IOSR Journal of Mathematics (IOSR-JM)
e-1ISSN: 2278-5728, p-ISSN: 2319-765X. Volume 10, Issue 6 Ver. IV (Nov - Dec. 2014), PP 63-70
www.iosrjournals.org

On RAM Finite Hyperbolic Transforms

R.A.Muneshwar', K.L.Bondar?, V.S.Thosare’
'Department of Mathematics, NES Science College, SRTMU Nanded, India — 431602
Department of Mathematics, NES Science College, SRTMU Nanded, India — 431602
®*Department of Mathematics, NES Science College, SRTMU Nanded, India — 431602
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I.  Introduction:
The Laplace transform method is normally used to find the response of a linear system at any time t to

the initial data at t = 0 and disturbance f(t) acting for t > 0. If the disturbance is f(t) = eatz , for a > 0, the usual
Laplace transform cannot be used to find the solution of an initial value problem because Laplace transform of
f(t) does not exist. It is often true that the solution at times later than t would not affect the state at time t. This
leads to define Finite Laplace transform.

The finite Laplace transform of a continuous or an almost piecewise continuous function f(t) in (0,T) is denoted
by Lt (f(t)) = F(p,T), and is defined by

Ly (F() = F(p.T) = IOT f(t)e™dt 1)

Where p is a real or complex number and T be a finite number which may be positive or negative.

Note : Above definition is defined for any bounded interval (-T1, T»).

Finite Laplace transform motivate us to define RAM Finite Sine Hyperbolic transform and RAM Finite Cosine
Hyperbolic transform in 0 <t < T in order to extend the power and usefulness of usual Laplace transform in 0 <
t <00, In section 2, the concept of RAM Finite Hyperbolic Transforms is introduced. Section 3 is devoted to
explain existence conditions for these transforms. Sections 4 and 5 are devoted to obtain these transforms of
some standard functions. Some properties like Linearity, Scalar Multiplication, and Scaling are proved in
sections 6 and 7. Section 8 is devoted to Discussion and Conclusion.

Il.  RAM Finite Hyperbolic Transforms:
Definition 2.1: Let p € C and T be a finite number which may be positive or negative and f(t) is a continuous
or an almost piecewise continuous function defined over the interval (0,T). Then RAM Finite Sine Hyperbolic
transform of f(t) is denoted by Ry, (f(t)) = Fs(p,T), and defined by

T
Ran(f(t)) = Fs(p, T)= Io sinh(pt)f(t)dt,

where sinh(pt) is a Kernel of Rg,.
Here Ry, is called RAM Finite Sine Hyperbolic transformation operator.
Definition 2.2: Let p € C and T be a finite number which may be positive or negative and f(t) is a continuous
or an almost piecewise continuous function defined over the interval (0,T). Then RAM Finite Cosine Hyperbolic
transform of f(t) is denoted by Ren(f(t))= Fc(p,T), and defined by

T

Rer (1)) = FepT)= [ cosnat) fiet,

where cosh(pt) is a Kernel of R,
Here Ry is called RAM Finite Cosine Hyperbolic transformation operator.
Note : sinht, cosht are bounded for any bounded interval (-T1,T,).

1. Existence of Ry, and Rg,.
Theorem 3.1 If f(t) is a piecewise continuous and absolutely integrable function on (0,T), then Ren(f(t)) exists.
Proof: As sinht is bounded on (0, T), there exist K& [0, o0) such that | sinh(pt)] < Kon (0,T). Since f(t) is
T

absolutely integrable, there exist M € [0, ©0) such that .[ [f(t)|dt <M.

0
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Consider
-
IRen (F ()] = I_[O sinh(pt) f (t)dt]
T
< .[0 [sinh(pt)| | f (t)[|dlt]
T
< .[o K| f () dt

.
K.[O | f (1) dt |

= |Ra (f(t)] < K.M.
Thus Ry, (f(t)) exists. Hence proved.
Theorem 3.2 If f(t) is a piecewise continuous and absolutely integrable function on (0, T), then Ry, (f(t)) exists.
Proof: Consider

IN

T
IRen (F(D))] I _[0 cosh(pt) f(t)dt |

T
< _[0 |cosh(pt)| [f(H)lldt |

T
.[0 K| f (t)dt | ('since |cosh(pt))<Kon (0, T),0 <K< )

;
KJ.O | f (D)t |

IN

;
= | R (F ()] < M.K. (since _[0 |f ()] dt< M, 0< M< )

Thus R, ( (1)) exists. Hence proved.

