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Abstract: The aim of this paper to introduce and study fuzzy 5-open set and the relations of some other class of
fuzzy open sets like (R-open set ,0-open set , y-open set , A-open set) , introduce and study some types of fuzzy
§-separation axioms in fuzzy topological space on fuzzy sets and study the relations between of themand study
some properties and theorems on this subject

I. Introduction

The concept of fuzzy set was introduced by Zedeh in his classical paper [1] in 1965.The fuzzy
topological space was introduced by Chang [2] in 1968. Zahran [3] has introduced the concepts of fuzzy §-open
sets, fuzzy &-closed sets, fuzzy regular open sets, fuzzy regular closed sets. And LuayA.Al.Swidi,AmedS.A.Oon
[15] introduced the notion of y-open set, fuzzy y-closed set and studied some of its properties. N.V.Velicko[9]
introduced the concept of fuzzy 6-open set, fuzzy 6-closed set,the fuzzy separation axioms was defined
bySinha[10],And Ismail Ibedou[7]introduced anewsetting of fuzzy separation axioms. The purpose of the
present paper is to introduce and study the concepts of fuzzy -open sets and some types of fuzzy open set and
relationships between of them and study some types of fuzzy 8-separation axioms in fuzzy topological space on
fuzzy sets and study the relationships between of them and we examine the validity of the standard results.

1 .fuzzy topological space on fuzzy set N
Definition 1.1 [4]Let X be a non empty set, a fuzzy set A in X is characterized bya function p;: X — 1, where

| = [0,1]whichiswritenas A = {(x, Hz(x)) 1 x€X , 0 < pz(x)< 1}, the collection of all fuzzy sets in
X will be denoted by 1X that is 1¥= { A : A is a fuzzy sets in X} where uy is called the membership function .

Proposition1.2 [5]
Let A and B be two fuzzy sets in X with membership functions uy and pgrespectively then for all x € X : -

1. Ag ]z)f o xS pp .

=B o 1= 1p®.

MB « C( = minduy (), 1y (9)

UB < Dx) = max{u; (), pg )}

B the complement of B with membership functionpge (X)= pz (X)— pg (%) -

=A
=A

a b~ wnn

Definition1.3 [4]

A fuzzy point x, is a fuzzy set such that :

p = r>0 if x=y, vye X and p (y)= 0 if x¥y,vye X
The family of all fuzzy points of A will be denoted by FP(A) .

Remark 1.4 [6] : Let A€ I¥ then PA) = {B:Be I* py(x) < p;(x) }vxeX.

Definition 1.5 [4]

A collection T of a fuzzy subsets of A , such that T <P(A) is said to be fuzzy topology on A if it satisfied the
following conditions

1. A ¢eT

2. If B,CET then BnCeT

3. If Bje T then u;BeT,jel

(A, T) is said to be Fuzzy topological space and every member of T is called fuzzy open set in A and its
complement is a fuzzy closed set .
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2. On some types of fuzzy open set

Definition 2.1 [8,11,12,13,14]

A fuzzy set B in a fuzzy topological space (A ,T) is said to be

1) Fuzzy &-open [resp.Fuzzys-closed set ] set if Mine (1 (B))(x) < ug(x)

[us () < Baane(s) ()] The  family of all fuzzy &-open sets [resp. fuzzy &-closed sets ]
in a fuzzy topological space (A ,T) will be denoted by FSO(A) [resp. FSC(A)]

2) Fuzzy regular open [Fuzzy regular closed ] set if :

1 ()= e ccrcayy ) [s ()= Hei(int (8)) ()] , The family of all fuzzy regular open [fuzzy regular closed ]Jset
in A will be denoted by FRO(A)[ FRC(A)].

3) Fuzzy A-open set if for every point x, € B there exist a fuzzy regular semi-open set U in A such that
Py, (X) < pg(x) < pp(x) , B is called [Fuzzy A-closed ] set if its complement is FuzzA-open set the family of
all Fuzzy A-open [Fuzzy A-closed ] sets in A will be denoted by FAO(A)[ FAC(A)].

4) Fuzzy y —open [y — closed ] set if
pi () <max {uy,, c1(B)) (%), Meigine (BY) ()}, [ug(x) = min {.u'lnt(Cl(E)) (%), Herine (8Y) (x)}] The family  of all
fuzzy y — open [fuzzy y — closed] sets in A will be denoted by Fy0O(A) [ FyC(A)].
5) Fuzzy 6-open [ 6-closed ] set if ug (x) =pgpe 5(%) , [0 = pgei ()]
The family of all fuzzy 6-open (fuzzy 6-closed ) sets in A will be denoted by FO0(A) [FOC(A)].

