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On Local Integrable Solutions of Abstract Volterra Integral
Equations
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Abstract: The aim of this paper is to study the existence and uniqueness of solution of abstract Volterra
integral equations of the second kind in complete locally convex topological space. An example illustrating the
obtained result is given.
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I.  Introduction

Integral equations have a lot of applications in physics, engineering, mechanics, biology, and
economics (cf., e.g.[1-7,11] and references therein). By applying the theory of fixed point, some interesting
results on the existence of locally integrable solutions of abstract Volterra integral equations are obtained under
certain conditions, see, e.g. [2,3,7] and the references therein.

In this work we consider the abstract Volterra integral equations of first and second kind in the case
when the independent variable belongs to a topological space. We find sufficient conditions for existence and
uniqueness of the trivial solution of the homogeneous equation and sufficient conditions for existence and
uniqueness of local integrable solution of the non homogeneous equations. Moreover, we give an example,
which shows that the investigated equation has a unique locally integrable solution.

Il.  Preliminaries
Let Q be a topological space, BQ — 2% denotes the o - algebra of the Borel subsets of € and let
4B, —[0,00) be anontrivial o -finite Borel measure.
We introduce the map M : Q — 2% which associates every point X € Q a closed subset M, cQ and let
denote the set M ={M :xeQ}.

We will say that the condition (A) hold if for the map M : Q2 — 2° the following conditions are fulfilled:
Al Forevery M e M the following is fulfilled

@=sup u(M,) <+o.

XeQ

A2.Forany X € and Yy € M, the inclusion l\/ly c M, holds.

A3. For every X2 and for every nonempty open subset O, of |\/|x there exists a neighbourhood
W =W (X, OX) , such that for every y €W the following holds

M,N O, #d.

A4. There exists a point X, € €2 such that,u(M “ ) =0.

Let B be a real Banach space with norm|| . || .
Consider the linear space Ly, = Li (€2, B), where

L _(Q,B)={f :Q— B, f is strongly measurable and j If (Y)||, dg, <oo for every x e O}

We introduce topology Z-

loc

1 1o, = [T, da,

for xeQand f el .

using a family of semi-norms
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Then by theorem 3.5.4[10] and theorem 1(Ch. VII, §1)[12] it follows that LlIOC is a complete locally convex
topological space.
Let A be an ordered index setand {f } , < L5, f, L.

Proposition 1.[9] A sequence {f } _, < Li. isconvergentto f, e Li  in the topology Z
lim| f, — f,[,, =0 for xeQ.

a—>0

if and only if

Definition 2.1. We say that the function f e LLC is /M —almost separable - valued if for every X € QQ and
M, € M thereexistsaset E. <M, u(E,)=0,suchthat f(M,\E,) is separable subset of B.

We will say that the operator Q:QxQx Lfoc - Lfoc is continuous and satisfies the conditions (B) if the
following conditions are fulfilled:
Bl Forevery X,y €Q and f, f, € L we have

QX Y, () + f,(¥)) =Q(x, Yy, f.(¥)) +Q(X, Y, f,(¥))

B1* Forevery X,y € Q and f, f, € i thereexists a constant L, >0, such that

[ IR0y, .y -QUx v, (M, dag, <L, [[£.(0) = £,y di,

B2. For every X € ) there exists a constant A > 0, such that for every fe Ltm and Y € Q the inequality
[0y, f(, du, <A [ F (Y], d notas.
My My

B3. Forevery £ >0, XxeQ and f Ly there exists a neighbourhood W =W (X, f,g) of the point X,
such that for every Y € W the inequality

[ IRz f@)-Qy.z. f @), duw. <z [ |F(@)], da,

My M, My M,
holds.
B4. For every £ >0, xeQ and f el there exists a neighbourhood V =V (X, f, &) of the point X,
such that for every Yy €V the inequality
| 1f@l, du, <&
M, AM,
holds, where M, AM  ={M ,\M }U{M \M }.
B5. For every fixed element XeQ and every fixed function f e LLC the mapping

o (y)= Q(X, y, f (y)) is oM —almost separable — valued and weakly measurable with respect to M for

XxeQ.
Remark 1: If for the operator Q condition (B1*) hold and Q(X,Yy,0)=0 for every X,y e€Q, then
condition (B2) is a consequence of condition (B1*).

