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Existence of unique solution for Fractional Differential Equation
by Picard approximation method
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Abstract: Our work is finding continuous function y on (a, o) which is the unique solution for they(®(x)=1
fly(x)),xe(@, ), 0<a<l with y*D(@) = u, where uis constant and J. is a real number using the picard
approximation method theorem.
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I.  Introduction
Fractional calculus as well as fractional Differential equations have received increasing attention and
has been a significant development in ordinary and partial fractional differential equations in recent years;
seethe papers by Abbas and Benchohra [1,2,3], Agaiwal et al. [4], monographs of Kilps, Lakshmikatham et al.
[6]. This article studies the existence of the unique solution of fractional differential equationy®(x)=\ f(y(x))
and y“?(@)=p, p is some constant, 0 <a < 1, A is real number using picard approximation method.

Il.  Preliminaries
In this section we introduce notations, definitions and preliminary facts which are used throughout this paper.

Definition (2-1)([7]): Let x={F:F is a real valued function and continuous on [a,0)}, for some ae(-«, x) . Let
the ||-|| on xbe defined by

”F” = Supxe[a,oc){e_Y|a| “:(X)l}
provided that this norm exist for some constant y>0.

Lemma (2-1)([8]):Let O<a<l and f,g be continuous functions on (a, o), where aeR such that

_ a-1 1 X
e =M< Define F () = XA x—1)%L. f (g(t))dt,
sup (| {(90)) | :x < (& %) } = M <co. Define T, (X) @) F(a)i( ) (g(1))

for all x>a andp is some constant. Then f,ec(a,).

Lemma (2-2)([9]): Let us define Fy(x) = (x-a)*f,(X) on (a,0), where f,define in lemma (2-1) and 0<a<1.Then
F.ecla,).

Lemma (2-3) ([7]):Let o, ye R, y> -1. If x>a then

_ a+y
ia(t_ay _ w, o + v # negative integer
! —F(7+1)_ INa+y+1) o

0 , o+7=negative integer

1
Lemma (2-4) ([9]):suppose G is a banach space and let TeL(G) such that ||T"|[~ < 1. Then I-T is regular and
(I=T)"' = I+ X%, T", where the series Y, T"converge in L(G).

Definition (2-2) ([9]): Let f be Lebesque- measurable function defined a.e on [a, b], if a>0 then we define
b 1 ° )

1 f =—j f(t) (b —t)“*dt

a I(a) 5

provided the integral (Lebesque) exists.

Definition (2-3) ([10]): If a€R, fis define a.e on the interval [a, b], we define
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o

d°f _fey=1f for all x<[a b]

T
provided that 3 exists.

Lemma (2-5) ([8]): If 0 <a. < 1 and f(x) is continuous on [a,b], [f(x)] <M for all xe[a,b] (where MeR", M>0).
Then

X

zqaf@:ﬂ@fmme@m

Theorem (2-1)([9]):Let 0<a<I and vy be positive constant. Let g(x)=(g1(X), ga(x), ..., g(X))", xe[a,0), whereg;
1

are continuous on [a,»), i= 1, 2, ..., n and |g(x)| = (T, giz)7 and |g(x)[<x+c, where ¢ is positive constant.

as—1
fi=(f, fa. ... £;)" such that fie[a,oc) andsup{|f(x)|: x[a, o)}=M<o0. Choose 4 such that A < (e* () ) . Then

there exists continuous vector function y(X)=(y1(X), Y2(x), ..., ya(X))", xe(a,0) such that y“(x)=Af(y(x)),
xe(@o) with y*Y(@)=p, where up=(u, p. .. uo)' is some constant vector and satisfied
ly(x)|<exp (a.c™|x]).constant.

I11.  Main Results
In this section we prove the existence of a continuous function y on (a, o) which is the unique solution
for y*(x)=Af(y(x)), and y“?(a)=p, where p is some constant,0 <a < 1, A is real number using picard
approximation method.

Theorem (3):Let 0<o<l, a(x) is continuous function on [, 0) and
lgX)I<IX| ..(3.1) where xe[a,). Let f(y(x)) be a continuous function on [a, «) such that
sup{|f(y(x))|:xe[a,0)}=M<oo. Then there exist a continuous function y on (a, «) which is the unique solution
for

Y9x)=Afy(x))  xe(a,o) with

y*(a)=p, where i is some constantand A is real number.

Proof:Let[a, ath]be any compact subinterval of [a,c0) and let (X, ||-]|) be the space defined in definition (2-1).
Consider

Y=Y, () +$ j (x—)“ F (y(D)dt, x € (a,) . 32)

p(x-a)"
where Y, = T, it follows from lemma (2-1) that ye(a,o0).Then
~a X-a e a=
(- y09 =+ ET O™ F(YON e whre b =L

Let F(x)=(x-a)"“y(x) , xe(a,) ...(3.3)
Where y is given in (3.2) and define

F(x, y(1)=(x-a)"*f(y(x)), a<t<x<co ...(3.4)
Thus from Lemma (2-2) we have Fec[a, «).
Now define a linear operator K on [a, a+h] as:

(KFYX) = ﬁ J o0 F YO s e5)

and consider the equation
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F(X)=b+ %!(x —t)*F(X, y(1))d | xe[a, a+h] ..(3.6)

where b = and p is some constant.

