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Abstract: An intuitionistic fuzzy finite automaton with an unique membership transition on an input symbol
IFA-UM is considered. IFA-UM homomorphism and strong homomorphism are defined. Admissible relation on
the set of states of an IFA-UM is characterized. Each admissible relation on an IFA-UMA, finds an IFA-UM
A4 and there is a strong homomorphism from A to A;.
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I.  Introduction

The concept of ““Fuzzy Sets" [12] was introduced to describe vagueness mathematically in its abstract
form by giving a grade of membership to each member of a given set. L.A. Zadeh thus laid the foundations of
fuzzy set theory in 1965. He considers the ““membership" in a fuzzy set not as a matter of affirmation or denial,
rather one of degree. Over the last five decades, his proposal has gained important recognition in the theory of
formal languages. Automata theory is closely related to formal language theory since the automata are often
defined by the class of formal languages they are able to recognize. A finite automaton gives a finite
representation of a regular language that may be an infinite set. To deal with any imprecision or uncertainty
arising out of the fuzziness in modeling some systems, fuzzy automata and fuzzy languages have been
introduced [6]. In fuzzy automata, a set of strings recognized is said to be a fuzzy language. In a fuzzy finite
state automaton, there may be more than one fuzzy transition from a state on an input symbol with a given
membership value as assigned by Santos, Wee and Fu [10,11]. This development was followed by the
postulation that there can be at most one transition on an input, which can be constructed equivalently from a
fuzzy finite state automaton. This postulation led to the description of deterministic fuzzy finite state automaton
by Malik and Mordeson [7]. However, the deterministic fuzzy finite state automaton only acts as a deterministic
fuzzy recognizer, whereas the fuzzy regular languages accepted by the fuzzy finite state automaton and
deterministic fuzzy finite state automaton need not necessarily be equal (i.e. the degree of a string need not be
the same). It is introduced [8] as fuzzy finite state automaton with unique membership transition (uffsa) in
which the membership values of any recognized string in both the systems are the same.

The concept intuitionistic fuzzy sets (IFS) introduced by Atanassov [1-3] has been found to be highly
useful to deal with vagueness, since the IFS is characterized by two functions expressing the degree of
belongingness and the degree of non-belongingness. Burillo and Bustince [4] proved that the notion of vague
sets coincides with that of intuitionistic fuzzy sets. This idea is a natural generalization of a standard fuzzy set,
and seems to be useful in modeling many real life situations and it is easier describing negative factors than the
positive attributes. It is possible to obtain intuitionistic fuzzy language by introducing membership and non-
membership value to the strings of fuzzy language. Jun [5] introduced the intuitionistic fuzzy finite state
machines. For any intuitionistic fuzzy finite automaton (IFA) there is an equivalent intuitionistic fuzzy finite
automaton with unique membership (IFA-UM) transition on an input symbol [9]. The IFA-UM produces the
same membership values for the recognized strings.

In this paper, the behaviors of a homomorphism of an IFA-UM of both membership and non-
membership are discussed. If there is a strong homomorphism and the function o is bijective then their
behaviors hold equality. The concept of admissible relation of IFA-UM is introduced and for every IFA-UMA,
there is a A; such that there exists a strong homomorphism between A and A, respectively.

Il.  Basic definitions
Definition 2.1 Given a nonempty set > . Intuitionistic fuzzy sets ( IFS) in X is an object having the form
A={(X, 1, (X), v, (X)) | x e 2}, where u, :>—[0,1] and v,:> —[0,1] denote the degree of membership and
the degree of non-membership of each element x € X to the set A respectively, and 0< u,(X) <v,(x) <1 for
each x e . For the sake of simplicity, use the notation A=(x,,v,) instead of A={(X, 1, (X),v,(X)) | x € 23}.