I, Main Results
We consider the equations
f(X) = A(KF)(X) (3.1)
and
f(X) = o(x) + A(Kf)(X) (3.2)
where f,pe Ly, A€l] and operator K : Lj —> Ly isdefined by the equality
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(K= [ QO y, f(y) du,, (33)

where M, e M.
Since for every linear and continuous functional ¢ defined on B the map <(p*, @; > :QQ —> [ is measurable

on every |\/|X € M, then the existence of the integral in (3.3) is guaranteed by the conditions (B) and the
theorems 3.4.7, p.94 and 3.5.3, p.86 in [10]

Theorem 3.1. Let the conditions (A1), (B2), (B3), (B4) and (B5) hold. Then for any f e Lfoc the function
Kf (X) is continuous in €.

Proof: Let X,X, €€ and f e Lj, . Theconstants A and A are defined in condition (B2).

Let A =max{sup A,,sup A }.

xeMy XeM X

Let £>0 be an arbitrary number. Condition (B3) implies that there exists a neighbourhood

£
W X, f,—— | of the point X, such that for every XxeW | X, f,——

|
[ ez f@)-Qx.z. f@)], dps < 5o

My M
holds.
Condition (B4) implies that there exists a neighbourhood V (Xl, f,g) of the point X, such that for every

the following inequality

(3.4)

xeV (Xl, f ,5) the following estimate

f du <2
MXJW" @), du, T

holds.

(3.5)

Let U (Xl, f,g):W(Xl, f,g)ﬂV (Xl, f,g) and xeU (Xl, f,g). Then the inequalities (3.4),
(3.5) and condition (B2) yield that

|| KF (x) — Kf (Xl)IIB— FyD— [ Q. y. F(y))

Mxl

< | ||Q(x,y,f(y))—Q(xl,y,f(y))nsowy+

MxM X1

+ [ 1Y, FIls dar, + [ 11QC%, Y, F (Yl dpz, <

My \Myq \My

B

My,
&

<o L IOl dacA [ ITOIdu+A, [ IO, da, <

My Mmexl Mx\Mxl My, \My

<o f du <
ST o, *A WOl iy <2

M X1 MyAM X1

holds.

DOI: 10.9790/5728-11132532 www.iosrjournals.org 27 |Page



On local integrable solution of an abstract Volterra integral equations

Theorem 3.2. Let the following conditions are fulfilled:
1. The conditions (A1), (B1), (B2) and (B5) hold.

2. There exists a constant A, =SUP A, for each Z € Q.

xeM,
1

Then the operator K maps Ly into L

loc

continuously.

Proof: Let f e Ly . Firstwe will prove that Kf € L.
Let Z € €. Condition (A1) and (B2) imply that
1K I, = [IKF OOl e, = [ 1 [ QO y, F(y)da, Il da,

Mgz

IA

< [ [1Q0y. f (|, dar, da, < [ AF], da, <

Mz My
<A [ 1], du, <e0
M

holds.
Therefore we get that Kf e L, .

Now, we will prove that K is continuous.
Let A be an ordered index set, lim f_=f, , {f,} _, =L, f,eLi, andlet Z€C2. Then we have
a—>0

I KE, =K, ll,, = [ [KF, ()= Kf, ()], d g, =
Mz

= 1l [ QY. f.(y)—Qx, Y, fo()d a4, Il d sz, <

M2z

3

< [A|f.—fl, da,
M,

holds. Therefore we get that || Kf, — Kf, ||, —0.[]

QU Y. £, () — f (W), dagy ds < [ A [ [[£.(9)— Fo (W], d sz, d e, =

Theorem 3.3. Let the following conditions are fulfilled:
1. The conditions (A) and (B) hold.
2. The condition 2 of Theorem 3.2 holds.

