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Abstract: The present paper deals with the different geometrical properties of an unified contact Riemannian

manifold [7] equipped with semi-symmetric metric S -connection. Also the form of curvature tensor R of the
manifold relative to this connection has been derived. It has been shown that if an unified contact Riemannian
manifold admits a semi-symmetric metric S -connection whose curvature tensor is locally isometric to the unit

sphere S(n) (1) then the Conformal and Con-harmonic curvature tensors with respect to the Riemannian

2
connection are identical iff n+4i=0. Also it has been shown that if an unified contact Riemannian
C

manifold admits a semi-symmetric metric S -connection whose curvature tensor is locally isometric to the unit

sphere S(n) (l) then the Con-circular curvature tensor coincides with the Riemannian connection if

2
4i+n =0. Some other useful results and theorem have been obtained, which are of great geometrical
c

importance.

Keywords: C™ -manifold, Unified contact Riemannian manifold, Riemannian connexion, Semi-symmetric
metric S-connexion.

l. Introduction
We consider a differentiable manifold Mnof differentiability class C™ . Let there exist in |\/|n a

vector valued C” - linear function @, a C” - vector field 7 anda C™ -one form & such that

(1.1) ®*(X)=a’X +c&(X)n
(1.2) 7=0
2
(13) E(m)=-"
(1.4) £(X)=0

Where <D(X ) =X, a isanonzero complex number and C is an integer.

Let us agree to say that @ gives to M . @ differentiable structure define by algebraic equation (1.1).
We shall call (CD,n,a,c, af) as an unified contact structure. It may be noted that an unified contact structure
(CD,n,a,c,f) gives an almost contact structure [5], almost Para-contact structure [6] or hyperbolic contact
structure [1] according as (a =i, c= 1) , (a =41, c= —1) or (a =+l,c= 1) respectively. The manifold
M, equipped with an unified contact structure will be called an unified contact structure manifold.
Let us define the metric G in Mn by

(L5) G(X,Y)=-a’G(X,Y)—-c&(X)&(Y)
where
(1.6) G(X.n) def £(X)

Then the unified contact structure M . will be called an unified contact Riemannian manifold.
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Remark 1.1: An unified contact Riemannian manifold gives an almost contact metric manifold, an almost
hyperbolic paracontact metric manifold or an almost hyperbolic contact metric manifold according as

(a=+i,c=1),(a=%L, c=-1)or (a=%lc=1)
Definition 1.1: A C™ -manifold M _, satisfying

(L.7) Dy =®(X)

will be denoted by M *

In M, ", we can easily shown that

(1.8) (Dy&)(Y)="®(X,Y)=—(D,&)(X)

where

(1.9) ‘D(X,Y)def G(X,Y)=-G(X,Y)="d(Y,X)
Definition 1.2: An affine conna)n V is said to be metric if

(1.10) B,G=0

The metric connection V satisfying

(1.12) (V@) (Y)=&(Y)X =G(X.,Y)n

is called S -connection.
A metric S -connection V is called semi-symmetric metric S -connection [4] If

(1.12) V,Y =D,Y —&(X)Y
Where D is the Riemannian connection. Also equation (1.12) implies
(113) S(X,Y)=E(Y)K —&(X)Y

where S is the torsion tensor of connection V .
Replacing Y by# in (1.11), we have

(Vi@)(17)=&£(m) X =G(X,n)7
Using (1.1), (1.3) and (1.6) in the abol/e equation, we get

~ X
(1.14) (V@) (1) = -
From (1.2), we have
On=0

Differentiating covariantly above equation with respect to X , we get
(V@) (7)+®(Vy7)=0
Using (1.14) in the above equation, we get

(1.15) V= X
C

Now, from (1.6), we have

G(Y.7)=&(Y)
Differentiating covariantly above equation with respect to X and using (1.9), (1.11) and (1.15), we get
(1.16) D(X,Y)=c(Vi&)(Y)
We know that

OZ=2
Differentiating covariantly above equation with respect to X and using (1.12), we get
(1.17) (Dy®@)(Z)=(V,®)(Z)

Let R and K be the curvature tensors with respect to the connection V and D respectively then
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(1.18) R(X,Y,2) ﬂﬁﬁyz—ﬁﬁxz—vw]z
and
(1.19) K(X,Y,Z) def D,D,Z - D,D,Z~Dyy 2

Using (1.12) and (1.19) in (1.18), we get
R(X.Y,Z)=K(X,Y,Z)+&(Y)(Dy®)(Z)+{(V,&)(X) - (V&) (Y)}Z
HE(V,X)=£(9,Y)}Z+£(D,Y ~D,X)Z ~£(X)(D,®)(2)

Using (1.6), (1.8), (1.12), (1.13), (1.17) and (1.18) in the above equation, we get