Proposition 2.2

Let (A, T) be a fuzzy topological space then :
1) Every fuzzy §-open set (resp. fuzzy &-closed set) is fuzzy A-open set (resp.fuzzy A-closed set) [fuzzy
y-open set (resp.fuzzy y-closed set) ].
2) Every fuzzy6-open set (resp. fuzzy 6-closed set) is fuzzy y-open set (resp. fuzzy y-closed set) [fuzzy
6-open set (resp. fuzzy §-closed set , fuzzy A-open set (resp.fuzzy A-closed set) ]
3) Every fuzzy regular open set (fuzzy regular closed set ) is fuzzy &-open set (resp. fuzzy &-closed set)
[fuzzy y-open set(resp. fuzzy y-closed set) , fuzzyA-open set(resp.fuzzy A-closed set )]

Proof : Obvious .

Remark 2.3

The converse of proposition (2.2) is not true in general as following examples shows
Examples 2.4

1) LetX={a,b}and B, €, D are fuzzy subsetin A where

A={(a,09),(b,09)},B={(a,00),(b,07)}.C={(a,08),(b,00)}.0={(a,08),(b,0.7
), The fuzzy topology definedon 4 is T={®,A , B, C, D}

. The fuzzy set D is a fuzzy A-open set but not fuzzys — open set (fuzzy regular open set , fuzzy 6 —
open set).
. leteX={a,b,c}and B, C, D , Eare fuzzy subset in A where

A={(a,09),(b,09),(c,09)},B={(a,03),(b,03),(c,04)}={(a,04),(b,03
),(c, 04)},D={(a,05),(b,05),(c,04)}={(a,06),(b,06),(c,07), The
fuzzy topology definedon A isT={@¢,4 , B, C, D , E }

. The fuzzy set B is a fuzzy y — open set but not fuzzy & — open set (fuzzy regular open set , fuzzy 6 —
open set).
2) Let X ={a,b,c}andB , C ,D,E, F be fuzzy subsets of A where:

A={(a,08),(b,08),(c,08),B={a,01),(b,01),(c,02},C ={(a,02),(b,01),(c
,0.2)}D={(a,0.3),(b,03), (c OZ)}E ={(a 04) (b,04),(c ,0.5)} F= {(a,03),(b,03),(c,03)}
The fuzzy topologies defined on A are T ={ ¢ ,B, C,D}The fuzzy set E is a fuzzy 5-open set but not
fuzzy regular open set (fuzzy 6-open set).

Remark 2.5
Figure - 1 — illustrates the relation between fuzzy §-open set and some types of fuzzy open sets.
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Figure -1 -

I11. Some Types Of Fuzzy Separation Axioms

Definition 3.1

A fuzzy topological space (A , T) is said to be Fuzzy & T, — space(F8T, ) if for every pair of distinct fuzzy
points x, , y, in A there exist B € FSO(A) such that either fy, () < pp(x) , ¥, qB or p, (y) <
#s(), %, qB.

Theorem 3.2

If (A, T) is a fuzzysT,- space then for every pair of distinct fuzzy points x, ,y,where P, () < pa(x)
1y, (¥) < pz(x) then either  §-cl(x,) 7y, or &-cl(y,) 7x, .

Proof: -

Letx, ,y, be two distinct fuzzy points such that

P, () < pa(x) , py, (%) < pa(x) then there exist a fuzzy §- open set B such that either P, () < pp(x) B
Tye oy, () <pp()  BYx,

If e, (1) <pp() . By, then BGx, ,p,, (x) < pipe(x)

Since B¢ isa fuzzy &- closed set therefore wsq iy, (x) < pge(x)

Hence &-cl(y,) 7 x,

Similarly if p,,(x) <pg(x), Bqx, =

Definition 3.3 :
A fuzzy topologlcal space (A, T) is said to be Fuzzy & T, — space (F8T, ) if for every pair of distinct fuzzy
points x, , y, in A there exist two B, ¢ € FSO(A) such that P, () < pp(x), y,qB and By, () < ue(),

x.qC.

Proposition 3.4 :
Every fuzzy 8T, — space is a fuzzy 6T, — space .
Proof : Obvious .

Remark 3.5 :

The converse of proposition (3.4) is not true in general as shown in the following example .

