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Abstract: In this paper rotating flow of a third grade fluid past a porous plate with partial slip is studied .The 

nonlinear boundary value problem is solved using finite difference method. The variations of velocity 

components for various values of partial parameter 𝜆1are discussed the results are reported for conclusion. 
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I. Introduction 
Materials such as polymer solutions or melts, drilling mud, clastomers, certain oils and greases and 

many other emulsions are classified as non-Newtonian fluids. Due to complexity of fluids, there are many 

models describing the properties, but not all of non-Newtonian fluids. These models, however, cannot predict all 

the behaviours of non-Newtonian fluids, for example, normal stress differences, shear thinning or shear 

thickening, shear relaxation, elastic and memory effects etc. The pioneers of the field such as Coulomb, Navier, 

Girad, Poisson, Stokes, St. Venant and others recognised that boundary conditions are constitutive equations 

that should  be determined by the material on either side of the boundary. 

The usual prescription of  Dirichlet and Neumann conditions are often unsuitable for a realistic 

physical problem, for example the flow of polymers that stick-slip on the boundary. Recently non-standard 

boundary conditions have been considered from a rigorous mathematical perspective by Rao and Rajagopal. 

The earliest work S.Asgar,M.Mudassar Gulzar, M.Ayub (2006) are derived an analytical study of the 

rotating flow of a third grade fluid past a porous plate with partial slip effects. It serves as a flow model for the 
study of polymers. The analytic solution has been determined using homotopy analysis method (HAM). 

The work is extended to examine the effects of partial slip on the rotating flow past a uniformly porous 

plate. The fluid is incompressible and third grade .The numerical solution has been obtained using Finite 

difference method and finally focused on the effects of suction, blowing, third grade and slip parameter. 

 

II. A Study on rotating flow of a third grade fluid 
Consider the Cartesian coordinate system rotating uniformly with an angular velocity Ω about the z-

axis ,taken positive in the vertically upward direction and the plate coinciding with the plane  𝑧 = 0 . The fluid 
flowing past a porous plate is third grade and incompressible .All the material parameters of the fluid are 

assumed to be constants . 

For the rotating frame, the equation of momentum 

                                               𝜌  
𝑑𝑉

𝑑𝑡
+ 2Ω × 𝑉 + Ω ×  Ω × 𝑉  = 𝜌𝑏 + 𝑑𝑖𝑣 𝑇                                                 (1) 

 is considered in which T is the Cauchy stress tensor for third grade fluid as given  

           𝑇 = −𝑝1  𝐼 + 𝜇 𝐴1 + 𝛼1𝐴2 + 𝛼2𝐴1
2 + 𝛽1𝐴3 + 𝛽2 𝐴1𝐴2 + 𝐴2𝐴1 + 𝛽3 𝑡𝑟𝐴1

2 𝐴1                                 (2) 

From the thermodynamical considerations,the material constants   

                                  𝜇 ≥ 0,     𝛼1 ≥ 0,     𝛼1 + 𝛼2 ≤  24𝜇𝛽3 ,  𝛽1 = 0 ,   𝛽2 = 0,    𝛽3 ≥ 0                              (3) 

must satisfied the equation(3.2).       
under thermodynamical considerations, Cauchy stress tensor of a third grade fluid is 

                                           𝑇 = −𝑝1  𝐼 + 𝜇 𝐴1 + 𝛼1𝐴2 + 𝛼2𝐴1
2 + 𝛽3 𝑡𝑟𝐴1

2 𝐴1                                                 (4) 

For a uniform porous boundary ,the continuity equation is satisfied if  

                                                          𝑉 =  𝑢 𝑧 , 𝑣 𝑧 ,−𝑤0                                                                                  (5) 

Where u and v are x- and y- components of velocity and 𝑤0 > 0 (𝑤0 < 0) corresponding to suction (blowing ) 

velocity respectively . 
In view of equation  (4) ,(5) (1),(3) and  equation of continuity 

∇.𝑉 = 0 
Then the equation (2) can be written as  
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                                  𝜌  −𝑊0
𝑑𝑢

𝑑𝑧
− 2𝑣Ω = 𝜇

𝑑2𝑢

𝑑𝑧 2 − 𝛼1𝑊0
𝑑3𝑢

𝑑𝑧3 + 2𝛽3
𝑑

𝑑𝑧
 
𝑑𝑢

𝑑𝑧
  

𝑑𝑢

𝑑𝑧
 

2

+  
𝑑𝑣

𝑑𝑧
 

2

                              (6) 

