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On Bernstein Polynomials
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Abstract:We have defined a new polynomial on the interval [0,1 + 2] for Lebesgue integral inL,;norm as
n+r (k+1)/(n+r+1)

Ufr(f, x)=(n+r+1) Z f f@)dt ¢ gy i (x; )
k=0 \ k/(n¥r+1)
where

oy (AT x(xtka) a0 (A —xtmtr—k)a)t TR _
Gnr i (X @) = ( K ) o and then proved the result of Voronowskaja
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. Introduction and Results
If f(x) is a function defined [0,1], the Bernstein polynomial B{l(x)off is given as

Bfl () = X7 F/1) Doy (). (1)

where

n
P (%) = (k) KA —rR (1.2)
Schurer [7] introduced an operator
Sw € [0, 14+5] — ¢ [0, 1]

Defined by
=\yn+r k
Sulfx) =235 D Porge ) e (1.3)
where
pars@ = (M)A s (1.4)

andr is a non-negative integer. In case r= 0, this reduces to the well-known Bernstein operator
A slight modification of Bernstein polynomials due to Kantorovich[9] makes it possible to approximate

Lebesgue integrable function in L,-norm by the modified polynomials
(k+1)/(n+1)

PZ ) = 1+ D Zheo 5 F0)dt) prse)...(1.5)

whereP, ;. (x) is defined by (1.2)

By Abel’s formula (see Jensen [8])

x+yx+y+na)tt= 7{‘:0(:) x(x + k) ly(y + (n — k)a)"*1.... (1.6)
which on substituting (n+r) for n becomes

E+yV)(x+y+m+r)a)rtrl =y n ;: "Yx(x + k@) 1y + (n+ 7 — k)™ k=1, (1.7)

If we puty = 1 — x , we obtain (see Cheney and Sharma [5] )

_ ynr T xGtka) T A0 A xt (et —k)ayt R
T=2kC ) R o (18)
Thus defining

n + 1\ x(x+ka)k 1 (1—x) (1 —x+(n+r—k)a)t k-1
nr k (X; CZ) = ( k ) : : ((1+()r$+r)a)"+r‘1 )
we have
ZZIS Qnr k (X; CZ) = 1(110)
For a finite interval [0,1+X] ,the operator is modified in a manner similar to that done to Bernstein’s operator by
Kantorovich [9] and thus we defined the operator as
Unr: €[0,1+2] — ¢[0,1]

...(1.9)
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by
a (k+1)/(n+r+1)
US(fx)=(+r+1) zz:g{ ARG f(t)dt} Gy 1 (5 @)---(1.11)

whereq,,, , (x; a)same as (1.9) and r isis a non-negative integer. When r =0 &a = 0, then it reduces to the well-
known operator due to Kantorovich given by (1.5).

The function

(v, ntr, 2, y)=ERE () (ot k) yly + = d ) K (112)
satisfies the reduction formula
Sk ntr,x,y)=xS (¥ — 1, n+r, x, y) + (n+) (v, ntr— I, x +a, y) -------- (1.13)

from (1.3 ) & (1.12) we can have
(0, ntr, x, y) = (x +y)(x + y + (ntr)a)"
by repeated use of reduction formula(1.13) and (1.6) we get

+r—1
L

(L, 2, 3) =525 TR @ (4 )y + (i)t K, (114)
S (@2, n, x,y) =)= n Z ™y (e + ka)k! @ (1, nr — k, x + ka, y) . - (1.15)

Sincek! :f0°° e~tt*dtand using binomial expansion we obtain
S(1, n+r, x, y):fo00 e~ t(x+y) (x+y+ )+ ta)" tdt , - (1.16)

(2, n41,x,y)= [ e~tde [[" e [(et Y(x + y + (mAn)a + ta + sa)n '+
(n+n)an™'S(x + y + (n+r)+ta + sa)n" ], cmemmmeeeeeen (1.17)

we, therefore , can show
S, ntr-1, x+ @, 1-x)= e (1 + (n+1) +ta)" ', - (1.18)
SA,ntr2,x+a l-xta)= fom e t(1 + (n+r)+ta)n' 2dt | ----mmemmn (1.19)