3. The space Q2 is connected.
Then the equation (3.1) has only the trivial solution f =0 for A ] .

Proof: Let f~ be an arbitrary solution of (3.1), A €[] be an arbitrary real number and let consider the set
N.={xeQ:f'(y)=0foryeM,}.

Condition (A4) implies that there exist an element X, € €2, such that y(I\/IXO) =0.

Let (M, )# D (the case p(M, )= is trivial). Condition (A2) yields that for every X € M, we have
#(M, )=0ie X, €N _. andtherefore N . # .

Now we will prove that N o is a closed set.
Let {X.}= N o be an arbitrary convergent sequence and let X be its limitin Q.

If M. = then we have X € N. Lt M.# &, zeM . be an arbitrary fixed point and & >0 be an

arbitrary number.
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From Theorem 3.1 it follows that f "is continuous function in Q and therefore there exists a neighbourhood
W =W (Z, f*,g) of the point Z , such that for every y € W we have

[f° -1, <=

The condition (A3) implies that for the set O, =W (1M, there exists a neighbourhood U (X) of the point
X", such that for every y e U (X") we have M ,N0. 29

There exists a number n,, such that for n>n,, x €U (X) and M, NO.#D.

Let Y e M, M O. forany n">n,. Taking into account that f7(y) =0, then we have H f*(Z)HB <&
ie. f7(2)=0. Therefore X" e N - and we conclude that N . is closed set.

Now, we will prove that N .- isopenset. Let a e Nf* be an arbitrary.

Condition (B4) yields that there exists a neighbourhood V =V (a,g) , such that for every X' eV and every

f ey, the following estimate

[ It de, <&

MyxAMg

holds.
Let b €V . Denote by L}oc (Mb) the Banach space of functions , which are strongly measurable and integrable

in M, with norm

lall., = [ la)l, da,
Mp

We consider theset T ={g € L;,.(M,):g(x) =0 for xe M_(M,}.
Obviously, T isa closed subset of L}OC(Mb) and the restriction of ™ over M, is contained in it. For every
XxeM_(M,_ and g €T conditions (A2) implies that

(AKg)(¥) =2 [ Q(x, y,9(y)) d, =0

X

ie. Kmaps T intoT.

~ &, Al wA
Let A, =SUPA . Let g,,0, €T beany elements and let &, € (0, ), such that H <% . Then
xeMyp gl - gZ M,

we have
| AKg, — 2K, I, = 2] [ IKg,(x) —Kg, ()|, d s, =
Mp

=1l [1II | QX ¥, 9,(¥)) —Q(X, ¥y, 9,(y)d 2z, I, d 2, =

M x

<A I [ QY 9. (¥)—9.(yNd s, ll, das, +

Mp  Mx\Mg

2 JI [ QY. g () —9.(yNd s |l due, <

Mx Mg

<A [ [ 1Q0. Y. g (¥~ 9. (M lls dpe, dpe, <

Mp Mx\Mg

SlﬂlePx [ 1. —g.(M Il d, dg, <

Mx\Mg

=lalf A | la.WW—0.(MIll.d,du, <

M xAM 5

_ 1
=[] | As,du, <|AA ws,<Z]l9, — 9.,
v 2
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i.e. AK is compressive over T and by Banach’s theorem it has only one fixed point ¢, €T . Obviously,
9,(X) =0for xe M, Therefore b e N .i.e. N . is open set.

Since €2 is connected, then we get that N . =€ i.e. £ (x)=0 forevery xe Q.
This completes the proof of the Theorem. []

Theorem 3.4 Let the following conditions are fulfilled:
1. The conditions of Theorem 3.3 hold.

2. The operator K is compact.

Then the equation (3.2) has exactly one solution for every ¢ e L}oc and for each A €] .

Proof. The conditions of Theorem 3.4 immediately follow from Theorem 3.3, separability of L}oc and
preposition 4, page 217 [14].
Suppose that f,, f, € Lj_ are two different solutions of equation (3.2). Then for each X € Q it follows

f.(x) = f,(0) = A[ Kf, ()= Kf, (x) ]

From conditions (B1) and (B2) it follows that for each X € Q the inequality

[£.00—£,09], <[2] [ |QEx. v, £.(0) - Q0% Y, F, (), d e, =

= Al [ 1R v, ,(y) = £, (W), i, <[2|A, [ .() = £,(¥)], d

holds.