               𝜌  −𝑊0
𝑑𝑣

𝑑𝑧
+ 2𝑢Ω = 2Ω𝑈0  𝜌 + 𝜇

𝑑2𝑣

𝑑𝑧 2 − 𝛼1𝑊0
𝑑3𝑢

𝑑𝑧3 + 2𝛽3
𝑑

𝑑𝑧
 
𝑑𝑣

𝑑𝑧
  

𝑑𝑢

𝑑𝑧
 

2

+  
𝑑𝑣

𝑑𝑧
 

2

                                (7) 

Where 𝑈0 denotes the uniform velocity outside the layer which is caused by the pressure gradient. 

The approximate boundary conditions are   

                                                     𝑢 = 𝑣 = 0 at 𝑧 = 0, 𝑢 → 𝑈0 , 𝑣 → 0 as 𝑧 → ∞                                                 (8) 

Defining                                                   𝐹 =
𝑢+𝑖𝑣

𝑢0
− 1 ,  𝐹∗ =

𝑢−𝑖𝑣

𝑢0
− 1                                                              (9)   

  equations (6) to (8) can be combined as 

                                      2𝑖Ω𝐹 − 𝑊0
𝑑𝐹

𝑑𝑧
=

1

𝜌
 
𝑑2𝐹

𝑑𝑧 2 − 𝛼𝑊0
𝑑3𝐹

𝑑𝑧3 + 2𝛽3
𝑑

𝑑𝑧
  

𝑑𝐹

𝑑𝑧
 

2 𝑑𝐹∗

𝑑𝑧
                                              (10)     

Subject to following boundary conditions 

                                                           𝐹 𝑧 = −1 at 𝑧 = 0, 𝐹 𝑧 → 0 as 𝑧 → ∞                                                (11)                                            

Where 𝐹∗ is conjugate of F. 

It is convenient to introduce the following dimensionless quantities  

𝑧 =
𝜌𝑈0𝑧

𝜇
,  𝐹 =

𝐹

𝑈0

 , 𝑊0
 =

𝑊0

𝑈0

 

                                                           Ω =
Ω𝜇

𝜌𝑈0
2 , 𝛽 = 𝛽3𝜌

2𝑈0
4   ,  𝛼 =

𝛼1𝜌𝑈0
2

𝜇2                                                      (12) 

After dropping hats, the resulting problem consists of conditions (11) and the following differential equation 

                                      
 𝑑2𝐹

𝑑𝑧 2 − 2𝑖Ω𝐹 + 𝑊0  
𝑑𝐹

𝑑𝑧
− 𝛼

𝑑3𝐹

𝑑𝑧3
 + 2𝛽

𝑑

𝑑𝑧
  

𝑑𝐹

𝑑𝑧
 

2 𝑑𝐹∗

𝑑𝑧
 = 0                                              (13) 

Since equation (13) is a third –order differential equation which is higher than the governing equation of the 
Newtonian fluid. Therefore, introduce one more condition. The flow under consideration is in an unbounded 

domain , so by augmentation of the boundary conditions(11) 

                                                                 
𝑑𝐹

𝑑𝑧
→ 0 𝑎𝑠 𝑧 → ∞                                                                                 (14) 

 

III. Mathematical problem for the partial slip case 
Let an infinite porous plate at z = 0 bound a semi-infinite expanse (Z > 0) of a third grade fluid which 

is assumed to be incompressible .Both the plate and the fluid does not rotate as solid body with constant angular 

velocity Ω about an axis normal to the plate .Consider Cartesian axes       (x , y, z)   such that the z-axis is 

parallel to the  common axes of rotating of the fluid . Since the plate is infinite in extent, all the physical 

quantities, expect the pressure, depend on z only for steady flow. Furthermore, the fluid adheres to the plate 

partially and thus motion of the fluid exhibits the slip condition. 