S, n+r—2, x+2a,1 fx)=f0m e tdt fow e~sds[(x + 2a) (1 + (n+)+ ta + sa)n*"?
+(ntr — 2)a’s(l + (n+n)a + tatsa)n™ 7], -meemeee- (1.20)

S(2,ntr—3,x+2a, 1 - x+ta) = fooo e tdt fooo e~sds[(x + 2a)(1 + (n+)a + ta+ sa)"™ >
+ (n+r —3)%s(1 + (n+na + tatsa)™™], - (1.21)

Voronowskaja [6] proved his result by assuming f (x) to be atleast twice differentiable at a point x of [ 0 1],

1
lim n[f(0) = B/ (0] = 521 =0/ (0)

In particular,iff"'(x) # 0, differencef (x) — BZ(x) is exactly of order n~1.
In this paper we shall prove the corresponding result of Voronowskaja for Lebesgue integrable function in L, —
norm by GeneralizedPolynomial (1.11) and hence we state our result as follows:

Theorem: Let f(x) be bounded Lebesgue integrable function in with its first derivative in [0, 1+1T_1] and suppose
second derivative f''(x) exists at a certain point x of [0, 1+£] ,thenfora =a,, =0 (L)

n+r

1 . "
lim (n+PIF() = Uy (F,0] = 5[(1 = 20f () = x(1 = 0f @]

(n+r)-

Il.  Lemmas and their proofs
Lemma 2.1: For all values of x

n+r
zk o )<1+(n+r)a( ) nm+r)(n+r— Dxa
- ur 5. ) =gy WP ETX 1+ 2a

Lemma 2.2: For all values of x
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nr 1+ @+ +r—2
z k(k— Do) < +r)(n+r— 1D+ 2a)f a TZO{QO( — (Izl _:30()20(
k=0

1+(n+r)a  (n+r-3)a }
(143a)3 (1+4a)4 )

Lemma 2.3: For all values of x of [ 0, 1+£] andfora =a,,. =0 (ﬁ) we have

+(n+r1—2)a%(

nar ((HD/(+r+1)
x(1—x
n+r+1) Z f ((t = x)2)dt ¢ @y i (@) < %
k=0 \_k/(m+r+1)
Proof of Lemma 2.1:
S ki = 3 (17 FEFROTA 00 xR
& Qnr 1 (X5 @) = & k (1 + (Tl + r)a)n+r—l

n+r

= ntr—1)&+ka)* 11— —x + (n+7 - Kay !
_(n+r)xz( k-1 ) A+ M+ a1

k=1

n+r—1
= n+r—1\G+pa+a)*1-x)A-x+M+r—p—Da)"* 2
=Mm+7r)x ; ( u ) A+Mm+ r)a)n+r—1
(TL +r)x n+r—1

=(1+(n+r)a)"+"1{ Z <n+;_1>(x+'“a+a)”(1—x+(n+r—#—1)a)n+r—u—2
u=0

n+r—2
—tr=Da ) ("I T et @t -k (k= = D@y
u=0
(n+r)x
=i sGntr—lLxtal-x)—(n+tr-Das@ln+r-2x+al-x+al
by (1.15)

'(1+(n(:r+)ra);1+r*1 [, et + m+na+ta)y*tdt— (n+r—Da [ e A+ (n+r)a + ta)"*2di]

by (1.17)&(1.18)

