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Abstract: In the present paper fractional integral operators associated with | -function for real positive
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I.  Introduction
Fractional integration is an immediate generalization of repeated integration. Fractional integral
operators occur in the solutions of linear differential equations, partial differential equations and in the integral
representations of hypergeometric functions of one or more variables. Riesz [6] and Garding [2] respectively
introduced Riemann-Liouville integral of vector and matrix variables and applied them in the solution of
differential equation associated with Cauchy’s problem.

(1.1) | -function with matrix argument
Let X isa px preal symmetric positive definite matrix of functionally independent variables. Let the | -

function of X be denoted by
The | -function introduced by Saxena [7] will be represented and defined as follows:
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P, (i=1..r),mnare integers satisfying O0<n<p,, 0<m<q,(i=1..,r),ris finite

a;, By, a;, Py arereal and ajybj , aji,bji are complex numbers such that

a;(b, +v) = B, (a; —v—k) for v,k =012,...

We shall use the following notations:

A :(aj1aj)1,n’(aji’aji n+1,pi;B :(bj’ﬂj)l,m’(bji’ﬂji)mﬂ,qi

If we take r =1in (1.1), the | - function reduces to the Fox’s H-function [1].

It is assumed that 1(XY) = 1(YX) for real symmetric mx M positive definite matrices X and Y, 1(X)is
defined by the following integral equation:
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s nr NG ﬂg)nr (L”—a +a,é)
j|X| 1(X)dX = ——= — (L3)
x>0 Z R ﬂjif)jgﬂfm(aji—ajicf)

Sethi [8] discussed the following fractional integral operators involving H -function of matrix arguments:

RLT(X)]=R[ S e £(X) |

a.py
X[ "

UFIX=U["2 HE2 (0 -UX )

e } fU)U  (14)

) 1—‘m(p) 0<U<X
K[f (X)] — K |:(ajyaj)1,ry(bjxﬂj)1,s . f (X)]:

S.py
|X|§ -0— -1
U u=-x[" 7 HPH (1 =XU™)
Lo )UL [

Where f(X) = (X, X Xo15++-» Xy ) bE @ real bounded function of a complex parameter.

Grihe } f(U)dU (L5)

(1.2) Matrix transform
A generalized matrix transform or M-transform of a function f(X)of a mxm real symmetric positive

definite or strictly negative definite matrix X is defined as follows:
m+1

M (s)= [ IX] 2 f(X)dX (X >0) (1.6)
X>0
Whenever M, (S)exists. Also  f(X)is assumed to be a symmetric function i.e.

f(BX)=f(XB)=f (B%XB%)for B=B'>0.When X <Qreplace X by —X in M -transform.

(1.3) Integral operators involving | -function

YIEOO1=Y[ f 0o, 7. |=

|X|—O'—P e s M,N -1\ | A*

2L [ jupix-u("z 1 = ] f(U)du L7
Ln(p) 0<uj<x al d
N[f(X)]=N[f(X)|5,p,y;i;i]=

Xr 4

e Jueru-xp” B Ié”Q“r[y(l— 2] fW)du
( ) U>X (1.8)
The above defined operators exists under the following conditions:

(i) P >1Q, <oo%+Qil—1|arg(l )<z

m+1
(ii) (Re(o) > — Q ,Re(0) >E ,Re(p) >

(iii) Re(a+ m|n ;—) >mT+1
(iv) f(X)e L, (0,00).

The last condition ensures that Y[ f (X)]and N[ (X)] both exist and also both belong to L, (0, ).
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Il.  Main Results
The following theorems of the operators defined by (1.7) and (1.8) have been established in the expression of
matrix transform:

Theorem 1: If  f(X)eL;(0,0);i=12,..,r1<PB <2[orf (X)eM;(0,50)and P, > 2] where

m+1 1 +1
Re(a+mln;)>7 R( )>—6R(t) TRe( —t+1)>

+1and larg(l -a) |< =

then
m+1

Fm( —t+2j
MY (X)) = |6 e [

r.(0)

Where | is mx m identity matrix.
Proof: Taking the matrix transform of equation (1.7), we get

MYTFOOT = [ IX] 2 ['?':;

X>0

f upPIx-ul E IQ”QNr[y(l— Qi]f(U)dU}dX
0<U<X

Changing the order of integration which is permissible under the conditions stated with the theorem, we obtain

M {Y[f(X)]} = f(U)dU

2 ((] ) )] MITW)] ey

-1

()X>0
t—a—— -
[T ur e g [0 -uxe Q*]}dx
0<U<X

B.Q:r
On evaluating X -integral with the help of the result given by Mathai and Saxena [5],

_m+1 - m+l

jl X[ 2 =x ("2 Hea Xz |ax -
T (PR |12 II(W1 o 22)
m r+1,s+1 (b5, s (%ﬂ—ﬁ—p 1] .
b.