Definition 2.2 Intuitionistic fuzzy finite automaton with unique membership transition on an input symbol(IFA-
UM) is an ordered 5-tuple A = (Q,Z, A, i, f) where Q is a finite non-empty set of states, > is a finite non-empty
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set of input symbols, A=(u,,v,) is an intuitionistic fuzzy subset of QxXxQ, where g, and v, denotes the
degree of membership and non-membership values respectively such that u,(p,a,q) = «,(p,a,q) for some
0,9'€Q then g=q'i=(,.i, ) and f=(f, ,f ) are called the intuitionistic fuzzy subset of initial state and
final states respectively, from Q —[0,1].

Definition 2.3 Let A = (Q,X,A,1,f) be an IFA-UM. Define an IFS A" =(g,,v,) in QxZ"xQ as follows:
vp,qeQ,xeXaex,

. L ifp=q
ﬂA(Qve’p)—{o, if pg

0, ifp=q

aﬂd . S = R ’
vA(d,€,p) {1, if p=q

(@& P) =V {445, (@ X D) A 2, (1 2,P) [ T € QY

va(@,xa,p) = A{vi @x. 1) vv,(rap)|reQ}.
Definition 2.4 The intuitionistic fuzzy behavior of IFA-UMisL, = (L, , L, )
Definition 2.5 Astring x e X" is recognized by A if

Ly, ) =V {i,, (0) Aua(p,x,q) Af,, (@)|p,q € Q} > 0 and

L, ) =A{i,, (@ VVilp.x @ VT, (@|pg€Q} <1

I11.  Homomorphism
Definition 3.1 Let A and B be two IFA-UM’s. A pair (o, ) of mappings a: Q, — Qg and
B:X — T is called a homomorphism, written (o, 8): A — B, ifVvp,q€Q, andvVa €2
(i) a(p,a q) < pg(a(p), B(a), a(q)) and v, (p,a,q) = vg(a(p), B(a), a(q)).
(i) VX € Qa, iy, (P) Sy (a(p)) and Vx € Qq, iy, (p) = iy, (a(p))
(i) VX €Quf, (p) < fu, (a(p)) and V x € Qu, £y, (p) = £y, (a(p))
The pair (a, B) is called a strong homomorphism if ¥ p,qeQ, andVaceZ,
@  upap),B@),a(@) =V {1, (p,a )|t € Qu, alt) = a(q)} and
vg (a(p), B(a), a(q)) =A {va(p,a, Dt € Qu, () = a(q)}

Further, if a(p) = a(q) then
() ug (a(p), B(a), a(@)) =V {a (s, a, D]a(t) = alq), a(s) = a(p)} and