(n+r)(n+r—1)xa
(A+m+r)a)ntr-1

(n+r)x

— ® -t n+r—2
_(1+(n+r)a)"+r’1 fO e (1 + (n + T)(X + t(l) dt

fom et +(m+r)a+ta)*tldt —

(n+r)x o ta ntr—1 S
T @+@mAr)an -l fo € (1 + 1+(n+r)a) 1+ (n+ T)(l) dt

m+r)(n+r—Dxa
T+ (n+ ra)ntr-1

© ta n+r—2
f e (1 + 1+(n+ r)a) A+ (n+ ) de
0

n+r—1 _ o n+r—2
ta ) dt - (n+r)(n+r—1xa f —t (1 n ta ) dt

— *® -t - T, -
—(Tl + T')X fo € (1 + 1+(n+r)a 1+(n+r)a 0 1+(n+r)a

o _ltm+na
=(n+r)x) e « “(14+uwntrt Lotnae
0

a
n+r(n+r—Dxa f°° _l+(+n)a
e
0

1+(n+na
. *(1 n+r—2 d
1+(n+n)a A+w) u

(04

_(+(ntr)a) (ntr)x fow oG (1 4 w)rtr1 gy GtDtr=Dxa f°°e‘(§+"+”“ 1+ W2y

@ 0
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S(1+(n+r1(oc)(n+r>x s oG (b —Du gy, (n+r)(na+r—1)xa N o~ GHIAI (4T —2)u gy,

:(1+(n+rla)(n+r)x fo"o e—(%+1)udu_ (n+r)(n+r—1)xa f0°° e—(é+2)u du
:(1+(n+r)a)(n+r)x foo _(n+r)(n+r—1)xa foo

e Vdv

e Wdw
1+a 0 1+2a 0

_(A+(m+r)a)(n+r)x (n+r)(n+r—1)xa
B 1+a 1+2a

hence the proof of lemma 2.1.

Proof of Lemma 2.2:

n+r
Z k(k — 1)Qnr,k (x; )
k=0

n+r

n+r— 2) (x+ ka)k_1(1 —x)(1-x+Mnm+r-— k)a)n+r—k—1

< (n+r)(n+r—1)x;( k-2 A+ (nt a1

:% ) (n + ; h 2) x+ka+20)' ' 1—x)1—x+Mn+r—v—2)a)"" 3

_ (m+r)(n+r—1)x
T+ar)antr-l

[S(2, n+r-2, x+2a,1-X)-(n+r-2)a S(2, n+r-3, X+2a,1-x+a)]

_ (m+r)(n+r—1)x
T(1+@r)a)n -1

(m+r)(n+r—1)(n+r—2)xa g i
A+(n+r)a)n+r-1 [S(2, n+r-3, x+2a,1-x+a)]

[S(2, n+r-2, x+20,1-X)]—

_ (m+r)(m+r—1)x _ _
1= Qrrnayriio(a M2, X420, 1%)]
_ (m+r)(n+r—-1)x oo _ o _ B
= e Jy etdt [ efds[(x + 2a)(1 + (n + M) + sa + ta)**" 2

+(n+r—2)a’s(1+ (n+r)a+sa+ta)" 3]

_ (m+r)(n+r—-1)x oo _ © _
= e J, e7tdt [ e ds[(x + 2a)(1 + (n + M) + sa + ta)" "]
J_(n+r)(n+r—1)(n+r—2)xoz2
' (1+@n+r)a)ntr-1

[fom e~tdt fow eSds[s(1+ (n+7r)a+ sa+ ta)"7 3]

_ (m4r)(n+r—1)x

v J, e7tdt [ e7ds[(x +20)(1 + (n +1)a + sa + ta)* 2]

_ (m4r)(n+r—-1)x oo _, o sa+ta \MTT2 nr—2
=Qrmenarer-d € Aty eds[(x +20) (1 + 1+(n+r)a) 1+ @+r)a) ]

sa+ta )n+r—2

e —r Jy etdt fow e *ds[(x + 2a) (1 t 1+(n+r)a

1+(n+r)a 0

nt+r)(n+r—Dx(x+2a) poo ® _o (n+r-2)( satta
= T+(@+r)
1+(n+r)a fo € dtfo e -e n+ra’dg
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(n+r—2)ta (n+r—2)sa
fooo e_t+( 1+(n+r)a )dt fow e_s+( 1+(n+r)a )dS

_(n+r)(n+r-Dx(x+2a)
- 1+(n+r)a

_(n+r)(n+r-Dx(x+2a)
B 1+(n+r)a

SO N L LN
fo e 1+(n+r)a’ dt fO e 1+(n+r)a’ ds

_(An)(dr—Dx(x42a) roo o lk(ndr)a po o 1+Hn4T)a
B 1+(n+r)a J-0 etd 1+2a fO d 1+2a

_(n+r)(n+r—Dx(x+2a)
- A+2a)?