Where Re(a + min —-) > m+ 1and Re(p )>m—+1—1

1<j<M ﬂ 2
We obtain the required result.
Theorem 2: If f(X) el (0,0) 1< R <2[orf (X) € M (0,00) and P, > 2] where

m+1 1
Re(5+ mlnz)>T Re (5)>—a Re (t)>T Re(5 t)>

m+1
and |arg(l —a) |< 7 then

M {N[f(xn}:F;LL(;)l) Im.il[y

Where | is mx m identity matrix.
Proof: Taking the matrix transform of equation (2.2), we get

MNLEOOT} = [ 1% 1 Z{F'X('p)

| EZ{T{A J M[f (U)] 23)

2
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-1

I U u-x|" 3 |Q”QNr[y(|— QI]f(U)dU}dX

U>X
And changing the order of integration and evaluation X -integral with the help of (2.2), we obtain the required
result.

b;
Theorem 3: If f(X) e L, (0,%),9(X) €L (0,0) where Re(é‘-l-lnlp/I ;) > mT_'_l
[ I ]<

Re(o) > —Qi, Re(p) > mTJrl Re(o) > max[%+Qij and |arg(l —a) |< 7 then

J 100Y[900le o7 [dX = [ gOON| F(X)|o o7 X @4
X>0 X>0

Proof: Equation (2.4) immediately follows on interpreting it with the help of equations (1.7) and (1.8).
Special Cases

(i) fwe put M=1LN=1LP=20Q =2,r=1y=1,then the operators (1.7) and (1.8) reduce to their

Mellin transforms in the foIIowmg form:
| X |—o‘ P ~m+l

YIF(X)]= UPIX =02 HE[(-UX ] fU)dU
( ) 0<U<X
Here
Y[f(X)]=Y[f(x)|‘7’p’1§:12))<(222;22))1ﬂ
And
. ENCTACNY)
HZL(1-UX ™) ]=H; [(I —UX 1)‘<:Z>,<bzﬁz>}
Then

m+1

Y[f(x)]=r”‘(7“r)IXI : [ urn-ux™ £ SR[=(0-UX™) ] fU)du

m(p) 0<U <X
Where
1—‘m (m+1_al+ﬂler (m-i_l_az +ﬂ2j
_ 2 2
()= m+1
L, (2_051_052 +ﬂ1+ﬂ2j

FLH0-00))-

zFl[mT”—al—ﬁl,mz e AR —ux-l)}

By virtue of the result [9].
Taking M -transform on both sides, we get

MY (100} = PR ) (M)

) r. (m;l+ajrm (p+5)

Where T'(z,) =
o

a+p+ﬂl+2+1j

And
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m+1 m+1 m+1
(=)= F( > -+ f,— 5 ﬂ2,6+7

m+1 m+1

——,Bz+ﬂ1,o-+p+—+ﬂl;|]

2 2

|X|5 o P*mTﬂ 1,2 -1
N[f(X)]= [luru=-x1"2 H[(-xu™]fU)du
1—‘m(p)U>X
Where
(31 a),(8;0,); 2
N[ (X)]= N[f(X)|a P (blﬂl)(bzﬂz)l,z}
And
12 B N gL _ _1y (@) (ay.27)
Hz,z[(l Xy )]_szz[(l XU )‘(bpﬂl)-(bzﬁz)j|
Then
m+l
X A

N[0 = o) I [ o n-xut™ e E[=0-xuh]fU)du

1—‘m( ) 0<U<X
Where

R[=(-xu7)]-

m+1 m+1 m+1 -
|: al+ﬂ1’7_a2+ﬁ2;T+ﬁl_ﬁ2;_(l_XU l):|

R ——-
Taking M -transform on both sides, we get
- m+l

2
r ( )
(i) Putting P =0,Q, =1, M =1,N =0,y =1,r =1, then operators (1.7) and (1.8) reduce to their Mellin
transform in the foIIowmg forms:

YEOOI=E o [ 0P -UrE R0 -ux g, J T
Where m 0<U<X

Y[f(X)]= Y[f(X)|ap1WJ

And

Ho2 [ (1 =UX gy |1 -UX P et
m+1

XL ook
Fo(0) odex

By virtue of the result [7]. Taking M -transform on both sides, we get

MY (F 00 =225 P )

2 e—tr(l ux™) f (U)dU

r (o)
Also

e (1= 5T L Juru-x = (- XU,y ] FUIAU
Where ' o
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NLFOOI=N] F0O18, 25, |
And
L0 X0, A1 XU e

s _g_m+l gl
X e exu
L (P) yix

By virtue of the result [3]. Taking M -transform on both sides, we get

T (p)

Ifweput o; = B, =1(j =1,...,P; j=1,...,Q) the operators reduce to G -function given by Vyas [10].

e—tr(l—XU’l) .I: (U )dU

r( )
M {N[f(X)]} = MLfU)]