vg(a(p), B(a), a(q)) =A{va(p,a D]a(t) = a(q), als) = a(p)}
(iv) iy (2(P)) =V {iy, (DIt € Qa, a(®) = a(p)} and iy, (a(p)) =A {i,,, Dt € Qu, () = a(p)}
(v) iy (a(P)) =V {f,, (DIt € Qu, a(®) = a(p)} and £, (a(p)) =A {f,, (DIt € Qa, a(t) = a(p)}
A homomorphism (strong homomorphism) (a, B): A — B is an isomorphism (strong isomorphism), if a and B
are both one-one and onto.
Definition 3.2 If (a,B) is a strong homomorphism with « one-one, then Vp,q€Q, and Va €Z,
ug (a(p), B(a), a(@)) = pa(p,a,q) and vy (a(p), B(a), a(q)) = va(p,a,q). If 2 =T and B is the identity map,
then we write a: A — B and say that o is a homomorphism or strong homomorphism accordingly.
Example 3.3 Let Q4 = {q1,92,93}Z = {a,b} with py: Q4 X Z X Qu—[0,1]and v,:Qu X Z X Q4 —[0,1]. Let
Qs = {q1,92,93}, T = {a,b} with p: Qg X £ X Qz—[0,1] and vz: Qg X £ X Qg—[0,1]. The intuitionistic fuzzy
initial states with membership values are i,,(q;) = 0.8,i,, (q1) = 0.8 and non-membership values are
iy, (q) = 0.2,i,, (q) = 0.2. The intuitionistic fuzzy final states with membership values are f,,(a3) =
0.7,f,, (q3) = 0.7 and non-membership values are f,, (@) = 0.3,f, (q3) = 0.3. The intuitionistic fuzzy
transitions are given as follows:
uA(ql’a’ q1) =03, /uA(QU b!qz) =0.6, /uA(qZYa' Q1) =0.3,
:uA(q 2,b, Q3) =0.6, ;UA(q 3,b, Q2) =0.5, :uA(q3' a, q3) =0.2
VA(Qua’ q1) =0.4, VA(ql’ leZ) =0.4, VA(qzlav ql) =0.5,
v,(0,,b,0,)=0.2,v,(q;,b,0,) =0.4,v,(0;,a,9;) =0.6
and 4(d1,a,97) =03, 145(d},b,q,) =0.6, 15(0',,8,0,) =0.3, 15 (ql3! b,q’,) =0.5, 1 (q'3,a, q,) =05,
Vg (qll' a, q'1) =04, Ve (qll’ b, qlz) =0.4, Ve (qlz q q‘l) =0.5, Ve (q‘3v b, qlz) =04, Vg (qlsvaa q‘l) =05
Let a: QA _>QB by a(Ql) = Qil a(Qz) = qu1 a(Qs) = qls and p:X—>T by B(a)=a, B(b)=b.
Clearly, («,p) is a strong homomorphism from A into B . Since « and S are bijective, (a,f) is an
isomorphism of IFA-UM.
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Lemma 3.4 Let A and B be two IFA-UM’s and (e, ) be a strong homomorphism, for all q,reQ,, vaeX
if 1 (2(@),@),a())>0 and vy (a(@),f@) a())<1, then there exists teQ, such that
H(qat)>0v,(0at)<l and a(t)=a(r). Furthermore, for all peQ, If a(P)=a(), then
1@ 0> 1, (p.a,n) and v, (@.at) <v,(p.an).
Proof: Let p,q,reQ,, VaeXx, then 1, (a(q), A@),a(r)) >0 and v, (a(a), A@), a(r)) <1.
But 1, (e(0), B@), () = A, (0,2, 1) | ar(t) = ()}, v (ex(@), B(@), (1) = Mva (@, 1) [ () = ()}
Since Q, isa finite, there exists t e Q, and r € Q, such that a(t) = a(r)
and g (a(), A(@), a(r)) = u,(d,2,) >0.
Suppose a(p) = a(q), then 1, (d,a,1) = 14 ((@), B(@), a()) = st (a(p), B@), (1)) = g2, (p.2.1)
and v,,(q,,1) = v, (). A(@), (1)) =5 (a(p). A(@). () < v, (p.a)
Lemma 3.5 If the mapping f:X —T isextendedas g :X" —T" by
L f(e)=Ple)=¢
2. f(@a,...a,) =p8@,)p@,)...0@,),n=04a,3a,.,3, €.
Then S (xy) = B/ ()5 (¥), VX, y X"
Lemma 3.6 If («, f) isahomomorphism. Then ¥V xe%*,p,qeQ,,
L (0 %,0) < g1y ((p), B (), (@) and v;(p,x,q) = v; (a(p), B (%), (a))
2.1, (P <i, (a() and i, (p) =i, (a(p)). VP Q,
3. f, (<A, (a() and f, (p)= 1, (a(p).VPeQ,
Proof: We prove (1) by induction on |x|=n for xeX". The result is trivial for n=0.
Assume that the result is true for all x e X" such that | x|<n-1,n>0.
Let |[X|=n,x=ya where ye>", aeX and |yl=n-1.
P x0) = (P, ya,q)
=V (P Y. ) A pa(raa)|reQ,}
<v{pts (a(P), B ). () A g ((r), B@), (@) | T €Q, }
<v{tts (a(p), B (). 1) A s (1 B(@), (@) | 1" € Qg )
= 13 (@(p), B () B(a), (@)
= 113 ((p). B' (va), a(a))