The dimensionless governing problem is  

                                
𝑑2𝐹 𝑧 

𝑑𝑧2 − 2𝑖Ω𝐹 𝑧 + 𝑤0  
𝑑𝐹 𝑧 

𝑑𝑧
− 𝛼

𝑑3𝐹 𝑧 

𝑑𝑧 3
 = −2𝛽

𝑑

𝑑𝑧
  

𝑑𝐹 𝑧 

𝑑𝑧
 

2 𝑑𝐹∗ 𝑧 

𝑑𝑧
 .                               (15) 

The dimensionless governing partial slip case equation  is  

                                          F(0)+1 = 𝜆1  
𝑑𝐹 𝑧 

𝑑𝑧
− 𝛼𝑤0

𝑑2𝐹 𝑧 

𝑑𝑧2 + 2𝛽  
𝑑𝐹 𝑧 

𝑑𝑧
 

2 𝑑𝐹∗ 𝑧 

𝑑𝑧
                                              (16) 

                                                                        𝐹 𝑧 = 0  as  𝑧→∞                                                                      (17) 

In equation (2)                        𝜆1 =  
𝜌𝑈0 

𝜇
𝜆                                                                                                            (18) 

Is non-dimensional partial slip coefficient , 𝜆 =  𝜆𝜇 is slip length . In writing conditions (2) ,consider  the 
following partial slip condition  

                                                                  𝑢, 𝑣 −  𝑈𝑤 , 𝑉𝑤  =  𝜆 𝑇𝑥𝑧 , 𝑇𝑦𝑧                                                          (19) 

 

IV. Rotating flows of a third grade fluid with partial slip 
The governing problem consist of      

                                    
𝑑2𝐹

𝑑𝑧 2 − 2𝑖Ω𝐹 + 𝑤0  
𝑑𝐹

𝑑𝑧
− 𝛼

𝑑3𝐹

𝑑𝑧 3
 + 2𝛽

𝑑

𝑑𝑧
  

𝑑𝐹

𝑑𝑧
 

2 𝑑𝐹∗

𝑑𝑧
 = 0.                                                (20)                    

                                           F(0)+1 = 𝜆1  
𝑑𝐹 𝑧 

𝑑𝑧
− 𝛼𝑤0

𝑑2𝐹 𝑧 

𝑑𝑧2 + 2𝛽  
𝑑𝐹 𝑧 

𝑑𝑧
 

2 𝑑𝐹∗ 𝑧 

𝑑𝑧
                                             (21) 

𝐹 𝑧 = 0 as  𝑧→∞ 
Numerical solution by using finite difference   equation 

                                                       𝐹𝑧 𝑖 ≃
1

2ℎ
 𝐹𝑖+1 − 𝐹𝑖−1 .                                                                                (22) 

                                                     𝐹𝑧𝑧 𝑖 ≃
1

ℎ2
 𝐹𝑖+1 − 2𝐹𝑖 + 𝐹𝑖−1 .                                                                      (23)                           

                                                   𝐹𝑧𝑧𝑧  𝑖 ≃
1

2ℎ3
 𝐹𝑖+2 − 2𝐹𝑖+1 + 2𝐹𝑖−1 − 𝐹𝑖−2                                                     (24) 



A Study on Numerical Solutions for Rotating Flows of a Third Grade Fluid with Partial ….. 

www.iosrjournals.org                                                    16 | Page 

The equation (20) reduced in the form 
1

ℎ2
 𝐹𝑖+1 − 2 𝐹𝑖 + 𝐹𝑖−1 − 2 𝑖Ω𝐹𝑖 + 𝑤0  

1

2ℎ
 𝐹𝑖+1 − 𝐹𝑖−1 −

𝛼

2ℎ3
 𝐹𝑖+2 − 2𝐹𝑖+1 + 2 𝐹𝑖−1 − 𝐹𝑖−2    +

  
𝛽

2 ℎ4
 
2  𝐹𝑖+1 − 𝐹𝑖−1  𝐹𝑖+2 − 2𝐹𝑖+1 + 𝐹𝑖  𝐹𝑖+1

∗ − 𝐹𝑖−1
∗   + 

 𝐹𝑖+1 − 𝐹𝑖−1 
2 𝐹𝑖+2

∗ − 2𝐹𝑖+1
∗ − 𝐹𝑖

∗ 
   = 0                                                                 (25)                                                                                                                                                                                                                                          