1+ (n+nr)a) fow e “du fow e ’dv

_(m+r)(n+r—Dx(x+2a)
- (142a)?

1+ (n+ra)-----—--—----- (2.2.3)

L ,=C f0°° e~tdt f0°° eSds[s(1+ (n+r)a +sa + ta)"73]

_(n+r)(n+r-Dx(x+2a)
- 1+(n+r)a

© -t ® cp—S satta \"73 n+r—3
Jy e7tdt | se (1 + 1+(n+r)a) 1+ n+1r)a) ds

(n+T)(Tl+T—1)(Tl+T—2)Xa2 © o) _s (Tl+7‘—3)( sa+ta )
< 1+(n+r)a
- A+n+r)a)? fo e dtfo se “e ds

_(m+r)(n+r-1D(n+r—-2)xa
- (1+n+r)a)?

2 oo 113 0 o 143a
fO e t(1+na)dtf0 se*Grma)ds

_(n+T)(n+T—1)(n+r—2)xa2 © ©

- (1+30)° 1+ m+na) [, eduf; edv
_(m+r)(n+r-1D)(n+r—2)xa
- (1+3a)3

LA A P)R) e (2.2.4)

from (2.2.2) ,(2.2.3) & (2.2.4) we have

(x+2a) (n+r—2)0¢2
(1+2a)? (1+3a)3

LA+ Mm+ran+r)(n+r— 1Dx{ (2.2.5)

Now we evaluate

_(m4r)(n+r—1)(n+r—2)xa

= eyt L

S(2, n+r-3, x+2a,1-x+a)]

_(n+r)(n+r-1)(n+r—2)xa
T (A+mr)a)ntrl

fom e~tdt fooo e Sds[(x + 2a)(1 + (n + r)a + sa + ta)"*7 3

+(n+r—-3)a’s(1+ n+r)a+sa+ta)"7* by (1.19)

_(m+r)(ntr-1D)(n+r—2)xa
T (+mr)a)ntr-l

fom etdt fow e*ds(x+ 2a)(1 + (n+ r)a + sa + ta)"*7 3

L () (n+r=1)(n+r-2)(n +r—3)xa’
' A+@ntr)a)ntr-1

fom e‘fdtfow eSdss(1+ (n+r)a+sa+ta)**

B R e (2.2.6)
_(n+r)(n+r—1)(n+r—2)xaf°° - f‘” s ( sa +ta )"’”‘3
H A+ @+ Day ettt | emtds (et 20) (14 e 1+ (n

+ r)a)n+r—3

sa+ta

<(n+r)(n+r—1)(n+r—2)x(x+2a)a fooo e_tdt fooo e‘se(n_S)(m)ds

- A+n+r)a)?
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_(n+r)(n+r-1)(n+r-2)x(x+2a)a

o —t( 1+3a ) . e 1+3a )
fo e 1+(n+r)a dtf() se 1+(n+r)a’ ds

(1+(n+r)a)?
=(n+r)(n+r—1)(n+r—22)x(x+2a)a foo e~d 1+(n+r)a foo e_Vdv1+(n+r)a
(1+(n+r)a) 0 1+3a 0 1+3a

_(m+r)(n+r—1)(n+r—2)x(x+2a)a
- (1+3a)?

Jy emtdu [ e v dv

_(m+r)(n+r—1)(n+r—2)x(x+2a)a
- (1+3a)?

(2.2.7)

_(+r)(n+r-1)(n+r-2)(n+r —3)xa3
- (A+@m+r)a)ntr=1

I, fow e“dtfow edss(1+ (n+r)a +sa + ta)*+*

_(n+r)(m4r—1)(n+r-2)(n+r—3)xa

3 » 0 n+r—3
Jy e7tdt ) se~* (1 + ﬂ) ds(1+ (m+r)a)r* 3

(A+(mirya)n+r—1 I+(n+)a
S(n+r)(n+r—(:l(&:rr;;gn+r—3)xa3 fooo e-tdt fow Se—se(n—‘l)(l:?:x)a)dg
:(n+r)(n+rElll((r:l::;z;gn+r—3)xa3 fooo e—t(lf(:i‘:)a)dt f0°° se_s(%)ds
Lt [ g e bt