Theorema. If f(X) e L, (0,:0) 1< B, < 2[orf (X) M, (0,cc) and P, > 2]where Re(a) >m7+1,

m+1

Re(c) > —é, Re(p) > mTH Re(a - o) >

and |arg(l —a) |< 7z then

I, (0—S+mz+1jl“m(p+a)

MIRLG .05 T (X)]) =
{ } Fm(a—s+a+p+mz+ljl“m(p)

lFl[p+0:;a—s+oz+p+mTJrl;I}M[f(U)] (2.5)

Proof: Using the Mellin transform of

RLF(X)]=R[ &2 £(X) =

o,p,a !

| X |—o—p I IU "] X —U |ﬂ*m7+l GP [a(| —UX —1) (gr)] f (U)dU (2.6)

1—‘m(p) 0<U<X " v
We get

M{RLZ, . FOO]) =

m+1
S_T —-o—p _m+l

[ [ X 2 1X| { [ lurix-ue Gifan _Ux‘l)‘(‘bl)]f(U)dU}dX
X>0 I_‘m(p) 0<U<X

Changing the order of integration which is permissible under the conditions stated with the theorem, we obtain

m+1 m+1
S—o—-p—— P~ 1,0 -1 _ 1 o
j | X | 21X -U[" 2 Gi[a(l ~UX )ﬂdx'r ( j|U| f (U)dU

0<U<X m ) U>X
S*U*pfazfm—Jrl p+a7m—+l -1
j | X | 2| X-U[" 2 e gx
X>U
On evaluating X -integral with the help of result given by Mathai [3]

m+1 m+1

1
Jeroa x| -x "7 dx
0

_I (), (p—-9)
r.(p)

Rl6; pi-Z] @.7)
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For Re(5)>71 Re (p)>T Re(p _5)>m7+1

We obtain the required result.

Theorems. If f(X)e L, (0,00) 1< R <2[orf (X) e M, (0,0)and P, > 2] where Re(a)>mT+l,
Re(5)>—% Re(p) > Tl Re(cr— p) > mT”%+Qii_1and|arg(| a) |< 7z then
Fm(5+s+mz+1jl“m(p+a)

M {K[5 a5 F (X1 = (
2

I, 5+S+a+p+m+ljfm(p)
m+1
F[p+a 5+S+0{+p+7 I}M[f(U)] (2.8)

Proof: Using the Mellin transform of

KLFOO)I=K[ 285 £(X) =

|X|5 s P*m;l -1
2 [ jupIXx-ul 2 Gl a(l- f(U)dU (2.9)
1—‘m(:D)U.!.X |: ]
We get
M{K[5, . F (X))} =
m+1
X 2|><|{ " 10 NE }
U ?lu-x|" B GX¥la(l=XU™)|7, | fU)dU |dX (2.10)
sl is0-x0f)

Changing the order of integration and evaluating X -integral with the help of (2.5), we obtain the required
result.

When M =1, N =0,P =0,Q =1,a=1in (2.6) and (2.9) reduces to the following from of operators:

RIFOXO]=R[ 20, f(X) =

|X|_G_p o p-m 1,0 -1\ |a
2L [ jupx-ul 2z 6Xla(- f(U)dU (2.11)
I (p) 0<J<x 0’1[ ! J
And
KLf(XO1=K] 25 (X)]=
| X[7” o
U2 lU=X|" 2 G¥la(l -Ux Y% | fU)du (2.12)
o * a0
Theorems. If f(X)e Ly (0,0)1<R <2[orf(X)e Mg (0,:0)and B, > 2]where Re(a)>mT+l,
Re(a)>—é,Re(p)>mT+l,Re(a—0') mTJrl%JrQi—lanMarg(l a) |< 7 then

I (oc+a-p-s)T,(p+pB)
(X
MARE st O = s T ()

Proof: Using the Mellin transform of (2.11), we get

M {RE,.i F(X)]) =

M[fU)] (2.13)
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X*Cf*pxs_T
J‘l "1 X

X>0

m-+1

_m+l
) [ lurix-ul > G;1°[a(|—ux-1)\;]f(U)du dX
m 0<U<X

Changing the order of integration which is permissible under the conditions stated with the theorem, we obtain

M {RE,.i F(X)]} =

[erla-

Ul°fU)du
r(>U[o' 7 (U)

m+1 m+1
IR I PV

-1

Using the result given by Mathai [3].

M+l

G| X|% |X|ﬁ|I—U| (2.14)
LX) ( 0
Provided
0<X <1,Re(a - ﬂ)>m_ﬂ
We get
ap L
M{RE 3 fOON} = [V 7 f)au
U>0

1 S—o—-a 7+
—j|X| IX-U[" 2 dx
Fm ﬂ)X>U

On evaluating X -integral with the help of the following result

m+1
j|X| 2 =X 2 dX =

= T L(p)

2.
T, (p+9) 219

m-+1

For Re(d) > O Re(p) > T

We arrive at the required result.
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