Using Theorem 2 and Theorem 3 from [5] we get || f.(x)— fz(x)”s =0 for each X € Q, which contradicts to
our supposition. [J

Remark: In the Theorem 3.2, Theorem 3.3 and Theorem 3.4 instead of condition (B1) we can use condition

(B1%).
We give an example, which illustrates the main result in the work i.e. Theorem 3.4.

Example: Let Q=[12 =[0,00)x[0,00), B=[J , x be Lebesgue measure. We define map M : Q — 2

which associates every point X =(X,X,) € Q aset M_=[0, X ]x[0, X,] and the space
L. (Q,B)={f : QO — B, f is strongly measurable and I | f(y)|B du, <oo for every x e O}

Condition (A) is fulfilled for the map M : Q — 2.
Let the function K :Q x Q—>[] is continuous. The operator Q:QxQx Ly —> Lj. is defined by the
following equality

Q(x, . f(y)) =k(x y)#(zygy)

We will show that for the operator Q the conditions (B) hold.
Let f,, f, € i, . Then the condition (B1*) is verified by

J 10y, () -Q(x.y, ()| d, =

_ f’y) ()
_MJX (> y){1+ fi(y) 1t ff(y)}‘ A, <
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< [ k(v (fL.(y) =,y (y) + £,(¥))
i ’ A+ £2(y)Na+ f,°(y)

=2sup k(6 )| [ .0 = F.(y)| da,
S X MX

Condition (B2) is fulfilled because Q(X,y,0) =0 for every X,y € Q.
Condition (B3) immediately follows from the continuity of function K(X, y).

d, <

Let £>0,xeQ and f eLi . From definition of the set M _(xe€Q) it follows that there exists a
neighbourhood V =V (X, f,g) of the point X, such that for y €V the following
j f(2)| dp, <&

MyAMy
is fulfilled. Consequently, the condition (B5) automatically holds.
Let the operator K : L%oc — L}OC is defined by

f2(y)
(KOX) = | k(% y) —, < du,.
MIX 1+ f2(y)
We will show that the operator K is compact.

We introduce topology Z.-

1o Using a family of seminorms

X X

10, = [ [1f (v ya)l dy, dys, for f el and x,%,20 ()
00

Let T ,20, T,>0. We denote the set D=[0,T,]x[0,T,], the Banach space
L'(D)={f :D—0: f is strongly measurable and “ f(y)|dp, <o} with norm
D

|| f ||l = “ f (y)| d s, and the operator of restriction 7y, : L. — Ll(D) by 7o (f)="f |y, ie z5(f)is
D
the restriction of the function f e L}OC to domain D .

Proposition 2.[9] A set C L}OC is relatively compact in the topology Ft

loc

if and only if 7z (C) is relatively
compact in the Banach space Ll(D) for T ,>20,T,20.
Let C, ={g €L'(D) : g(x) =Kf (x), xeD, ||f|| <1}

From Chapter VII, § 2, [13] follows that it is sufficient to show that the set C is uniformly bounded and
equicontinuous.

Let f el}(D), ||f||lS1.Then

f*(y)
1+ £2(y)
k(x, y)| for x e D.

< max
(x,y)eDxD

|(KF)(x)| = j k(X ) ——5

du, kO[O dp, = max ke F] <

(x,y)eDxD

< max
(x,y)eDxD
Consequently, the set C is uniformly bounded.

Let X', x" € D. Then

|(KFYO) = (KE )| < [k (X, y) k(X" y)l‘

f2(y)
1+ f2(y)
= max[k(x', y) =k (<", )| £}, < maxfk(x', y) —k(x", )

dz, <max k(x, y) =k (<" )| [| £ ()] d g, =
D

The function K(X, ) is equicontinuous and therefore the set C is equicontinuous.
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