:(n+r)(n+r—1)(n +r=2)(n+r-3)xa

3 [ee] [ee]
—u -V
REVPE fo e dufo ve vdv

_(4r)(+r =D (n+r—2)(n+r-3)xa’
- (1+4a)3

(2.2.8)

substituting the values of I, ;from (2.2.7)&I, , from (2.2.8) in (2.2.6) we get
(x+2a) (n+r—3)a3
Lsm+r)(n+r—-1)(n+r— 2)36{(1:3002 + (;4“)3 }

Thereforesubstituting the values of I; &I, in (2.2.1), weget

(x+2a) +r—2)a? Gc+2a)
< A+m+ra)(n+r(n+r— 1)x{(f+2:)2 (71(1:303: } —(m+r)(n+r-Dn+r— Z)X{(;H:)z
(n+r—3)a3

(1+4a)3 3

(1+(n+r)a) _ (4r—2)a
(1+2a)? (1+3a)?

(1+(m+r)a) _ (n+r-3)a

=n+r)(n+7r—Dx[(x+ 2a){ (14302 REVISE }

Y+(n+r—2)a?{

hence the proof of lemma 2.2.

Proof of Lemma2.3:

nar (Ge+D/r+1)

(n+r+ 1)2 f (t —x)%dt { Gy i (x5
k=0 \ k/(m+r+1)

—nir 2 2kx+x+ k* +k N 1 .

= k_o[x n+r+1 (m+r+1)2 3(n+r+1)2]an,k(x, a)

< x2 1 20+ (m+na)(n+rx 2m+r)(n+r—-Dx’a X
=Y T mrr+D 1+a T 70 —
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n+r)(n+r-1) ) A+Mn+nra) (+r-2)a
R N Ly GO PR R Yo

1+(n+r)a n+r-— 3} 20+ (n+r)a)(n+)x

+(n+r—2)a? { -
( ) (1+ 3a)3 1+ 4a)d nm+r+1)*A +a)

_ 2(n+r)(n+r—1)xa 1
(+r+12(14a)  3(n+r+1)2’
_ x(1=x)  2(1+(n+r)a)(n+r)

= n+r+1 ' (n+r+1)2(1+a) X(l—X)

by lemma 2.1 & lemma 2.2

2(1+m+r)a) (n+r)2x(1-x)a
(n+r+1)2(1+2a)?

_ 2(n+r)(n+r—Da
(n+r+1)2(1+4a)

x(1—x) +

_ 2412 (m+r—1)x(1—x)a? L (+r)(n +r—1)(n+r—2)a?

(n+r)x? _ 2(1+(+r)a)(+r)2x2(143a+3a?)
+r+D2(1430)2 (n4r+1)2(143a)3

n4r+1 (m+r+1)2(1+a)(1+2a)?

x(1—x) +

_ 2(1+(n+r)a)(n+r)xa + 2m+r)2(m4r—Dx2a(145a+7a?) + 4(+r)(n+r—1)xa? _ (m+r)(n+r—-1)(n+r—-2)a

(n+r+1)2(142a)? (n+r+1)2(1+2a)(1+3a)? (n+r+1)2(1+3a)? (n+r+1)2(14+3a)3
) + (n+r)(n+r—D(n+r—2)xa’ + m+r)(n+r—1D)(1+@n+r)a)xa _ (+r)(n+r—1)(n+r—-2)(n+r—3)xa’ 1
x°(1+ 2a) (n+r+1)2(1+3a)3 (n+r+1)(1+2a)? (n+r+1)2(1+4a)3 3(n+r+1)?
x(1—x) 1
<—- fora=a, =o ( > and for large n
n+r n+r

hence the proof of Lemma 2.3.