Theorem 3.3: If f (t) is a piecewise continuous and bounded function on (0, T), then
R (F (1)) exists.

Proof: Consider

T
IRsh ((1)) | | _[0 sinh(pt) f (t) dt |

T
< _[0 lsinh(pO)| | f (O dt |

-
5_[0 M.K.|dt| (since|f(t))<Mon(0,T),0< K, M< )

= IRsn (F (1)) <M.K.T.
Thus Ry, exists. Hence proved.
Theorem 3.4: If f(t) is a piecewise continuous and bounded function on (0, T), then R, (f (t)) exists.
Proof : consider

T
IRsh (F(1))] | _[0 cosh(pt) f(t) dt|

T
< _[0 |cosh(pt)] | (t) dt|

T
<MK IO [dt| (since |cosh (pt)| < K, [ f ()] < Mon (0,T),0 < KM < 0)

= [Ren (f(1) < M.K.T.
Thus R, (f(t)) exists. Hence Proved.

IV.  RAM Finite Sine Hyperbolic transform of some standard functions:
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L Re= Sosh(pT)—1
Proof:
T
Rap(l) = .[0 sinh(pt)dt
_ cosh(pT)—-1
p -
” Ral) = T cosh(pT) ] S|nh(2pT)
p p
Proof:
T
Ry (t) = .[0 t sinh(pt)dt
_ T cosh(pT) sinh(pT)
p p*
2 H —
3 Re (1) = Tcosh(pT) Al 5|nr21(pT) .\ (Zcosh(E)T) 2).
p p p
Proof:
T
R (%) = '[0 t? sinh (pt)dt
T?cosh(pT) _ 2T sinh(pT) _ (2cosh(pT)-2)
p p* p’ '
K k-1 o 1(_1)¥ _
T cosh(pT) kT S"lh(pT)+....+k'( 1) [coskh(pT) 1],if K is even
4 Ry (1) = P P P
' AT 1k K- i 11\ ci
T cosh(pT) kT 3|rlh(pT)+w+k.( 1) Slknh(pT),if Kis odd
P P p
Proof:
T
R (1) = .[0 t* sinh(pt)dt
4k T T gkt o ar TR i
t"cosh(pt) | | kt 5|r21h(pt) . N ki(-1) ckosh(pt)} if K is even,
0 | (A P o L P 0
e T T etk o i TR i
t"cosh(pt) | | kt sn;h(pt) L N k1(-1) sklnh(pt)} if K is odd.
L p -0 L p o L p 0
k kL oi 1_ 1\ _
T cosh(pT) KT S|r;h(pT)+w+k.( 1) [coskh(pT) 1],if K is even
_ Y P p
k k-1 i 1 <i
T cosr:l(pT)_kT s;)r;h(pT)erJrk.( 1) ::nh(pT)’if Kis odd

5. Rqh (sin(at)) = ( z_a zj sinh(pT) cos(aT) + ( 5 P ZJ cosh(pT) sin(aT).
p°+a p°+a

Proof:
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T

'[0 sin(at) sinh (pt) dt

sinh(pT)cos(aT) .\ pcos(pT)sin(aT) p°R,, (sin(at)
-a a’ a’ '

2 - .
- (H%] R, (sin(at) _ smh(pT)écos(aT) . p.cos(p‘lé’lz.sm(aT) .

Rq (sin(at))

i.e. Ry (sin(at)) = [ > a zj sinh(pT). cos(aT) + ( > P zj cosh(pT) sin(aT).
p°+a p°+a

6. Ry, (cos(at)) = ( 5 a zj sinh (pT). sin (aT) + ( > P zj [cosh(pT). cos(aT) — 1].
p +a p-+a

Proof:
T
Ry (cos(at)) = _[0 cos(at) sinh (pt) dt
_ sinh(pT).sin(aT) +[p.cosh(pT).cos(aT)— p] p’.R,, (cos(at))
a a’ a’
2 - -
- (“%j R, (cos(at)) = smh(pTa)lsm(aT) .\ [ p.cosh( pT);os(aT) -pl

i.e. R¢, (cos(at)) = ( 5 a zj sinh(pT). sin (aT) + ( > P zj [cosh (pT). cos (aT) — 1].
p -+a p +a

7. Ry(€™) = ( 2_a ZJ sinh(pT). *T + ( > P 2) [cosh (pT). e*" — 1], provided p? # &°.
p p

Proof:

.
Ren (€M) = _[0 e® sinh (pt) dt
_ sinh(pT)e™  [p.cos(pT)e™ —p] = p°Ry(e")

a a’ a’