1

2ℎ3
 2ℎ 𝐹𝑖+1 − 2 𝐹𝑖 + 𝐹𝑖−1 − 2ℎ3 2 𝑖Ω𝐹𝑖 + 𝑤0ℎ

2 𝐹𝑖+1 − 𝐹𝑖−1 − 𝛼𝑤0 𝐹𝑖+2 − 2𝐹𝑖+1 + 2 𝐹𝑖−1 − 𝐹𝑖−2 +

 𝛽2 ℎ42 𝐹𝑖+1−𝐹𝑖−1𝐹𝑖+2−2𝐹𝑖+1+𝐹𝑖𝐹𝑖+1∗−𝐹𝑖−1∗𝐹𝑖+1−𝐹𝑖−12  𝐹𝑖+2∗− 2𝐹𝑖+1∗−𝐹𝑖∗=   0          (26)                                                                                                                                         
1

2ℎ3
 𝛼𝑤0 𝐹𝑖−2 +  2ℎ − 𝑤0ℎ

2 − 2𝛼𝑤0  𝐹𝑖−1 −  4ℎ − 4ℎ3𝑖Ω 𝐹𝑖 +  2ℎ + 𝑤0ℎ
2 +    2𝛼𝑤0 𝐹𝑖+1 −

𝛼𝑤0 𝐹𝑖+2=0                                                                                                                                                  (27) 

Where 𝑧𝑖 − 𝑧𝑖−1  is preferred to be 0.01 for the present calculations. 

The iterative procedure applied to the non linear part of the above equation 

                            𝐺𝑖𝐹𝑖−2
 𝑛+1 + 𝐻𝑖𝐹𝑖−1

 𝑛+1 + 𝐼𝑖𝐹𝑖
 𝑛+1 + 𝐽𝑖𝐹𝑖+1

 𝑛+1 + 𝐾𝑖𝐹𝑖+2
 𝑛+1 = 𝐿𝑖                                (28) 

And the initial guess approximation is taken to be  

                                                               𝐹𝑖
 0 

= 0,    0 ≤ 𝑖 ≤ 𝑄 .                                                                             (29) 

     Where                                               𝐺𝑖 = 𝛼𝑤0                                                                                                (30) 

                                                               𝐻𝑖 = 2ℎ − 𝑤0ℎ
2 − 2𝛼𝑤0                                                                     (31)                                                                                                   

                                                                          𝐼𝑖 = −4ℎ − 4ℎ3𝑖Ω                                                                              (32)           

                                                                  𝐽𝑖 = 2ℎ + 𝑤0ℎ
2 + 2𝛼𝑤0                                                                     (33) 

                                                               𝐾𝑖 = −𝛼𝑤0                                                                                           (34) 

𝐿𝑖 = −
𝛽

ℎ
 
2  𝐹𝑖+1

 𝑛 −  𝐹𝑖−1
 𝑛    𝐹𝑖+2

 𝑛 − 2 𝐹𝑖+1
 𝑛 +  𝐹𝑖

 𝑛   𝐹𝑖+1
∗ 𝑛 

− 𝐹𝑖−1
∗ 𝑛 

 

+  𝐹𝑖+1
 𝑛 −    𝐹𝑖−1

 𝑛  
2
 𝐹𝑖+2

∗ 𝑛 
−2𝐹𝑖+1

∗ 𝑛 
+ 𝐹𝑖

∗ 𝑛 
 

                                      (35)                                     

For 𝑖 = 1,equation (28) is  

                                   𝐺𝑖𝐹−1
 𝑛+1 + 𝐻1𝐹0

 𝑛+1 + 𝐼1𝐹1
 𝑛+1 + 𝐽1𝐹2

 𝑛+1 + 𝐾1𝐹3
 𝑛+1 = 𝐿1                               (36) 

The value of F at the fictitious point    𝑧−1  is approximated by means of the langrange polynomial of  third 

degree  

                                          𝐹−1
 𝑛+1 = 𝑋0𝐹0

 𝑛+1 + 𝑋1𝐹1
 𝑛+1 + 𝑋2𝐹2

 𝑛+1 + 𝑋3𝐹3
 𝑛+1 

                                  (37) 

Where                                         𝑋0 =  
𝑍−1− 𝑍1

𝑍0− 𝑍1
  

𝑍−1− 𝑍3

𝑍0− 𝑍3
                                                                                    (38) 

                                                   𝑋1 =  
𝑍−1− 𝑍0

𝑍1− 𝑍0
  

𝑍−1− 𝑍2

𝑍1− 𝑍2
  

𝑍−1− 𝑍3

𝑍1− 𝑍3
                                                                     (39) 

