimal symmetric
sub-algebras produce differential invariants of these sub-algebras as the table:

Table 6: Invariants of up to three-dimensional optimal systems

sub-algebras differential invariants up to the first order
6 v —2t(cg +c,X) + xX(2¢c,cq —C,) + 2C,C5 —Cy 2,
U+ cup) X, o, 07 . P(2¢, — 1)
Vt ! Vx’ p’

(u, +au; +bug) x,v_z—lbtz(x+a), PV, V,, p’

6 2
(Uy+ D" Gy, Uy +CyUs) X, P(2Cs —1)", v, vy, P’
6 X, p(2cs —t)?,v,,V,, p’
(Uy+ G, Uy +CgUs, Ug) s ‘
(U, +C,U, + U5, U, +au, +bu,) X, P((2€; +2C,X —2V)b +1* (X + &), V., V,, P’
(U, +C,U, +CzuUs, U, +aug +bug, u, +C,u,) XV, V., P’

Each of the first two rows in the Table 6 includes three ordinary differential invariants. More generally,
apart from the penultimate row, for each of the other rows can be defined three ordinary invariants. Ordinary
invariants are applied to formulate relations that substituting them into the Euler- Bernoulli equation reduces the
number of its independent variables. This fact is the first stage of reductions. Also, repeating the mentioned
manner for the reduced equations, constructs the later stages of reductions (refer to [12]). As is following:
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i) The reduction by {w +}:‘f‘=2 ciaigy 15 done by the Tormula

vl x) = i — 25 wlz) + o3z — 2oz 2otz + 2osf + o3,

plx) =5 x=z (17)

and the reduced cquation is
2p(oiw s + 2w o =0, [18)
The equation (18). does not have any symmetry.

ii) The reduction by {sa+aus +bug) is done by the formula

0 =w( +gpletall, p)=s), x=z (19)

and the reduced equation is

1
El:z‘f alp(z) +5oWn + 1sgwe +owg =00 (20)

{ where a, Ir are nomzero constants, )
Eq.0200 has a symmetry group with infinitesimals o = —wa, + 55;, 01 = 9y, 03 = Oy {r::j}
doesn’t reduce (18).

= The reduction by {ma) and {e3} is given by
s =V, ) = [hnds, z=1, (@1)
and the reduced equation is
1
E{f—l— a}p{z} +VHIEI +g'vf‘riff+v‘rif,l'_,l' = (22]
Eq.(22) has a symmetry group with infinitesimal §y = gj.
= The reduction by {B;) is given by
VU =SE), )= [WE)dr, f=F, (23)
and the reduced equation is

1
5(F +alp(F) -+ WS +25:Wp =0, (24)

Eq.(24) has a symmetry group with infinitesimals g1 = —8Sds+Was, m2 = s
{11} doesn’t reduce (24).

= The reduction by {2} is given by
W(F) =% (F), §[F)= f:-ﬁ"’(.?]d.?, F=%, (23)

and the reduced equation is

1
E[ﬁ-"+ P F)+H S + 282 =0, (26)
i} The reduction by {1 +E5 ; ety 1z + c3za) is done by the formula

5(z)
v(rx :fﬂ-‘zﬂ’r, xXl= . o x=z, (2T
and the reduced equation is
SpWor 280w, =00 (28)

En.(28) has a symmetry group with infinitesimals y = }zaz +5d,, 1= };az FWF,, T = Oy =
20w, = 8z (1) and {5} don’t reduce (28).
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» The reduction by {3}, (y1) and {y) is piven by

stw) = Vi), w(z) = f R(F)df,z=f, (29)
and the reduced equation is
fohf + IVJ.-IE”' +Vh,l'_,l'f =1. I:Eﬂ]l

Eq.(30) has a symmetry group with infinitesimals & = ._Ej'&f + V¥, d2 =dy.
{82 doesn’t reduce (30).

» The reduction by {&;} is given by

V() = S(F), h(f) = fW[F}ﬂ’F, f=F, (31)
and the reduced equation is
WEer +25:We =0, (32)

Eq.(32) has a symmetry group with infinitesimals £y = 1Fap +Way, & = IFadr + 53, G =
g, {4 =dr. ({1} and (4} doesn’t reduce (32).

= The reduction by {2}, (3] is given by
W(F) = % (F), S(F) = fﬁ?{ﬁjdﬁ: F=#%, (13)

and the reduced equation is

v} The reduction by {1y +F g citey, ey + €303, 23 15 similar to i item.

v} The reduction by {411 +cattr + c3i, by + ans +bug, iz + :'3:;3} is similar to il item.
Remark 4.1 The equation (18) not only isn’t symmetric but also isn’t non- classical symmetric *.

V.  Conclusion

In this article has been given the details of the symmetry analysis of a certain nonlinear partial differential
equation arising in the study of elastic beams, known as Euler-Bernoulli beam equation. At first, a symmetry
group has been computed using the standard Lie algorithm. At second, in preparation for the determination of
symmetry reductions, the sub-algebras of the symmetry algebra have been classified, using standard techniques.
Finally, a list of Lie reductions of the equation, contained of two ODEs has been resulted. The results have
simplified the Euler-Bernoulli beam model of a flexible beam robot which its unitary flexible link, moves only in
the horizontal plane.
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