I11.  Proof Of The Theorem
Proof :
The function f (t)can be expended by Taylor’s Theorem at t = x as
f@®) =f@)+@E—0f )+ (- x)z[%f"(x) tnt-x] @1)

wheren (h) is bounded |n(h)| < H for all h and converges to ‘0” with h.
Multiplying eqn. (3.1) by (n +r + 1)q,, . (x; @)and integrating it from k/(n+r+1) to (k+1)/(n+r+1),and then on
summing ,we get

nar (Ge+D)/mAr+1)

(ntr+Dy j FO § oy (6 @)
k=0 \_k/(m+r+1)

ntr (Ge+1)/(tr+1)

SR j FGOE b g ()
k=0 \ k/(n+r+1)

ntr (k+1)/(n+r+1)

soar DY L[ - 0f e
k=0 \ k/(n+r+1)

ntr (k+1)/(n+r+1)

1
+E(n+r+ 1)2 f (t —x)?f"(xX)dt | Gy i (x; @)
k=0 \_k/(n+r+1)
ntr (k+1)/(n+r+1)
+(n+7r+ 1)2 f (t —x)?n(t — x)dt Gy 1 (6 @)
k=0 \  k/(n+r+1)

=L+l + s+l (say) e e (3.2)

DOI: 10.9790/5728-11152634 www.iosrjournals.org 32 | Page



On Bernstein Polynomials

Now first we evaluatels:

k+1

Iy=m+r+ 12 {f”?ﬂf(x)dt} Qs (60) = f()  ooem wmememees (3.3)

n+r+1

and then
nar ((e+1)/(m+1)

I4=(n+r+1)z f f(t—x)f (x)dt G 1 (X5 @)
k=0 \ k/(n+1)

- Z (2(1121Jcr:J1r D )f'(x)an,k(x; )

(1 2x)
2(n+ )

—= ' (x0)fora = a,, = o(1/(n +1))(3.4)

Now we evaluatels:
nar ((HD/(4r+1)
1
= S@+r+1)) f (& =) f" ()L { Gy s (% @)
k=0 \_ k/(n+r+1)

<x(1-x)f"(x)/2(n+7) (by lemma 2.3) ------------- (3.5)

and then in the last we evaluate I :

nar ((eH1)/tr+1)

Ig= (n+7r+1) Z J (t — x)*n(t — x)dt ¢ Guy s (@)
k=0 \_k/(n+r+1)

Let €> 0 be arbitrary § > 0 such that |n(h)| < efor || < & .
Thus breaking up the sum I, into two parts corresponding to those values of t for which | t - x |<8, and those for

. . . . k
which [t — x| = & and since in the given range of t, |E - x| ~|t — x| , we have

k+1
k+n+1 5
lIs] <€ Z m+7r+1Dqy, () J.( - X) dt
k
|(5)-x[<e ol
k+1
k+n+1
+H Z m+7+ gy i (x;) Idt
k
|("L)_ |>6 n+r+l
=le1+ls, (say)
€
|16.1| < E |{X(1 - x)}ll for a = Ay = O(n_-i-r)
( k+1 \
n+r+1
lgo=Mm+r+1H z f dt } Grr 1 (%5 @)
e (o
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Butif § = (n+ 1)~ ,0<p < 1/2 (see also Kantorovitch [9]),
then for ¢ = a,, = o(i)

n+r

n+r+1

Z|(ﬁ)—x|z(n+r)—ﬁ Gnr e (6 @) < C(n + 1)~ for [1 >0, the constant C= C(B,[] ).

whencel, , < ﬁ < e/(n+r) for sufficiently large n,

therefore itgives
Ig < €/(n + 1), for all sufficiently largen ~ ----- (3.6)

Hence from (3.2), (3.3), (3.4), (3.5) and (3.6), we have

nar ((HD/mr+1)

(tr+D Y f FOAL § oy (6 @)
k=0 \_ k/(n+r+1)

= f() + [{(1 = 20f () +x(1 = 0)f"()}/2(n+1)] + (€/(n +71)

and therefore, finally we get

1 , "
lim (n+0)[U (0 - )] = 511 -20f &) = x(1 = 0f ()]

(n+r)->
wheree - 0 asn - ©
hencethe proof of the theorem.

IV.  Conclusions
The result of Voronowskaja has been extended for Lebesgueintegrable function in L,-norm by our

newly defined Generalized Polynomials Unar (f,x)on the interval [ O,1+£]
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