                                                   𝑋2 =  
𝑍−1− 𝑍0

𝑍2− 𝑍0
  

𝑍−1− 𝑍1

𝑍2−𝑍1
  

𝑍−1− 𝑍3

𝑍2− 𝑍3
                                                                     (40)                                                

                                                   𝑋3 =  
𝑍−1− 𝑍0

 𝑍3− 𝑍0
  

𝑍−1−𝑍1

 𝑍3−𝑍1
  

𝑍−1−𝑍2

 𝑍3−𝑍2
                                                                      (41)                                          

Substitution of equation (37) into (36) yields 

𝐺𝑖 𝑋0𝐹0
 𝑛+1 

+ 𝑋1𝐹1
 𝑛+1 

+ 𝑋2𝐹2
 𝑛+1 

+ 𝑋3𝐹3
 𝑛+1  + 𝐻1𝐹0

 𝑛+1 
+ 𝐼1𝐹1

 𝑛+1 
+ 𝐽1𝐹2

 𝑛+1 
+ 𝐾1𝐹3

 𝑛+1 
 = 𝐿1                                                                                                                                                           

(42) 

      𝐺1𝑋0 + 𝐻1 𝐹0
 𝑛+1 

+  𝐺1𝑋1 + 𝐼1 𝐹1
 𝑛+1 

+  𝐺1𝑋2 + 𝐽1 𝐹2
 𝑛+1 

+  𝐺1𝑋3  + 𝐾1 𝐹3
 𝑛+1 

= 𝐿1      

                                                                                                                                                                   (43)          

Now 𝐹0
 𝑛+1 

= 𝐹0 is know as fixed ,so the equation (43) can be written as  

                                 𝐼1
, 𝐹1

 𝑛+1 
+ 𝐽1

, 𝐹2
 𝑛+1 

+ 𝐾1
, 𝐹3

 𝑛+1 
= 𝐿1

,
                                                                    (44)                       

In which  

                                                               𝐼1
, = 𝐺1𝑋1 + 𝐼1                                                                            (45) 

                                                              𝐽1
, = 𝐺1𝑋2 + 𝐽1                                                                             (46) 

                                                            𝐾1
, = 𝐺1𝑋3  + 𝐾1                                                                           (47) 

                                                            𝐿1
,  =  𝐿1 − 𝐺1𝑋0 + 𝐻1                                                                  (48) 

For 𝑖 = 2  in equation (28) 

                           𝐺2𝐹0
 𝑛+1 

+ 𝐻2𝐹1
 𝑛+1 

+ 𝐼2𝐹2
 𝑛+1 

+ 𝐽2𝐹3
 𝑛+1 

+ 𝐾2𝐹4
 𝑛+1 

= 𝐿2                              (49)                     

Since 𝐹0
 𝑛+1 

= 𝐹0 is known thus from the above equation (49) can be written as 

                                𝐻2𝐹1
 𝑛+1 

+ 𝐼2𝐹2
 𝑛+1 

+ 𝐽2𝐹3
 𝑛+1 

+ 𝐾2𝐹4
 𝑛+1 

= 𝐿2
,
                                                 (50) 

Where                                                𝐿2
, = 𝐿2 − 𝐺2𝐹0                                                                              (51) 

For 3 ≤ 𝑖 ≤ 𝑄 − 3 , the equations are 

                                     𝐺𝑖𝐹𝑖−2
 𝑛+1 

+ 𝐻𝑖𝐹𝑖−1
 𝑛+1 

+ 𝐼𝑖𝐹𝑖
 𝑛+1 

+ 𝐽𝑖𝐹𝑖+1
 𝑛+1 

+ 𝐾𝑖𝐹𝑖+2
 𝑛+1 

= 𝐿𝑖                            (52) 

For 𝑖 = 𝑄 − 2 ,the equation(52) becomes 
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                       𝐺𝑄−2𝐹𝑄−4
 𝑛+1 

+ 𝐻𝑄−2𝐹𝑄−3
 𝑛+1 

+ 𝐼𝑄−2𝐹𝑄−2
 𝑛+1 

+ 𝐽𝑄−2𝐹𝑄−1
 𝑛+1 

+ 𝐾𝑄−2𝐹𝑄
 𝑛+1 

= 𝐿𝑄−2             (53) 