Example 3.6 :

let X={ a , b } and B, ¢ , D are fuzzy subset of A where:
A={(a,04),(b,04)}, B={(a,04),(b,01},C={(a,01),(b,01)}, D={(a,04),(b,0.2
)} .E={(a,03),(b,01)},T={®@,4 ,B,C,D }beafuzzy topology on A and the F§O(A) ={@ , 4 , C,
E} Thenthe space (A, T ) is a fuzzy 8T, - space but notfuzzy 6T; — space

Theorem 3.7:
If (A, T)isafuzzy Topological space then the following statements are equivalents :
1) (A, T)isafuzzy 8T, - space.
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2) For every maximal fuzzy points x, ,y, in A , there exists a fuzzy open nbhds sets U and Vo f x,
and y, respectivelyin A such that g, (x)= min {{ uy().ugN} { e, () 1y, I} and py, ()= min {{
Hay (), 1y O 3 L, () 5 1y, ) 33 i i i

3) For every maximal fuzzy points x, , y, in A , there exists a fuzzy §-open nbhds sets U and V of x,
and y, respectivelyin A such that u, (x)= min {{ puy () .ug O} { wx, ) 1y, )3} and g, (¥)= min {{
127¢8) (), Ky o}, {Iix, x), Hy, o)

Proof:

(1=2):- Letx, ,y, € MFPA) ,30 ,V € FSO(A)

such that g, () <pg(®) , ¥,qU and  p, () <pe ), % q Vihenu, O)=uy()=us(x)
ty, N +ug () < uz(y) and o
ty, O=uiy D=1a ) 5 B, (O py(X) < paQ)then ug()= 0, pey(x)= 0 ,and since U ,V €
F6O(A) then U ,V € T

Therefore ., (x)=min {{ uy () .o O} {1, ) 1y, )3}

and”yt (y): min {{ M(V)(x)l M(V)(J/) } ) { Uy, (X) » Ky, (y) }}

(2= 3) :- Obvious. N N o i
(3=1): Let x, ,y, € FP(A),thenevery x, ,y, € MFP(A) ,thereexist U , V € FSO(A) such
that

t, ()= min {{ g (), 1t0 D} { 1, () 1y, ()3} and

Hy, (y): min {{ .u(V)(x)l H(V)(y) } ' {:uxr (X) 1 My, (y) }}

thenu,, (x)=py ()=pz(x) , pg(¥)= 0 and

ty D=ty )= i) upy(x)= 0

theny, 90U and x, GV, Since p, (x) <p,, () and p, (v) <p,(y) ¥ n ,me |

thenu, (x) < py(x), ¥ qUand p, (v) <upwy®) . x, GV Hence the space (A, T) is a fuzzy 8T; - space.
u

Definition 3.8:

A fuzzy topological space (A , T) is said to be Fuzzy & T, — space (F8T, ) if for every pair of distinct fuzzy
pomts X, , ¥, in A there exist two B , € € FSO(A) such that P, () < pp(x) @y, () <pe(y) and
BqC.

Theorem 3.9 :
A fuzzy topological space (4, T) is a fuzzy 6-T, —space if and only if min{ugse oy (X) U is a fuzzy §-open set
My, (X) < pug(x) } < py, (x) any fuzzy point such that p, (x) < pz(x) .

Proof :

(=) Let (4, T) be a fuzzy 6-T, —space and x, , y, be a distinct fuzzy points in A such that u, (x) < pz(x) ,
ty, () < p1(x) and o

By, () = pg(x) - py, (Othenu, (x) < pz(x) and there exists two fuzzy S-open set U , G in A such that
ty, (6) < pg () py, () <pe(x), UGG, py(x) < pge(x) and

Pt @) (X) < Hger ey (x) = pge (X)

Since p, (x) < pg(x) and u, (x) = pz(x) - py, (x),Then

wa(x) - thy, () < pg(x) e () < puz(x) - 1y, () and pge (x) < py,, (x)

Since user oy (x) < pge () < py, () then pse gy (x) <y, (x)

Hence min{us.gn(X) 1 i=1,...... ,n <y, (%)

(<) Suppose that given condition hold ,x, , v, are distinct fuzzy points in A such that B, () < pz(x) ,
iy, () < pi(x) and

Let u,, (x) = pa(x) - uy, (x) then p, (x) < pz(x)

ANd s 0y (%) < By, (x) for every p, (x) < py(x) < pser oy (%)

, since py, () = pa(x) - py, (%)

Then pse gy (%) < pa(x) -y, (x) and pg(x) - wy, (%) < psine @@y (OENCE ), (X) < phsine ) (%)

letug (x) = Usine ey (X) and SINCe s (gey (x) < piegey (x), Then

y, () < pg(¥)andpg (x) < ey () we get U'q G

Hence the space (4, T) is a fuzzy §-T, —space =
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Proposition 3.10 :
Every fuzzy 8T, — space is a fuzzy 5T, — space .
Proof : Obvious .