—a
= Ry (€M) = ( - Zj -sinh(pT). e*T + (%j [cosh(pT). €*" — 1], provided p? # &°.
p

8 R (e-at):[ 2a 2} sinh(pT). €7 + [ 2_p zj [1-cosh (pT). e*"], Provided P* # &%
P p

Proof:
.
Ren () = .[0 e sinh (pt) dt
_sinh(pT)e™  [p.cosh(pT).e™ — p] . p°R, (e™)
-a a’ a’
2 H —aT —-aT
j(l_p_zJ R (€ = smh(;i;).e ] [p.cosh(p;).e ~p]

i.e. Ry (€)= [ 5 a 2} sinh(pT).e®" + ( 2_p ZJ [1-cosh(pT). €?'], provided p? # a*
p p -a
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V.  RAM Finite Cosine Hyperbolic Transform of some standard functions:

1 R, @)= SNCRT)
Proof:
T
Ran(t) = .[0 cosh (pt) dt
sinh(pT)
Y
, R () = Tsinh(pT) _(cosh(p;l’)—lj
Y
Proof:
T
Ren() = .[0 t cosh (pt) dt
Tsinh(pT) _(cosh(pT)—lj
p p*
2 - -
3 Ru(®) = T .sinh(pT) 2.T.coszh(pT) N 2.smh§ pT) .
P p
Proof:
T
Ran(t) = '[0 t?. cosh (pt) dt
B T2.sinh(pT) _2.T.cosh(pT)+2.sinh(pT)
i p P? b
K i k-1 1{—1\K ci
T'sinh(pT) KT Cofh(pT)+ lllllll +k.( 1) Sth(pT),ifkis even.
4 Rur(t = p p P
' ¢ K i k-1 11\ _ ’
T sinh(pT) KT cogh(pT)Jr lllllll +k.( 1) [coskh(pT) 1],ifkis odd.
p p P
Proof:
T
Ran(t) = _[0 t* cosh (pt) dt
4k o T k-1 T K .- T
tsmh(pt)} _[kt coszh(pT)} +____+[k!(—1) sklnh(pt) i Kis even
_JL P 0 P 0 p Jdo
Tk U k-1 T k T
t.smh(pt)} _{kt coih(pt)} +___.{k!(—l) ckosh(pt) it Kis odd
L p 0 P 0 p -0
K i k-1 1{—1\K ci
T smh(pT)_kT Cofh(pT)+ ....... +k.( 1) Sth(pT),ifkis even.
_l P P p
K ai k-1 1(—1)¥ - '
T sinh(pT) KT coih(pT)Jr lllllll +k.( 1) [cc:kh(pT) 1],ifkis odd.
p p

Ren (Sin(at)) = ( 5 a zj [1 - cosh(pT) cos(aT)] + ( 5 P 2} sinh(pT) sin(aT).
p°+a p+a

o
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Proof:

T
.[0 sin(at) cosh(pt) dt
[cos(pT)cos(aT)-1] .\ psinh(pT)sin(aT) p°R, (sin(at))

Ren (sin(at))

-a a’ a’
2 - .
- (Hp_zj R (Sin(at) _ [cos(pT)cos(aT)—1] N psmh(pTz)sm(aT)
a -a a
i.e. Rey (Sin(at)) = ( > a ZJ [1 - cosh(pT) cos(aT)] + ( > P 2} sinh(pT) sin(aT).
p°+a p°+a

6. Ren (cos(at)) = ( 2a zj cosh(pT) sin(aT)+( 2p ZJ sinh(pT) cos(aT).
p"+a p"+a

Proof:

-
R¢h cos(at) .[0 cos(at) cosh(pt) dt

cosh(pT)sin(aT) .\ psinh(pT)cos(aT) p°R,, (cos(at))