Since 𝐹𝑄
 𝑛+1 

= 𝐹𝑄  is known, so the equation (53) is  

                      𝐺𝑄−2𝐹𝑄−4
 𝑛+1 

+ 𝐻𝑄−2𝐹𝑄−3
 𝑛+1 

+ 𝐼𝑄−2𝐹𝑄−2
 𝑛+1 

+ 𝐽𝑄−2𝐹𝑄−1
 𝑛+1 

= 𝐿𝑄−2
,

                                  (54) 

When                                                   𝐿𝑄−2
, = 𝐿𝑄−2 − 𝐾𝑄−2𝐹𝑄                                                          (55) 

For = 𝑄 − 1 , the equation (52) becomes 

             𝐺𝑄−1𝐹𝑄−3
 𝑛+1 

+ 𝐻𝑄−1𝐹𝑄−2
 𝑛+1 

+ 𝐼𝑄−1𝐹𝑄−1
 𝑛+1 

+ 𝐽𝑄−1𝐹𝑄
 𝑛+1 

+ 𝐾𝑄−1𝐹𝑄+1
 𝑛+1 

= 𝐿𝑄−1                   (56) 

To find the value of   𝐿𝑄−1,we must have the value of 𝐹𝑄+1 . Now augmentation of the boundary condition 

                                                              
𝜕𝐹

𝜕𝑍
= 0   as      𝑧 → ∞                                                              (57) 

Yields a well posed problem. The boundary condition is discretized  to give 

                                                          𝐹𝑄+1 = 𝐹𝑄i.e.𝐹𝑄+1
 𝑛+1 

= 𝐹𝑄
 𝑛+1 

                                                  (58)                              

Thus for = 𝑄 − 1 , the equation (56) becomes  

                                        𝐺𝑄−1𝐹𝑄−3
 𝑛+1 

+ 𝐻𝑄−1𝐹𝑄−2
 𝑛+1 

+ 𝐼𝑄−1𝐹𝑄−1
 𝑛+1 

= 𝐿𝑄−1
,

                                   (59)                           

Where                                𝐿𝑄−1
, = 𝐿𝑄−1 −  𝐽𝑄−1 + 𝐾𝑄−1 𝐹𝑄                                                   (60)                            

It is noted that there are  𝑄 − 1 equations in 𝑄 − 1 unknowns and in matrix form  

 
 
 
 
 
 
 
 
 
 𝐼1

, 𝐽1
, 𝐾1

,

𝐻2 𝐼2 𝐽2

𝐺3 𝐻3 𝐼3.   .      .
0   .     0
.   .    .
0  0    0
0  0    0
0  0    0

0 0 0
𝐾2 0 0
𝐽3 𝐾3 0
. . .
𝐺𝑖 𝐻𝑖  𝐼𝑖
. . .
.    .   0
0    .  .
0    0  .

0         0    .
0         0    .
0         0    ..          .     .
𝐽𝑖 𝐾𝑖     0
.         .    .

     𝐺𝑄−3 𝐻𝑄−3 𝐼𝑄−3

 0 𝐺𝑄−2 𝐻𝑄−2

  . 0 𝐺𝑄−1

.

.

.

.

.

.
𝐽𝑄−3

𝐼𝑄−2

𝐻𝑄−1

0
0
0
.
0
.

𝐾𝑄−3

𝐽𝑄−2

𝐼𝑄−1  
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 𝐹1

 𝑛+1 

𝐹2
 𝑛+1 

𝐹3
 𝑛+1 

.

𝐹𝑖
 𝑛+1 

.

𝐹𝑄−3
 𝑛+1 

𝐹𝑄−2
 𝑛+1 

𝐹𝑄−1
 𝑛+1 

 
 
 
 
 
 
 
 
 
 
 
 

  = 

 
 
 
 
 
 
 
 
 
 

𝐿1
,

𝐿2
,

𝐿3

.
𝐿𝑖

.
𝐿𝑄−2

𝐿𝑄−2
,

𝐿𝑄−1
,

 
 
 
 
 
 
 
 
 
 

 

Matrix involved in above equation is pentadiagonal. 
It is  observed that the partial slip boundary condition (21) is also highly nonlinear. Thus following the same 

procedure as adopted for discretization of equation (20) , equation (21) may be discretized as  

                                        𝐹0
 𝑛 

= 𝑟1𝐹1
 𝑛 + 𝑟2𝐹2

 𝑛 + 𝑟3 −1 + 𝐸1𝑇
𝑛                                                     (61)                                                  

