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I.  Introduction
The concepts of fuzzy sets was introduced by Zadeh in [10] in 1965.
The concepts of fuzzy topological space by chang in [2] in 1968.
The concepts of fuzzy generalized b — closed is study by Benchalli and Jenifer [1] and
The concepts of fuzzy generalized pre — closed sets ,fuzzy generalized semi — closed sets,
Were studied by Murugesan and Thangavelu [5] . The concepts generalied a -- closed
Sets , fuzzy generalied semi — pre closed sets were studied by R.KSARAF [8] ,Murugsan
[5] respectively .

Il.  Basic Defintions
Defintion 2.1,[4],[9]
A collection T of fuzzy subset of A, that is T SP(A) is said to be fuzzy topology on A if satisfied the following
conditions :
. 0AeT.
« IfG, Ue T then min {ug(x), uU(x) }eT.
« IfG.e T, then sup {Hg.(x) : o€ A} eT.
The pair (A, T)is said to be fuzzy topological space .
Every member of T is called a fuzzy open set in A.
The complement of fuzzy open set is called a fuzzy closed set .

Defintion2.2

A Fuzzy set B in (A, T) is said to be :

1.Fuzzy b- closed set (denoted by Fb- closed ) if pa(X)> min {Mintei)(X), Heigntsy (X) }-[4]
2.Fuzzy semi - closed set (denoted byFs- closed ) if pinyeiciy(X) <ui(X).[9].[3]

3.Fuzzy pre- closed set (denoted byFp- closed ) if Peigingay(X) <ps(x).[8],[5]

4.Fuzzy semi-pre closed set (denoted by Fsp —closed ) if Mint gty (X) <ui(X).[8].[5]
5.Fuzzy a — closed set (denoted by Fa- closed) if Peiginteiy)(X) <pis(x).[8],[9]

Defintion 2.3

If B is a fuzzy set in (A, T) then :
1. The b-closure of B is denoted by (bcl(B)) and denfined by
Hociy(X)= min{ pp(x) © F is a fuzzy b- closed set in A, ua(x)< pp(x)} .[4]
2.The pre closure of is denoted by (pcl(B)) and denfined by
Hoci® (X)= min { uz(x) : F is a fuzzy pre closed set in A pa(x) < pp(X)} .[9]
3. The aclosure of is denoted by (acl(B)) and defined by
Haai®)(X)= min { Pe(x) : F is a fuzzy a closed set in A,pa(x)<pz(x)}. [31,[9]
4. The semi pre closure of is denoted by (spcl(B)) and defined by. Ppeici(X) = min {p(x) :F is a fuzzy
semi pre closed set in A,pg(x)<pz(X)}. (8]
5. The semi closure of is denoted by (scl(B)) and defined by ps)(X) =min { p(x) :F is a fuzzy semi
closed set in A,ua(x)<pz(x)}.[3]
Remark 2.4,[5]
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1-|Jscl(f3)(x) =max {HE(X) luint(Cl(E))(X) }

2. Hpei)(X) = max {Ma(X) ,Heiginiy(X) -

3. . Moei)(X) = max {ua(X) , Min(Heigntsy(X) » Minteii(X) ) 3-
4. Ppei((X) = max {Ua(X) ,Mintceiintiy) (X)

5. Haci(@)(X) = max {ua(X) ,Heinteiin (X) }-

Defintions 2.5

A fuzzy set Bin fuzzy topological (4,T ) is called.

1.Fuzzy generalized pre-closed set if Pycii)pg<ox) Whenever papsg<po
and U is fuzzy open set in A (denoted by Fgp- closed set).[8],[7]

2.Fuzzy generalized semi- closed set if pisciso<huex) Whenever
Hispo<topo and Uis fuzzy open set in A (denoted by Fgs- closed set).[7]

3.Fuzzy generalized semi pre - closed set if Pspeiiyoo<Hox) Whenever

Mispo<moex) and U is fuzzy open set in A (denoted by Fgsp- closed set).[8]

4.Fuzzy generalizeda - closed set if Loeis)g<Hopg Whenever Hip<iox
and Uis fuzzy a - open set in A(denoted by Fga- closed set).[8],[7]
5.Fuzzy generalized closed set if poygs)(x) < pa(x) Whenever pi(x) < pg(x)
and U is fuzzy open set in A (denoted by Fg - closed set ) . [7],[8]
Defintion 2.6 ,[6],[7]

A fuzzy point f) in a set X is also a fuzzy set with membership function:

r, forx=y
~(X) =
Hp(X) {O, for x =y

where x eX and 0<r <1,y is called the support of f) and r the value of f) .