2 2

a a a
2 . .
- (1+ p_2 ) Ro(cos@) = cosh(pT)sin(aT) . psinh( pTzcos(aT)
a a a
. a . p .
i.e. Rey (cos(at)) = ( > ZJ cosh(pT) sm(aT)+( > ZJ sinh(pT) cos(aT).
p°+a p°+a
7. Ren(e™) = [ 5 a 2} [cosh(pT) €T —1] + ( > P ZJ sinh(pT) €', Provided p? # a°.
Proof:
-
R (%) = .[0 e® cosh(pt) dt
[cosh(pT)e™ —1]  p.sinh(pT)e™ . p°R,, (™)
a a’ a’ '
2 ar H aT
N (1—p—2chh(eat) _[cosh(pT)e -1 p.smh(loT)e
a a a
. at a aT p - aT - 2 2
i.e. Reyn(e™) = [ > 2} [cosh(pT) € 1]+( 5 Zj sinh(pT) e*', Provided p* # a“.
-at a -aT -Pp : -aT: : 2 2
8. Ren (€™) = ( > Zj cosh(pT) e + ( p2 ZJ [1-sinh(pT) €], provided p* # a“.
Proof :
-
Ren (€ = .[0 e cosh(pt) dt
[cosh(pT)e™ 1]  psinh(pT)e™ . p°R, (™)
-a a’ a’
2 -aT _ H —aT
- (1_ % chh(e'at) _ [cosh(pTz)ie 1 psmh(ap;T)e
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P

i.e. Re (€™ = ( > a Zj (cosh(pT) e®T— 1) + ( pz_ Zj [sinh(pT) €®'] ; provided p? # a’.

VI.  Some Properties of RAM Finite Sine Hyperbolic transform:
1. Linearity: Ran (f1(t) + T2 (1)) = Ran (f1 (1) + Ran (f2 (1)).
Proof: Let 0 <t<T,then by definition

:
'[ (f.(t) + f, () sinh(pt) dt

R (f1 (1) + 2 (1) 0

T T
.[0 f1(t) sinh (pt)dt + .[0 f, (t) sinh(pt) dt

R (f2(1) + R (T2 ().
2. Scalar Multiplication: If ¢ be any constant, then Rg, (cf (t)) = cRg, (T (1)).
Proof: Let c be any constant, then by definition

-
Rqn (C T (1) .[ ¢ f (t) sinh (pt)dt

0

.
c IO f (t) sinh (pt)dt
cRan (T (1)).

F, (p , aTj
3. Scaling: If Ry, (f(t)) =Fs (p, T) then Ry, (f (at)) = ————=
Proof: Let Ry, ( (1)) = Fs (p, T), then by definition

:
Ran ( f (at)) _[ f (at) sinh (pt)dt

0

. f(x)sinh(xp)
d

a
= J. X
0 a

VII.  Some Properties of RAM Finite Cosine Hyperbolic transform:

1. Linearity : Rey (fy (t) + f2 (1)) = Ren (f2(1)) + Ren(F2 (1))
Proof: Let 0 <t < T, then by definition
T
Ren (f2 (1) + 2 (1)) = IO (. (1) + 2 (1)) cosh(pt)dt
T T
- L f, (t) cosh (pt) dt + fo £, (t) cosh(pt)dt
= Ren (fi (1) + Ren (2 (1))
2. Scalar Multiplication: If ¢ is any constant, then Ry, (c. f (t)) = ¢. R (f(t))
Proof: Let c be any constant, then by definition
T
Ren (¢ (1) = IO (c f (1)) cosh (pt) dt

)
=c jo £ (t) cosh (pt) dit
= ¢ Ren (T (1))
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F. (p , aT)
3. Scaling: If Ry, (f(t)) = Fe(p, T), then Ry, (f (at)) = —\a_J

a
Proof: Let Ren(f(t)) = Fc (p, T), then

Rer (f(at)) I OT f (at) cosh (pt) dt

[ (F(x)cosh ():’j

= dx
a

] FC(;’,aT)

a

VIIl.  Discussion and Conclusion:

Unlike the usual Laplace transform of a function f(t), there is no restriction needed on the transform
variable p for the existence of Ry (f(t)) and R (f(t)). Further, the existence of Ren(f(t)) and Ren(f(t))does not
require exponential order property of a function f(t) . If a function f(t) has the usual Laplace transform, then it
also has the RAM Finite Sine Hyperbolic transform and RAM Finite Cosine Hyperbolic transform. In other
words, if L(f(t)) exists, then Rg,(f(t)) and Rgn(f(t))exists as shown below. We have

L(F (D) = j: £(t) & dt
= joT (t) cosh (pt) dt - joT £(t) sin (pt) dt + f £(t) e dt

= Ren (F (1)) = Ran ((1)) + f f(t) €™ dt.

Since L(f(t)) exists, all the three integrals on R.H.S. exist. Hence, if L(f(t)) exists then Ry (f(t)) and
Ren(f(t))exists but converse is not necessarily true. This can be shown by an example. It is well known that the
usual Laplace transform of f(t) = e®, for a > 0, does not exist but Re,(€™ ) and Rg,(e™ ) both exists.
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