When                                              𝑟0 =  ℎ2 + 𝜆 ℎ + 𝛼𝑊0                                                                    (62)                           

                                                        𝑟1 = 𝜆 ℎ + 2𝛼𝑊0  /𝑟0                                                                     (63)                           

                                                        𝑟2 = −𝛼𝑊0𝜆 /  𝑟0                                                                            (64)                           

                                                        𝑟3 = ℎ2/  𝑟0                                                                                     (65)                           

                                    𝐸1𝑇
 𝑛 =  

2𝛽

ℎ3 𝜆   𝐹1
 𝑛 

− 𝐹0
 𝑛  

2
 𝐹1

∗ 𝑛 
− 𝐹0

∗ 𝑛                                              (66)                           

To evaluate 𝐹0
 𝑛+1 

, first take  𝐸1𝑇
 𝑛+1 =  𝐸1𝑇

 𝑛  in the system of algebraic equations and the solution  of the 

system is sought for the unknown values of   𝐹𝑖
 𝑛+1 

 , i = 1,2,3….., 𝑄 − 1. Then  update  𝐹0
 𝑛+1 

 by using 

iterative method as follows  

𝐹0, 𝑘+1 
 𝑛+1 

=   𝑟1𝐹1
 𝑛+1 + 𝑟2𝐹2

 𝑛+1 +   𝑟3  
2𝛽

ℎ3
𝜆   𝐹1

 𝑛+1 − 𝐹0, 𝑘 
 𝑛+1  

2
 𝐹1

∗ 𝑛+1 − 𝐹0, 𝑘 
∗ 𝑛+1  − 1   

                                                                                                                                                                  (67)                         

Where                                                     𝐹0, 1 
 𝑛+1 

=  𝐹0
 𝑛+1 

                                                                      (68)                           

This  iterative procedure is continued until  𝐹0, 𝑘+1 
 𝑛+1 

 ≈ 𝐹0,(𝑘)
 𝑛+1 

 

For = 1 ,                            𝑖 = 2, 3 ≤ 𝑖 ≤ 𝑄 − 3, 𝑖 = 𝑄 − 2,   and     𝑖 = 𝑄 − 1,  

Equation becomes                             

                                               𝐼1
, 𝐹1

 𝑛+1 
+ 𝐽1 

, 𝐹2
 𝑛+1 

+ 𝐾1
, 𝐹3

 𝑛+1 
=  𝐿1

,
                                                 (69)                           

                              𝐻2
, 𝐹1

 𝑛+1 
+ 𝐼1 

, 𝐹2
 𝑛+1 

+ 𝐽2𝐹3
 𝑛+1 

+ 𝐾2𝐹4
 𝑛+1 

= 𝐿2
,

                                             (70)                          

                  𝐺𝑖𝐹𝑖−2
 𝑛+1 + 𝐻𝑖𝐹𝑖−1

 𝑛+1 + 𝐼𝑖𝐹𝑖
 𝑛+1 + 𝐽𝑖𝐹𝑖+1

 𝑛+1 + 𝐾𝑖𝐹𝑖+2
 𝑛+1 = 𝐿𝑖                             (71)   

               𝐺𝑄−2𝐹𝑄−4
 𝑛+1 

+ 𝐻𝑄−2𝐹𝑄−3
 𝑛+1 

+ 𝐼𝑄−2𝐹𝑄−2
 𝑛+1 

+ 𝐽𝑄−2𝐹𝑄−1
 𝑛+1 

= 𝐿𝑄−2
,

                       (72)   

                                 𝐺𝑄−1𝐹𝑄−3
 𝑛+1 

+ 𝐻𝑄−1𝐹𝑄−2
 𝑛+1 

+ 𝐼𝑄−1𝐹𝑄−1
 𝑛+1 

= 𝐿𝑄−1
,

                                 (73)   

In which 𝐺𝑖 , 𝐻𝑖  , 𝐼𝑖  , 𝐽𝑖  , 𝐾𝑖  and 𝐿𝑖are given through equations ( 30) to (34)  

In the above equations 



A Study on Numerical Solutions for Rotating Flows of a Third Grade Fluid with Partial ….. 

www.iosrjournals.org                                                    18 | Page 