Remark 3.11 :

The converse of proposition (3.10) is not true in general as shown in the following example .

Example 3.12 :

let X={ a , b } and B, ¢ , D [E are fuzzy subset of A where:
A={(a,07),(b,09)}B={(a,05),(b,00}.6={(a,00),(b,07)},D={(a,05),(b,0.7)}E=
{(a,01),(b,08)}, F={(a,06),(b,01)}, T={&,4 ,B,C D} beafuzzy topology on A and the
FSO(A)={@,4 ,B, C,D, E ,F} thenthe space (4, T ) is a fuzzy 8T, - space but not fuzzysT, — space

Definition 3.13:
A fuzzy topological space (A, T) is said to be Fuzzy & 7'21 — space (F:ST‘z;) if for every pair of distinct fuzzy
2 2

points x, , y, in A there existtwo B , € € FSO(A) such that g, (x) <us(x) , p,, (%) < pe(x) and
Scl(B)q 8cl(0).

Proposition 3.14 :
Every fuzzy 67"21- space is a fuzzy 8T,- space .
2

Proof :
Let (A, T) bea fuzzy 6T,1- space , then every pair of distinct fuzzy points x,. , y, in A there exist two B, C €
2

FSO(A) such that p, (x) < uz(x) iy, (x) < e (x) and 8cl(B)G 8¢l(C)
Since uz(x) < 8cl(B), ps(x) < 8cl(C)
Then Weget BqC, hence (A, T ) isafuzzy 8T,- space

Remark 3.15 :
The converse of proposition (3.14) is not true in general as shown in the following example

.Example 3.16:

let X={a,b}Yad ,B ,B,,B; ,B, Bs, By, B, , By , are fuzzy subset of A where:
A={(a,09),(b,09)}, B ={(a,08),(b,01},5 ={(a,00),(b,07},
B3={(a!0'8)!(b!0:_7)}1 B4:{(a10'0)!(b10'%)}! B5={(a,0.0),(b,0.?)},~ ~ _ _ €6=£(
a,08),(b,09)}, B,={(a,00),(b,08} B,={(a,08),(b,00)}, 7={3,4,8,,B,,B;,85,
Bs , B; } be a fuzzy topology on A and the FSO(A) ={@ ,A , B, ,B, ,B,, B, , Bg }, then the space (4, T ) is
a fuzzy &T,- space but not fuzzy 6?2% —space

Definition 3.17:_A fuzzy topological space ( A, T) is said to be Fuzzy 8- regular space ( FSR) if for each
fuzzy point x, in A and each fuzzy closed set F with x, G F there exists B, C €FSO(A) such that p, (x) <
pp(x), up(x) < pe(x)vVx€X and BGC

Definition 3.18 :

A fuzzy topological space (A , T) is said to be fuzzy &*- regular space (F&*R) if for each fuzzy point x, in A
and each fuzzy - closed set F with x, G F there existsB , € €F§O(A) such that s, (x) < pg(x) , pp(x) <
uc(x)vxeX and BqC

Proposition 3.19 :
Every fuzzy &- regular space is a fuzzy §*- regular space.

Proof: Obvious .

Remark 3.20 :

The converse of proposition (3.19) is not true in general as shown in the following example

Example 3.21 :

Let X={a,b}and B,C,D ,E, F is afuzzy subset of A where:

A={(a,07),(b,08)}, B={(a,00),(b,07)},C={(a,06),(b,00},D ={(a,06),(b,0.7
)}, E={(a,0.7),(b,0.0)} ,F={(a,00),(b,0.8)}

E
B
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T={0,A ,B, C,D }beafuzzy topology on A and the F§O(A)={@,A ,B,C,D ,E,F} Then the space
(A, T)isafuzzys*- regular space but not fuzzy 8- regular space.

Definition 3.22:A fuzzy topological space (A, T) is said to be Fuzzy & T; — space (F&T5 ) if it iss- regular
space ( F6R)as well as fuzzy 6 T; — space (F8T; ) .

