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Abstract: The aim of this paper is to study some properties of ideal Hausdorff space. We introduce some new
concepts in ideal topological space such as convergence of sequences and the concepts of Hausdorff axiom in
ideal topological space.
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I.  Introduction

Ideals in topological spaces have been considered since 1930. In 1990, once again Jankovie and
Hamlett, initiated the application of topological ideals in the generalization of most fundamental properties in
general topology. The concept of ideals in topological space was first introduced by Kuratowski and
Vaidhyanathswamy. Further Hamlett and Jankovic in and studied the properties

of ideal topological space. They have also obtained a new topology from original ideal topological
space. Modak and Bandyopadhyay in 2007 have defined generalized open sets.

The contributions of Hamlett and Jankovic in Ideal topological spaces the generalization of some
important properties in general topology via topological ideals. The properties like decomposition of continuity,
separation axioms, connectedness, compactness and resolvability have been generalized using the concept of
ideals in topological spaces.

A ideal topological space (X, t,1) means a tpological space (X,t)with an ideal | defined on X. Let (X,1) be a
topological space with an ideal | defined on X.

I1.  Preliminaries
Definition 2.1: An ideal | on a nonempty set X is a collection of subset of X which satisfies the following
properties:
(i) AelandB < AimpliesB € 1.
(ii) AelandB < IimpliesAUBE L
A topological space (X, t) with an ideal | on X is called ideal topological space and is denoted by (X, t,1). Let Y
be a subset of X.

Definition 2.2: A ideal topological space (X, 1, 1) is called g-Hausdorff iff for any two distinct points p and q of
X, there exist disjoint gf-open sets U and V of X such thatp € Uandq € V.

Definition 2.3: Let (X,t,I) be a ideal topological space, (x,) € X be a sequence and x, € X. (x,) is called
converges to x, in (X, 1, 1) if for all A € N (x,) there exists n, € N such that x, € A for all n > n,.

Definition 2.4: Let (X, T,I) be a ideal topological space. A subcollection B of T is called a base for T if every
member of T can be expressed as a union of members of p.

Definition 2.5: Let (X, T,I) be a ideal topological space. A subcollection § of T is said to be a subbase for T if
the family of all finite intersections of members of § forms a base for T.

Definition 2.6: Let (X, T;,I) and (Y, T,,I) be two ideal topological spaces. A mapping f: (X, T,1) = (Y, T,,1)
is called continuous if f~1(A) € T;,VA € T,. A mapping f: (X, T;,I) = (Y, T,,1) is called open if f(A) €
T,, VA E T;.

Definition 2.7: A function f: (X,t,I) - (Y, 5,1) is called closed if the image of each closed set of X is closed in
Y.

Definition 2.8: Let {(X, T;,D};¢; be a family of ideal topological spaces. Then the initial ideal topology on X

(= [lig X;) generated by the family {(p, @)i}iey is called product ideal topology on X. The product ideal
topology is denoted by [[i¢; T;.
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Definition 2.9: Let (X,t,1) be a ideal topological space. A subset A of X is called g-closed if cl(A) € U
whenever A € Uand U is open in X.

I11.  Hausdorff in Ideal Topological Spaces
Definition 3.1: Let (X, t,I) be an ideal topological space and x,y € X such that x #y. (X,1,1) is called ideal
Hausdorff space if there exist open sets A and B such thatx € A,y e Band AN B = ®.

Theorem 3.2: Let (X,t,I) be an ideal topological space and (Y,c) be Hausdorff. If f:(X,7,I) - (Y,0) is
injective and continuous, then (X, t,I) is ideal Hausdorff
Proof: Let xand y be any two distinct points of X. Then f(x) and f(y) are different points of Y because f is
injective. Since Y is Hausdorff, there exist disjoint open sets U and V in Y containing f(x) and f(y)
respectively. Since f is continuous and U NV = ¢, f~1(U) and f~1(V) are disjoint open sets in X such that
x € f~1(U) and y € f~1(V). Hence X is ideal Hausdorff.

Theorem 3.3: If (X,1,1) is an ideal Hausdorff space and f: (X, T,I) - (Y, T*, 1) is injective, surjective and open
then (Y, T*,1) is ideal Hausdorff space.

Proof: Let y,,y, € Y such that y; # y,. Then f(y;) and f(y,) are different points of Y. Since f is surjective
there exist x;,x, € X such that f(x;) = y;,f(x,) =y, and x; # x,. From hypothesis (X, T,I) is an ideal
Hausdorff space, so there exist A,B € T such that x; €A,x, €B and ANB=®. So for each f(x;) =
vy, f(x5) = y,. This implies that f(x,) = y; € f(A), f(x,) =y, € f(B). Since f is open, then f(A), f(B) € T* and
fis injective. f(A) N f(B) = f(An B) = ®. Thus (Y, T*I) is ideal Hausdorff space.

Theorem 3.4: In ideal Hausdorff space, a sequence converges to a unique point.

Proof: Assuming that x and y are two distinct points then (x,,) converges to and y and x # y. Since (X, T,I) is
an ideal Hausdorff space there exist A,B € T such that x € A,x € B and An B = ®. Since x, converges to
x and A is neighborhood of x, then there exist n; € N such that x, € A foralln > n;. Since x, converges to
y and B is neighborhood of y, then there exist n, € N such that x, € Bforalln > n,. Let n, = max(n;,n,)
then for all n > ny. x, € Aand x, € B. Hence A n B # ®. This is a contradiction.

Theorem 3.5: Let (X,t,1) be a ideal topological space and (Y, o,1) be g-Hausdorff. If f: (X,7,I) - (Y,c,0) is
injective and gc-irresolute, then (X, t,1) is g-Hausdorff.

Proof: Let xand y be any two distinct points of X. Then f(x) and f(y) are different points of X because f is
injective. Since Y is g-Hausdorff, there exist disjoint g-open sets U and V in Y containing f(x) and f(y)
respectively. Since f is gc-irresoulte and U NV = ¢, f~1(U) and f~1(V) are disjoint g-open sets in X such that
x € f~1(U) and y € f~1(V). Hence X is g-Hausdorff.

Theorem 3.6: X and Y are ideal Hausdorff space then X x Y is Hausdorff space.

Proof: Let X and Y be ideal Hausdorff spaces. Let (x1,y1), (X2,¥2) € X XY and(xy,y1) # (X3,¥2). SO x; #
X, Ory; #y,. Assume that x; # x,. Since X is ideal Hausdorff space there exist A,B € T such that x; € A,
X, EBand AN B = ®. Then A x Cand B X Y are open set on X X Y. Hence (x4,y;) EA X C, (x3,y,) EBXC
and(AxXC)N(BxC)=0a.

Theorem 3.7: Let A be a compact set in ideal Hausdorff space (X, t,I) then A is closed.

Proof: Let x € A®. For each y € A. We have x # y. So there are disjoint open sets U and V. So that x € U and
ye V . Then {V:y € A} is an open cover of A. Let {v;,v,,....v,} be a finite subcover. Then N, U; is an open
set containing x and contained in A°. Thus A° is open and A is closed.
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