                                                     𝐼1
, =  𝐺1𝑋1 + 𝐼1 + 𝑟1 𝐻1 + 𝑋0𝐺1                                                    (74)   

                                                        𝐽1
, =  𝐺1𝑋2 + 𝐽1 + 𝑟2 𝐻1 + 𝑋0𝐺1                                                   (75)   

                                                       𝐾1
, =  𝐺1𝑋3 + 𝐾1                                                                                (76)   

                                                       𝐿1
, = 𝐿1 −  𝐺1𝑋0 + 𝐻1  𝑟3 𝐸1𝑇

 𝑛 − 1                                           (77)   

                                                      𝐻2
, = 𝐻2 + 𝑟1𝐺2                                                                                    (78)   

                                                      𝐼2
, = 𝐼2 + 𝑟2𝐺2                                                                                      (79)  

                                                     𝐿2
, = 𝐿2 − 𝐺2 𝑟3 𝐸1𝑇

 𝑛 − 1                                                             (80)   

                                            𝐿𝑄−2
, = 𝐿𝑄−2 − 𝐾𝑄−2𝐹𝑄                                                                           (81)   

                                                  𝐿𝑄−1
, = 𝐿𝑄−1 −  𝐿𝑄−1 + 𝐾𝑄−2 𝐹𝑄                                                           (82)   

 
 
 
 
 
 
 
 
 
𝐼1

,

𝐻2
′

.

.
0
.
0
0
0

  

𝐽1
,

𝐼2
′

.

.

.

.
0
0
0

    

𝐾1
,

𝐽2

.

.
0
.
0
0
0

   

0
 𝐾2

.

.
𝐺𝑖  

.

.
0
0

  

0
0
.
.
𝐻𝑖

.

.

.
0

  

0
0
.
.

 𝐼𝑖
.
.
.
.

    

0
0
.
.
𝐽𝑖
.
.
0
.

0
0
.
.
𝐾𝑖

.

.
     𝐺𝑄−2

0

 

.

.

.

.
0
.
.

𝐻𝑄−2

𝐺𝑄−1

 

.

.

.

.

.

.

.
𝐼𝑄−2

𝐻𝑄−1

 

0
0
0
.
0
.
.

𝐽𝑄−2

𝐼𝑄−1 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 𝐹1

 𝑛+1 

𝐹2
 𝑛+1 

.

.

𝐹𝑖
 𝑛+1 

.

.

𝐹𝑄−2
 𝑛+1 

𝐹𝑄−1
 𝑛+1 

 
 
 
 
 
 
 
 
 
 
 

    =  

 
 
 
 
 
 
 
 
 
 

𝐿1
,

𝐿2
,

.

.
𝐿𝑖

.

.
𝐿𝑄−2

,

𝐿𝑄−1
,

 
 
 
 
 
 
 
 
 
 

 

The matrix form of the above set of 𝑄 − 1 equations in 𝑄 − 1 unknowns is a pentadiagonal. 

 

V. Result and discussion 
The variation of velocity components for various values of partial slip parameter 𝜆1 for the third grade 

fluid are discussed. The effect of slip parameter in the third grade fluid are shown by graphs (1) to (4). 

 

Graphs 

 
Fig. (1)     𝛼 = 𝛽 = 1  , Ω = 𝑤0 = 0.5 

The variation of velocity components for various values of partial slip parameter 𝜆1 for viscous fluid with fixed  

𝛼, 𝛽, Ω and 𝑤0. 
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Fig. (2)     𝛼 = 𝛽 = 1 , Ω = 𝑤0 = 0.5 

The variation of velocity components for various values of partial slip parameter 𝜆1 for viscous fluid with fixed  

𝛼, 𝛽, Ω and 𝑤0. 

 
Fig. (3)     𝛼 = 𝛽 = 0  , Ω = 𝑤0 = 0.5 

The variation of velocity components for various values of partial slip parameter 𝜆1 for viscous fluid with fixed  

𝛼, 𝛽, Ω and 𝑤0. 

 
Fig. (4)     𝛼 = 𝛽 = 0 ,  Ω = 𝑤0 = 0.5 
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The variation of velocity components for various values of partial slip parameter 𝜆1 for viscous fluid with fixed  

𝛼, 𝛽, Ω and 𝑤0. 

 

VI. Conclusion 
It is found that the velocity components u and v increases with an increase in slip parameter. 
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