U
I'(a)
Now we prove

lim,_,_,[IK" [l = 0, from (3.3) we have

1 % al
D=0 j (x—t)“*F(x, y(t)) dt

R (x, y(t))| dt

1 X
a—1 ,yly(®)l
=T )f(x ) e dt

Then erm (3.1) we have

IFll [

[(KP)®)| < e )j(x—t)a—l evltlge
_ IFlfer -
*T@ f( )1 dt
_IE| evi —(X—t)“ *
) a ]
B IF]| eI (x — a)®
) a
B IF]leY! (x — a)*
= W (3.7

Now by induction we prove the following inequality
IF|leY! (x — a)n«
n <
("B < oo
IFll™™h™ o faa+ b andn=1,2 3,8

= Ta+ 1) ,X € |a,a andn=1,2,.. ..(3,8)
by using (3.7), it is obvious that (3.8) holds for n=1.
Next suppose that (3.8) is true for positive integer n, then we have
KRl = KK D]

1 -1 gn
= m!(x—t) 1K F(x,y(t))dt

F( )f(x—t)“ 1 |K“F(X y(t))|dt

It follows from (3.8) that

n 1 (x — O |F|l(y(t) — a)"<ey®l
[(K™1F)(x)| < @) e it
_ lIEl (x — %It —a)reerlt!
F(OO f I'(na + 1) dt

X
IF) e (x = et (e —a)

I'(a) ['(na+1) dt
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X
a (t—a)"«
—Ef e | 2™
a T'(ha+1)
Then by lemma (2-3) we have
(M) (o) < (1] vl O
X = € F'ha+a+1)’
IFI] e (x — 2)2+D
Fla(n+1)+1)
||F|| e¥xIha(+1)
“Tam+1)+1)
Thus (3.8) hold for alln=1, 2, 3, ...
Hence

e YE(K"F)(x)| < M X € [a,a+h]
“T(ha+1)’ ’
And so by definition (2-1) we get
] [IF|| hre
IK"F|| £ ———
I'(na+1)
and it follows from definition (2-2) that
na
K'| < —=
Il =< F(na+ 1)
Now
1
m ”K"”l i ( hne )H
nl—>r2 "= nl—>r2 F(no( + 1)
1

| 1\
h I}l—?n; (na F(na))

1
h® lim <ﬁ>
7 \(na)n [T (ne) =
Sincen=1, 2, 3, ... then
1
lim ()t = lim () ()7 > 1
And also we have

1
I(na) = V2m(na)"* zelnat®)/12ne 0 < § < 1,ne Z*

seeArtine (1964) and so

1
[F(na)]% = (Zn)%(na)a —e~%gb/12n%a
(na)zn
And hence
1 1
lim [F(ne0]7 = lim | (2m)7 (na)® —— e-se?/ 120’

(na)zn
=1.00.1.e7®.1=00
Consequently we have
1
lim,, ., [[K*||= = 0 and this implies that
1 1
lim [|AK)" [|= = [A] lim |[[K"|l= = 0
n—oo n—-oo
Then by lemma (2-4), (1 — AK)~! = 1+ Y, A"K"
and then series is convergent.

From (3.5) and (3.6) we have
F(x) = (I — AK)~(b) , therefore F is exists and is the unique solution of

Fx)=b+ %I(x — )% 1 F(xy(t))dt.
Then from (3.3) we get ’
p Alx—a)l™
M@ T@
for allxe(a, a+h] and by using (3.3) it follows that

F(x) =

f(x — L y(t))dt

X € [a,a+h]
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L Alx—a)t— r
NOMEG

x—a)~y(x) =

for allxe(a, a+h]
uix —a)«t
M@ @

yx) =

Therefore by definition (2-2) we get

y(X) = AR e . xe(aa+h].@9)

[(a)
andso
X X _a)al X ot
I R G P
a a F((Z)

o (-3

But fi | 2-3 h

ut from lemma (2-3) we have ! F(a’)
X t

- o
!1 ! f =1y (X)) for an xe(a, a+h]

Thus :!1 y=41 f(y(x)) xe(a, a+h]

Then by using definition (2-5) we get
YR =17y =2 f(y(X) xe(a, a+h]

Furthermore from (3.9) we have

X _ a-1
[Fey =5 %ju;tll—“l i
a a a

It follows from lemma (2-3) that

X X t X
1"y =pu+A1""1°f = u+ A1
=u+ A [ f(y@)dt

X
1-
and so £ “ Y exists for all xe[a, a+h]

since by definition (2-3)
X
-1 1—
y(a )(X) = £ “VY therefore

YD (@) = u

Now from theorem (é-l) equation (3.11) we have
[F)| < b+ [AlKF(X)|
then from theorem (2-1) equation (3.8) we have

eYec
IFel < b+ |7x|||F||y—eYIXI

< b + |IF|le"™Isinceyc=a

= '™l (ber™ +F]|)

<e'™(b +IFIl)

thus by using theorem (2-1) equation (3.3) we obtain

f (x— 91 £ y(0)dt

f(x — e L y(t))dt

= 0 and by lemma(2-5) we get
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I(x — ) *y)| < e"™[b + [IF|l]
h'=ely(x)| < e"*/[b + [IF|l]

ly(x)| < e"*lhe=1[b + ||F||]

and so the solution function satisfied
ly(x)|<exp (ac™[x]).constant
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