Proposition 3.23 :
Every fuzzy 8T;- space is a fuzzy 57‘21- space .Proof :
2

Let (4, T ) be afuzzy 6T; - space,

Then (4, T) be afuzzy & - regular space, for every fuzzy point x, € FP(A) and F € FC(A)
Suchthat x, q F, F = 8cl(F)

And since (4, T) be a fuzzy 8T, - space then We get {x, } is a fuzzy &-closed set

Let {x,} = Bis a fuzzy §-closed set

Then &cl(B)q 8cl(F) , hence (4, T ) is a fuzzy 67‘2%- spacem

Remark 3.24 :The converse of proposition (3.23) is not true in general as shown in the following example .
Example 3.25:Let X={a,b}and ,B, ,B,,B; ,B, ,Bs ,Bs,B, ,Bg,By, By , By, , are fuzzy subset of A

where:A ={(a, 0.8),(b,09)}, B, ={(a,0.8),(b,0.0)}, B, ={(a,00),(b,07n}, Bs={(a
,0.8), (b, 0.7} B, ={(a,01),(b,09)}, B:={(a,086),(b,00)}, B,={(a,01),(b,00}, B =
{(a,06),(b,09)} By ={(a,0.1),(b,0.7}, By={(a,06),(b,0.7)},B,={(a,0.0)),

(b,08)}, B, ={(a,07),(b,00}T={0,4 ,B, ,B, ,B;,B, .Bs, By ,B,,Bg, By }be afuzzy
topology on A and the F§O(A)={@ , 4 ,B, ,B, ,B, ,Bs ,Bs,B,,By, ,B;; } thenthespace (A,T) is a
fuzzy 6T,1 - space but not fuzzyfuzzy 6T; — space .

2

Definition 3.26 :A fuzzy topological space ( A , T) is said to be fuzzy 6*T5 — space(F8*T; ) if it is§*- regular
space ( F6*R) as well as fuzzy § T, — space (FST; )

Proposition 3.27 :Every fuzzy 8T - space is a fuzzy §*T; — space.

Proof: Obvious
Proposition 3.28 :Every fuzzy 5*T; - space is a fuzzy 67‘21— space .
2

Proof: Obvious
Remark 3.29: The converse of proposition (3.27)and (2.28) is not true in general

Definition 3.30: :

A fuzzy topological space (A , T) is said to be Fuzzy &- normal space ( FSN) if for each two fuzzy closed sets
F, and F,in A such that F; §F, , there exists

U, , U, €FSO(A) such that up, (x) < pg, (x) , pe,(x) < pg, (x) and 0,70, .

Definition 3.31: :

A fuzzy topological space (A, T) is said to be Fuzzy &*- normal space ( F8*N) if for each two fuzzy 8-closed
sets F; and F,in A such that F; GF, , there exists U, , U, €FSO(A) such that pz, (x) < pg, (%) , w5, (X) <
ug, (x) and U, qU;.

Proposition 3.32:
Every fuzzy &- normal space is a fuzzy &*- normal space

Proof: Obvious .
Definition 3.33:

A fuzzy topological space (A , T) is said to be Fuzzy 8 T, — space (F8T, ) if it is
8-normal space ( F6N)as well as fuzzy 8 T, — space (FST; ) .
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Definition 3.34:
A fuzzy topological space (A , T) is said to be fuzzy 8*T, — space (F8"T,) if it is§*- normal space ( F§*N) as
well as fuzzy 8 T; — space (F8T; )

Proposition 3.35:
Every fuzzy 8T, — space is a fuzzy 6*T, — space

Proof: Obvious

Proposition 3.36 :
Every fuzzy 8T, — space is a fuzzy 8T; — space

Proof: Obvious
Remark 3.37:

The converse of proposition (3.35) and (3.36) is not true in general
Definition 3.38:
A fuzzy topological space

(A, T)is said to be Fuzzy 8-completely normal if for any two fuzzy §-separated
sets B, Cin Athereexist D, E

€F80(A) such that pg (x) < us((x) , ne(x) < pg(x) and DQE

Definition 3.39: A fuzzy topological space ( A , T ) is said to be Fuzzy & T5 — space (F8Ts ) if it is6-
completely normal space as well as fuzzy 8 T, — space (F8T; ) .

Proposition 3.40:
Every fuzzy 8Ts — space is a fuzzy 8T, — space

Proof: Obvious

Remark 3.41 :

The converse of proposition (3.40) is not true in general
Remark 3.42 :

Figure (2) illustrate the relations among a certain types of fuzzy

8T, —space,i=0,1,2, 2%,3,4,5.

;

Figure -2 —
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