We denote this fuzzy point by x; or f) . Two fuzzy points x; and ys are said to be distinct if and

only if x = y. A fuzzy point X, is said to be belonged to a fuzzy subset A in X, denoted by € A ifand only if
r<pz (X) (where Py =T1)
Defintion2.7
Afuzzy topological space(4, T') is said to be :
FT,if every Fgs- closed subset of (A,T) is a Fsg closed set.
Remark 2.8
The definition (2.7) is equivalent e to be :
every singleton is either Fp- open set or Fuzzy closed set .
Lemma 2.9
In any fuzzy topological space (A, T) the following are equivalent :
(1) (AT)isFTg.
(2) Every Fgp — closed subset of (A, T) is a Fp — closed set.
Lemma 2.10,[4],[5]
Let B be a fuzzy set in (A,T), then :
(1)-Hspei®)(X) < Hsei@)(X)=< Haeii)(X) <Ha) (X) -
(1) Mspe1)(X) < Hpei)(X) < Haags) (X) -
Proposition 2.11,[4]
If B, C are a fuzzy sets in (A, T),then :
1. Hoei@)(X)=Ha(X) and Hoeiay(X)=Ha(X) , 2.Ms(X)=< pe(X), then Hueie)(x) <) (X)
3. M3(X)=tbei(B)(X) +4-Hocipel@)(X) = Hoci@)(X) 5 Hbei(ming Kae Hepon(X) < min{ puei)(X) s Hoei@)(X) }6- HocimaxgHa)
M X)})(X) = max{ |Jb<;|(f3)(X) ,l.lbc|(5)(X) },7B isa fllZZY b-closed set iff l.lfg(X) = p—bcI(B)(X) .
Remark 2.12
Let (A, T) be fuzzy a topological space , B is closed subset of A Then :
L Hoa@ X)) < Msags)(x) < ey (X) -
2. Hpa@(X) ) < Hpeid)(X) < pag) (X) -
3. Hoa@(X) ) < Haai@(X) < Hag) (X) -
4, Pa(X) < pgheid)(X) < Hoaii)(X) < Hag)(X) -
Proof: Obvious .
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Proposition 2.13

If (A, T) a fuzzy topological space , then :

Every Fb— closedset isFgb- closed.

Every Fs closed set is Fgb- closed set.

Every Fp closed set isFgh- closed set.

Every Fg- closed set isFgh- closed set.

EveryFa - closed set isFgb- closed set.

Every Fsg- closed set isFg s-closed set.

Every F b — closed set isFgsp —closed set.

Every Fa — closedset isbothFs - closed set and Fp -closed set .
Proof (1)

Let B be Fb—closed set in(A,T) such thatpg(x) < pu(x), where U is fuzzy open set in A,sinceB is Fb—closed
set, lnei(g)(X) = Ha(X) - Therefore pocie)(x) < pu(X).

Hence B isFgb- closed set. a

The proof(2,3,4,5,6,7,8) is similar to that of (1) proposition (2.13)
Lemma 2.14,[3],[4]

If B is a fuzzy set 1n (A T) ,then;

*Ugpint(d)(X) = H(gbcl(B ), ) (X).