(1.20) ﬁ(X,Y,Z)z K(X,Y,Z)+§(Y)§(Z)X —f(Y)G(X,Z)n

E(X)E(Z)Y +E(X)B (Y, 2)p- 22X NY)Z

Let us consider that R( XY, Z ) = Othen above equation implies
(1.21) K(X.Y,Z)=—E(Y)E(Z)X +E(Y)G(X,Z)n+E(X)E(Z)Y
20(X,Y)Z

—&(X)G(Y,Z)n+ -

Contracting X in the above equation, we get

w2 Ric(1.2)=~(n-4)£() £(2)+ 2 6(v.2)
Contracting with respect to Z in the above equation, we get

1.23) v =—(n-4)e(r)n+ Ly

Contracting Y in the above equation, we get

2
(1.24) R :%(n—l)

Where Ricand R are Ricci tensor and scalar curvature respectively.
The Conformal curvature tensor V , Conharmonic curvature tensor L = Projective curvature tensor W and

Concircular curvature tensor C in a Riemannian manifold are given by [2], [3].

(1.25) v(x,Y,z):K(x,Y,z)—(niz)[Ric(Y,z)x —Ric(X,Z)Y
+G(Y,Z)r(X)—G(X,Z)r(Y)]+(nTF~zn_2)[G(Y,Z)X—G(X,Z)Y]

(1.26) L(X,Y,Z)= K(X,Y,Z)—(niz)[Ric(Y,Z)X —Ric(X,Z)Y

+G(Y,Z)r(X)-G(X,Z)r(Y)]

(1.27) W(X,Y,Z)=K(X,Y,Z)—(n—il)[Ric(Y,Z)X—Ric(X,Z)Y}

(1.28) C(X,Y,Z):K(X,Y,Z)—n(nﬁ_z)[G(Y,Z)X—G(X,Z)Y]

where

(1.29) V(X.,Y,Z,T) def G(V(X,Y,Z),T)
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(1.30) L(X,Y,Z,T) def G(L(X,Y,Z).,T)
(1.31) W(X,Y,Z,T) def G(W(X,Y,Z),T)
(1.32) C(X.,Y,Z,T) def G(C(X,Y,Z),T)

Il.  Curvature Tensors
Theorem 2.1: If an unified contact Riemannian manifold admits a semi-symmetric metric S -connection whose

curvature tensor is locally isometric to the unit sphere S(n) (1) then the Conformal and Con-harmonic

2

curvature tensors with respect to the Riemannian connection are identical iff N+ ——=0
c

Proof: If the curvature tensor with respect to the semi-symmetric non metric S - connection is locally isometric
to the unit sphere s (1) , then
(2.1) R(X,Y,Z)=G(Y,Z)X -G(X,Z)Y
Using (2.1) in (1.20), we get
G(Y,Z)X —G(X,Z)Y = K(X,Y,Z)+§(Y)§(Z)X —§(Y)G(X,Z)n

~E(X)E@)Y +E(X)B(Y.2)7-20(XY)Z

Contracting above with respect to X , we get

(2.2) RiC(Y,Z):[3%[2+n—1JG(Y,Z)—(n—4)§(Y)§(Z)
Contracting above equation with respect to Z , we get
v :(3%2+n—1JY (=4 E( )7
Contracting above equation with respecttoY , we get
(2.3) Ii:(n—l)(4—f+nj

Where Ricand R are Ricci tensor and scalar curvature of the manifold respectively.
From (2.3), (1.25) and (1.26), we obtain the necessary part of the theorem. Converse part is obvious from (1.25)
and (1.26).

Theorem 2.2: If an unified contact Riemannian manifold M . admits a semi-symmetric metric S -connection

whose curvature tensor is locally isometric to the unit sphere S(n) (1) then the Con-circular curvature tensor

2

L . . . ... 4a
coincides with the Riemannian connection if — +n =0
C

Proof: Using (2.3) in (1.28), we get

4a?
“ in

(2.4) C(X.,Y,Z)=K(X,Y,Z)- CT [G(Y.Z)X-G(X,Z)Y]

which is the required proves of the theorem.
Now, let us consider that the curvature tensor of the semi-symmetric metric S -connection has the form

(2.5) R(X,Y,Z)="®(X,Z)Y —®(Y,Z)X
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Using above equation in (1.20), we get

(2.6) K(X,Y,Z)==£(Y)E(Z)X +E(X)E(Z)Y —&(X)G(Y.Z)n
HE(V)G(X,2)7+ @ (X, 2T~ 0 (Y,2) X -2 0(X,Y)Z

Contracting X in the above equation and using (1.1), (1.3) and (1.6), we get

2 —_—
@7) Ric(Y,z)=(c—n)§(Y)§(z)+%l)G(Y,z)
Contracting above equation with respect to Z , we get
a’(c-1)