= 3 (a(®). " (%), ()

and

va(P,x,0)  =v,(p,ya,0)

=AMvaP.y, NV, (rhag)|reQ,}
> A {vg (a(p), B~ W), a(n) v ve (a(r), B(@),a(@)) | r €Q,}
> A {vg (a@), B (). r) vy (r',,B(a),a(q))I r'eQg}
=vi (a(P). " )8 (@). (@)
=vi (a(P). /" (va). a(q))

=v; (a(p). B (9, (@)
Thus the result is true for | X |= n, hence 1, 2 and 3 follows from the definition.

Theorem 3.7 Let A and B be two IFA-UM’s with L 4 and Ly be the intuitionistic fuzzy behavior of A and B
respectively. Let (a, B): A — B be a homomorphism. Then forallx € X,

L., (® <L, @) andL,  (x) = L,, (B ).
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Proof: Let xeX",
Now, L, , () =V {{i,, () A 2P X D) AT, (@]d€QH peQ,)
and L, (x)= A{{ivA P vvae.xa)vf, (@|deQ.} pe QA} :
Since Q, is finite, there exists r,s € Q, such that
L, =i, A, x5) AT, (5)

<i, (M)A (a(r), B (),a()A f, (fs))

< v{{in (OYABL (r VBI0.S)A T, (as)]s'eQ, )} Ir'e QB}
=Ly, (B" (X))

and
Ly ) =i, () AvA(rnXx,s)Af, (5)

>i, (a®)vvi(a), B (x),a6)v f, («)

2l OVA (8 08)v 1, ()5, Ir'=Qy

=Ly, (B" ().
Therefore, L, ,(x) < L,,(B"(x)) and L, ,(x) = L,,(B"(X), VxeZ".
Corollary 3.7.1 If § is the identity map then L ; € L.
Lemma 3.8 If («, f) isa strong homomorphism and « is bijective then V p,qeQ,,xeX".

M) w09 =4 (a®)f ®).a@) and vi(p,x,0) =v; (a®). 5 (.2(@).
(ii) i, (0 =i, (a@) and i, () =i, (a@)).
(i) 1, @="f, («®) and 1, ()=", (ap)).

Proof: Suppose a is one-one and onto.
Let p,qeQ,,xeX". Byinduction on | x|=n. The result is trivial for n=0.

Suppose the result is true for xe X", | x|<n-1.
1. Let |[X|=n,x=ya where ye>", aeX and |yl=n-1.
Then

(a0, a@) = (@®). B (va) a(a))

= 113 (@(p), ' () B(a), (@)

= s (@) B 1) A 4 (1 B(@, @) I T € Qs |
and
ve(@®). 8 0,a@)  =vi(a®). A Ka),a()

=v; (@), ' () B(@), a(@))

AV (@@ 8 @).7) v v (7 @), @) T < Qy

Since « isonto, for r'e Q;, there existsan r € Q, such that a(r) =r".
Therefore,

45 (@) 00.a@) = v{ui (@) 5 0)a) A o (@), S@, @) T < Qu

= v{,u,’;(p, y.1) A 22,(r,a,0) [ reQ,} by induction

= 1, (p,ya,q)

= 1, (p,%, Q)
and
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Vi (@@ p 0.a@) =i (a®) 5 0Dl v i (a), @, @) I T < Q4

= A{v;(p, y.r)vv,(r.aq)lr eQA} by induction

=va(p.ya,q)
=va(p,x,0)
2. Let peQ,i, (a(P)= v{im (N1 eQ,,a(r) =a(p)} and
i, (@) =Afi, 0 reQ,al) = a()}
Since o is one-one, i, (a(p))=i, (p) and i, (a(p)) =i, (P).
3. Let peQuf, (a®)=v{f,0IreQ.al)=ap)
f,, (@®)=A{f, O1reQ,,al) =a()}

Since « is one-one, f, (a(p))z f,.(@and f_ (a(p))= f,. (0.