'P—gbcI(B)(X) u(gblnt(B )

N~ WNE

I11.  Properties of fuzzy generalized b- closed set
In this section we introduce the concept of Fgb-closed sets in fuzzy topological spaces and study some
properties and theorem of the subject .
Definition 3.1,[ 1]
A fuzzy set B in fuzzy topological space (A,T) is called .
Fuzzy generalized b-closed set(denoted by Fgb-closed set) if pyci)(x) < po(X) whenever pi(x) < pg(x) and Uis
fuzzy open set .
Theorem 3.2
If (A, T)afuzzy topological space , then :
. Every Fga-closed set is Fgs-closed set.
. Every Fga-closed set is Fgp-closed set.
. Every Fgp—closed set is Fgsp — closed set.
. Every Fgs—closed set is Fgsp — closed set.
. Every Fgs—closed set is Fgb — closed set.
. Every Fgp—closed set is Fgb — closed set.
. Every Fgb-closed set is Fgsp— closed set.
. Every Fga-closed set is Fgb-closed set .

ONO OIS WNBE

Proof (1)
Let B be afuzzy ga—closed set in(A,T) such thatple @) (x) < Ho(X),Me(X) < pu(X) where U is fuzzy open set in

A,sincepsci)(X) < Haci®)(X) < po(X)

Hence B is Fgs-closed set . a

Remark 3.3

The converse of (1) of theorem (3.2 ) is not true in general as shown by the following example
Example 3.4

A ~{(@0.5,(0.0.3)}B ={(2.0.1).(0,03)}.C ={(20.3).(0,0.0}D={(2,0.3),(0.03)}E ={(20.1).(,0.0)} .
={(a,0,0),(b,0.2)},Let T = {$,A,B,C,D,E} be fuzzy topology on A then F is Fgs-closed set in 4 .But not
Fgo~ closed set .

The proof(2,3,4,5,6,7,8) is similar to that of (1) theorem (3.2)
Remrk 3.5
The converse of (2) of theorem (3.2 is not true in general as shown by the following example.
Example 3.6
Let X = {a, b} and are A,B,C,D,Efuzzy sets defined as follows:
—{(a06) (bO4)}B {(aOO) (b04)}C ={(a,0.4), (bOO)})}D {(a,0.9), (b04)} E

set.
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Remark 3.7

The converse of (3) of theorem (3.2) is not true in general as shown by the following example.

Example 3.8

A ={(a,0.8),(b,0.8)},B ={(a,0.3),(0,0.3)},C ={(a,0.1),(b,0.1)},D ={(a,0.2),(b,0.2)}

Let T = {¢,A,B,C} beafuzzy topology on A then D is Fgsp-closed set but not Fgp- closed set.

Remark 3.9

The converse of (4) of theorem (3.2 ) is not true in general as shown by the following example.

Example 3.10

Let X={(a,b)} and A,B,C,Dare fuzzy set defined as follows :

A ={(a,0.6),(b,0.6)},B ={(a,0.2),(b,0.2)},,C ={(a,0.5),(b,0.5)},D ={(a,0.1),(b,0.5)},LetT = {¢,4,5,C} be
a fuzzy topology on A4 then D is Fgsp-closed set but not Fgs— closed set.

Remark 3.11

The converse of (5) of theorem (3.2 ) is not true in general as shown by the following example

Example 3.12

Let X = {a, b} and A,B,,B,,Bsare fuzzy set :

A ={(a,0.7),(,0.6)},B; ={(a,0.4),(b,0.5)},B, ={(a,0.0),(b,0.5)},B; ={(a,0.4),(b,0.3)},Let T={B,A,B,,B,} be a
fuzzy topology on (4 , T) then B; is Fgb-closed set but not Fgs-closed set.

Remark 3.13
The converse (6) of the theorm (3.2 ) is not true in general as shown by the
following example.
Example 3.14
Let x={a,b}and A,B,C,D are fuzzy set
A ={(a,0.7),(b,0.6)},B ={(a,0.4),(b,0.5)},C ={(a,0.0),(b,0.2)},D ={(a,0.0),(b,0.4)},Let T={0,A,B,C} be a fuzzy
topology on A then D is Fgb-closed set but not is Fgp-closed set .
Remark 3.15
The converse (7) of the theorm (3.2) is not true in general as shown by the following example.
Example 3.16
Let X={a,b}and 4 ,B,C, D are fuzzy set :
A {(a,0.8), (b08)}]§ {(a07) (bO?)}C —{(a01) (bOl)} D ={(a,0.3),(b,0.3)},
is ng closed set
Remark 3.17
The converse (8) of the theorm (3.2 ) is not true in general as shown by the following
Example 3.18

-{(a O 5) (b,0. 3)} B -{(a 0. 1) (b,0. 3)} C -{(a 0. 3) (b 0. O)} D={(a,0.3),(b,0.3)}, E
set but not is Fga closed set
Remark 3.19:The intersection of two Fgb-closed set is not necessary Fgb-closed set.
Example 3.20:Let X = {a, b, ¢} and are fuzzy:
A = {(a0.6),(b,0.5),(c,0.3)},B ={(a,0.6), (bOO) (cOO)}C ={(a,0.6),(b,0.5),(c,0.0)},
D ={(,0.6),(b,0.0),(c,0.3)}, the collection T = {¢,A, B } is fuzzy topology on A then € and D are Fgb closed
set. but - min{ue(X) ,1p(X) is not Fgb-closed set .
Theorem 3.21 :Let (Zl' T ) be fuzzy topological space then the union of two Fgb-closed set is Fgb-closed set.
Proof :Let B and C are Fgb- closed set in (A,T) and U be Fuzzy open set containing Band C Therefore
Hoci@)(X)< Ho(X), Hoei@)(X)< Ho(X) . Sincepls(x) < pu(X) , H&(x) < pu(X) then
max {Ha(X) , He(X) 3= Ho(X) -
HENCe MocimaxgH)  Mepon (X) = Max { Moci)(X) »Hoeie(X) =< Ho(X) -
Therefore max {ua(x) , He(X) } is Fgb-closed set. m
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We will explain the relationship between some types of fuzzy genrelalized closed sets in fuzzy topological
space on fuzzy sets by fig

Fga-closed

Y

Fgs-closed

h

k4

Fgpclosed || [ Fgfo-closed ;

Y

h 4

Fespeclosed

Theorem 3.22

If BisF - openand Fgb- closed then BisFb-closed .

Proof:

SlnceEfuzzy open and fuzzy gb- closedset

Then U | any fuzzy open in AME(x) < pp(X) .Thenppe(x) < po(X).
Let U=B,we have pa(x) < pa(x)

= ubcl(B)(X) < IJ-B(X) ................................ (1) But:
ME(X) < Moel(@)(X) - veeeeninienieieien 2)

From (1) and (2) Ma(X) = Hoci(X).

Hence B is Fb — closed . O

Theorem 3.23

If BisFgb- closed and B < C < bel(B) then C isFgh — closed set .

Proof:

Let U be a fuzzy open set of A such thatpe(x) < ua(x) then pa(x) < pg(x) since B is Fuzzy gb-
closed. Thenppe) (X)< no(x)

NOWpei(&)(X)<Hbei( beli)(X) =Hoci@)(X) < po(X)

Thereforppe ey (X)< p(x) . HenceC is is fuzzy gb — closed .o

Theorem 3.24

If B isFgb- closed set in (A, T) then bcI(E’) — B does not contain any non-empty fuzzy closed set .

Proof:

Let F be fuzzy closed set in A such that p(x) <Hbe@)(X) - Ha(X) ,since (i) is 0pen,sopE(X) < e - (X) , since B
is Fgb- closed set and A- F is open ,then ubd@(x) < M- 5(X) This = pe(x) < pay(X) - Hoag)(X) S0 Hi(x) <
Min{i)(X) - Poci)(X) . H(A)(X) Hoai®)(X) }= O

therefore F= 0

Theorem 3.25

If B be Fgb- closed set then B is Fo- closed set iffocl(B) — B = @

is closed set .

Proof:

= Let B be fuzzy gb- closed set.ifBis closed set .poei)(X) = Ha(X)

Hencebcl(B) — B = @ is closed set .