Theorem 3.9 Let A and B be two IFA-UM’s such that L, and Ly be the intuitionistic fuzzy behavior of
AandB respectively. Let (a,p) be a strong homomorphism and if « is bijective then L, (x) =
L., (B"®)and L, ,(x) = L, (B*(®)) vxe=".

Proof: Let xeX",

Lus (B0 = v {{i, P) A 44 (0 80, 0) AT, (@)1 0 € Qe f 1 P € Qs
and

Loy (B 00D = A{{iL, () AVa (P8 (9. 0 AT, (@10 € Qa1 P Qs
Since Q; is finite there exists r',s'e Q, such that

Ly (B"(0) =1, (N A 1t (1, 7 (X),S) AT, (8)

and L, (B"() =i, () vvi(r, 5 (¥.8) v, (5)

Since « is onto, there exists r,s € Q, such that a(r)=r" and a(s) =s'.
Therefore,

Lup (B'00) =i, ) A 53 (1,8 (), () A £, (2()),

Ly (B G =i, (v vy (1. B0, a()) v f,, (a(s))
By Theorem 3.7 and Lemma 3.8, we get
Ly, 00 = Ly, (B7(0) and L , () = L, (B"(0) vxeX'.

IV.  Admissible Relation
Definition 4.1 Let A be an IFA-UM and ~ be an equivalence relation on Q. Then ~ is called an admissible
relation if and only if for all p,q,r € QVa € T, if p~qu, (p,ar) >0 andv, (p,ar) < 1, then there
existsa t € Qsuchthat pu, (p,a,r) = p, (q,a,t) andv, (p,a,r) = v, (g a,t), t~r.
Theorem 4.2 Let A be an IFA-UM and ~ be an equivalence relation on Q. Then ~ is called an admissible
relation if and only if for all p,q,r € QV x € T, if p~q, py (px1) >0 and v, (p,x,1) < 1, then there
existsat € Qsuchthat u, (p,x,r) = py (g, xt) andv, (p,x, 1) = v, (g, %, t), t~T.
Proof: Suppose ~ isan admissible relation on Q. Let p,q € Q be such that p~q.

Letx € = *,r € Qbesuch that p; (p,x,r) > 0and vy (p,x,1r) < 1.

We prove the result by induction on [x| = n. The result is true for n = 0.

Assume that the resultistrue Vx € =, |x| <n. Let|x| =n,x = ya, where
y € 2*,a €X , lyl=n-1.

Let p,q € Q p~q and u; (p,x,r) > 0,v} (p,x,1) < 1.