«Let bel(B) — B be fuzzy closed . since B is fuzzy gb-closed, So by theorem (3.25)
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bel(B) — B does not contain any non-empty fuzzy closed set .

bel(B) — B is closed set, than bel(B) — B = @

This implies thaties)(X) = Ua(X)B and B is Fb-closed set o

Theorem 3.26:Let (A,T) be any fuzzy topological space ,then the following are equivalent

(1) Every Fgb- closed set is Fgp- closed set .

(2) Every Fb- closed set is Fgp- closed set .

Proof .

(1) = (2):is obvious .

(2) = (1) : let B be a Fgb- closed set ,such that pa(x) < pg(x) where U is open . By definition(3.1) .Then
Moo (X) < po(X) ,sincebcl(B) isFb-closed set,then by (2)

bel(B) is Fgp- closed set .S0 Mpci)(X) < Hpeihen(X) < po(X) -

Therefore B is Fgp- closed set. a

Proposition 3.27

If G is a fuzzy closed set and U is a Fg b-closed set infuzzy topological space (A, T)then min {pg(X) ,Hg(X) } is

a Fgb-closed set in(A,,T).

Proof

To prove min { pe(x) , Mo(X) 3 = Hepelcmingbicioo Mooon(X).

Since 6 (x)=Hec(X) and Pa(X) = Hgheiy(X) then

Min{Hgnei()(X) Maber)(x) < min {pei)(X) ,Hobei)(X)}

HenCeugbd(min{pc(x)vpﬁ(x)})(x) <min {HG(X),Hﬁ(X)} ............... *)

And since min {Heu(X) Ha(X)} < Habei(mingHaig Haeon(X)-oeeeervvveesenes **)

Then from (*)and (**) we get min { 16(x) ,(%) . Ho(X) } = Habeiiminghlao Hooon(X).
Thus min { pg(x) , Ho(X) }is a Fgb- closed set in(A,T). m]

Lemma 3.28

Let(A,T) be any fuzzy topological space ( A,T) , every singleton is either fuzzy pre open or nowhere dense
.Proof: Obvious .

Theorem 3.29:Let Let(A,T) be any fuzzy topological space ( A,T),then:

Every Fgb- closed set is a Fb- closed set if and only if (A, T) is every singleton is either

Fp- open or Fuzzy closed set .

Proof .

= suppose that every Fgb — closed set of (A,T) is a Fb — closed set .Let py(X) < Ha(x). Then by lemma (3.28)
{x} is either Fuzzy preopen or nowhere dense , if {x,} is Fuzzy preopen , Then (A, T) is FTg , Now suppose that
{x:}is nowhere dense ,thus Wineigxryy (X) =@ and not fuzzy closed . Then A- {x} is not fuzzy open . Thus A is
the only open set which contains A - {x,}andbcI(A {x}) .Thatis A - {x;} is Fgb — closed set . By assumption ,
every Fgb- closed set is Fb- closed set . So A - {x,} isFb — closed set , thus {x,; Fb- open, and sopixs(x) <

max{ Hinteigx)(X), Hergnigxery (X) 3, @ contradiction to the fact that {x,}is nowhere dense .Then {x.}is closed set .
Thus ( A, T)isFT by Remark (2.8) .

«=suppose that (A,T) is a FTgand let B be Fgh — closed subset of A . we want to show that poa)(X)< pe)(X) -
Let Pu(X) < Hocie)(X) and suppose that p(X) > Hg)(X) S0 M) (X) < pia- pep(X) - 1{X:} is Fp- open , then A- {x;}
is Fp- closed , thus poeis)(X) < - e (X) - Since every Fp- closed set is a Fb- closed set . Then ppes)(X)

et (X) < M- pepX) Mxr(X) > Hoai)(X) , @ contradiction . If {x} is F-closed set then A- {x.} is F- open set
.Since B is Fgb — closed , then Hoei®)(X) SHa- e (X) - Thus pe(X) > Hocis)(X), @ contradiction . Thus is ppeics)(X)
<p)(X) -Since Py (x) <tpeg(X) then py(X) = Hoa@)(X) . Hence B is F b- closed set. O
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