Therefore, pj (p,ya,r) = v{u; (p,y,d1) Apa (q1,a,1)lq; € Q} > 0 and

va(p,ya,r) =A{vi (b,y,a1) vVva (a3l €QF < 1.
Since Q is finite, there exists s € Q such that p;(p,ya,r) = pi(p,s,r) Ay, (s,ar) >0
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and vi (p,ya,r) = vi(p,yv,s)V v, (s,a,1) < 1, therefore, uy (p,y,s) > 0andp, (s,a,r) > 0,v, (s,ar) < 1.
By induction, there exists t; € Q such that pj(p,y,s) = ua(q vy, ts) and vi(p,y,s) = va(q y ts), ts ~s.
Now p, (s,a,r) > 0 and s~t, then there exists t € Q such that p, (s,a,r) = p, (ts,a,t) and
vy (s,a,1) = v, (tg,a,1), r~t, therefore, uj (p,ya, r) = pa(q,y, ts) Ay, (tg,a,t) and
V:\(pl ya,r) = V:\(q'y' ts) \4 VA (ts 'a't)- ,
Since A is an IFA-UM, the maximum or minimum will be arrived for any r ~t, only.
Therefore, wz(p.ya,r) = v{ua(qy.r)Ap (a0 € Q} = wi(qyat),r~t.
ie., ur(p,ya,r) =y (g, t), r~t and
va (pyar) =A {3(qy, vV s (L a )l €Ql = pa(gyat),r~t
ie., vi (p,ya,r) = vi (q,x1), r~t.
Thus, the result is true for [x| = n . Hence the result.
Lemma 4.3 Let A be an IFA-UM and ~ be an admissible relation on Q. Then there exists a fuzzy subset
Ha,:Qq X X X Qq = [0,1], where Q; = Q / ~. Moreover, p,, is a fuzzy function of Q; X = x [0,1] into Q.
Proof: Let ge Q and [qg] be the equivalence class of g i.e., [q] = {p€ Q|q~p}-
Let Q; =Q/~={[qllqg € Q}. Define uy,:Q; X T xQ; —» [0,1]and v, :Q; X £ x Q; - [0,1]
by wa,([pla, [q]) = s (p,a, @) 1)
va,(([pl,a [aD)) =vs (p,a,q),r € [q,VpEQa€EX @)
Suppose ([pl,a,[q]) = ([p'],a,[q]). Therefore [p] = [p'],a=b,[q] = [q'] implies thatp ~p and q~q .
Let u,(p,a,n)>0,v,(p,ar)<lrelgland p~p'. Since ~ is an admissible relation on Q, there exists t € Q
such that

Ha (pv a, r) = Ha (pli a, t), VA(pv a, r) = VA(pli a, t)! t~r (3)
r €[q] implies that r €[q] and so t [q]. By definition of z, ,
(P2, 1) = a1, ([P1.2.[A]), va(P'a,t) = v, ([P1.2.[a]) @)

From (1),(2),(3) and (4)
w4, ([p].3,[a]) =, ([P1.b.[q1) and v, ([pl.a[q]) =v, ([P].b.[q7) . Therefore, u, is well-defined.
We shall prove u, isa fuzzy function.

Let 1, ([pl.a[a]) = u, ([PT.a[qT) > 0and v, ([p].a.[a]) =v, ([p].a,[a]) <1. Therefore there exists r,r'eQ
such that s, ([p].a.[a]) =, (p.a.1), v, ([Pl.a[A]) =v, (p.a,1) and r ~q,

y, ([P1.a,[a7) = 1, (p.a.1), v, ([Pl a[qT) =v, (p.a,r) and r'~q'.

Therefore, p,(p,a,r) =, (p,ar), vi(p,ar) =v,(p,ar). Since A is an IFA-UM, r =r", therefore r ~q and
r~q'.Hence q~q'and [q]=[q]. Therefore, x, isafuzzy function from Q xXx[0,1] into Q,.

Definition 4.4 Let A = (Q,Z,A,i,f) bean IFA-UM and ~ be an equivalence relation on Q.

Let Q =Q/ ~ . Define the IFA-UM A= (Q,, X%, A, iy, T,) , where x, is a fuzzy subset u, :Q xZxQ —[0,1]

such that ¥ [p].[q] € Q,, 4, (IPl.ald]) =, (P.an. v, (Plaldl)=v.(p.an. reld.
im.l :Q —[0,1], ivAl :Q, —[0,1] such that

L, () =v{i,, @laeml}.i, (o) =Ali, @la<p}
fﬂp1 :Q, —[0,1], fVA1 :Q, —[0,1] such that

f,, () =v{f, @lackl} i, (P)=A{f, @la<lpl}.

Theorem 4.5 Let IFA-UM A and A; be as in the definition 4.4. Then there exists a strong homomorphism
from A to A; .
Proof: The proofs are straightforward.

V.  Conclusion
In this paper, the algebraic nature of intuitionistic fuzzy finite automata under homomorphism and
strong homomorphism of IFA-UM’s is dealt with some results and illustrated with an example. Finally, the
authors have made a humble beginning in this direction. However, the work highlights on the possibility of
further research on fuzzyfying many more concepts in the context of IFA-UM.
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