(28) Y =(c=n)E(Y)n+ ==Y
Contracting above equation with respecttoY , we get
(2.9) R=a’(n-1)
Using (2.6), (2.7), (2.8) and (2.9) in (1.25), we get
(210) v(x,Y,z)=‘cp(x,z)\7—‘cp(v,z)>?—%‘cp(x,v)z‘

21

+a?| “— || G(Y,Z)X -G(X,Z)Y
¢ [6(v.2)x-6(x.2)Y]

S22 e e@)Y ~£)e(@) X+ ()6 (X, 2)n ()G (Y. 2)n]
Operating G both sides of above equation and using (1.6), (1.9) and (1.29), we get
(2.11) V(X,Y,Z,T):‘d)(X,Z)‘CD(Y,T)—‘CI)(Y,Z)‘CD(X,T)—%‘CD(X,Y)‘CD(Z,T)
2
—-1

+a? h [G(Y,Z)G(X,T)-G(X,Z)G(Y,T)]

{2 a0 e@p(r T)-£)e@)6(x.T)
FE(V)E(T)G(X,2)~£(X)£(T)G(Y.2)]

Now, using (2.6), (2.7) and (2.8) in (1.26), we get
(212) L(x,Y,z):‘cD(X,Z)V—‘cD(Y,Z))Z—%‘cb(x,v)z_

2 (1Yo 2)x 6 (x 2]

(2 TetB(x 2)1-£(X)6 (1. 2)n+£(X)E(2)Y ~£(4)£(2)X]

Operating G on both sides of the above equation and using (1.6), (1.9) and (1.30), we get
(2.13) ‘L(X,Y,Z,T) :‘CD(X,Z)‘CD(Y,T)—‘CD(Y,Z)‘CD(X,T)—%‘CD(X,Y)‘CD(Z,T)

_Z;az(:_:;)[G(Y,Z)G(X,T)—G(X,Z)G(Y’T)]

c
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A S22 fememe(x.2)-£(x)¢(r)6(v.2)
+£(X)E(Z)B(Y.T)=£(Y)E(2)G(X.T)]

Using (2.6) and (2.7) in (1.27), we get
(2.14) W(X,Y,Z)z‘CD(X,Z)Y_—‘CD(Y,Z))?—f(X)G(Y,Z)nJrf(Y)G(X,Z)?]

H(X)E@IY —£(1)E(Z)X -2 0(x.Y)Z

+(%)[§(x)g(z)v —g(v)g(z)x}%z(c—_ﬂ[e(x,z)v -G(Y,Z)X]

n -
Now operating G on both sides of the above equation and using (1.6), (1.9) and (1.31), we get

(2.15) W(X,Y,Z,T):‘cI)(X,Z)‘CD(Y,T)—‘CD(Y,Z)‘CD(X,T)—%‘CD(X,Y)‘CD(Z,T)

(S leme@e ) -s)e@e(rm)]
f[E(NEMIE(X,2)-£(X)E(T)G(Y 2)]

+%2(E—jj[G(Y,Z)G(X,T)—G(X,Z)G(Y,T)]
Using (2.6) and (2.9) in (1.28), we get
(2.16) C(X,Y,Z)="®(X,Z)¥ —D(Y,Z)X —£(Y)&(Z)X +E(Y)G(X,Z)n

+E(X)E(Z)Y —G(Y,Z)g(x)n—g‘cD(X,Y)Z—%z[G(Y,Z)X -G(X,Z)Y ]

Operating G on both sides of the above equation and using (1.6), (1.9) and (1.32), we get

(217) C(X,Y,Z,T):‘q>(x,z)‘q>(Y,T)-‘@(Y,Z)‘@(X,T)-%‘qa(x,Y)‘cp(z,T)

—£(Y)E(Z)G(X.T)+&(Y)E(T)G(X.Z2)+&(X)E(Z)G(Y.T)
—f(T)g‘(X)G(Y,Z)—%Z[G(Y,Z)G(X,T)—G(X,Z)G(Y,T)]

Theorem 2.3: On a manifold M | , we have

(2.18a) V(nY,Z,T)=0
(2.18b) V(X,Y,Z,7)=0
(2.18¢) Vv (77,Y , Z,n) =0
(2.18d) V(X,Y,n,7)=0
(2.18¢) V(X.Y,Z,7)=0
(2.18f) V(nY,Z,T)=0
(2.18g) V(X,Y,n)=0
(2.18h) V(nY,7)=0

Proof: Replacing X by 77 in (2.11) and using (1.2), (1.3), (1.6) and (1.9), we get (2.18a).
Replacing T by 77 in (2.11) and using (1.2), (1.3), (1.6) and (1.9), we get (2.18b).
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Replacing T by 77 in (2.18a), we get (2.18c).

Replacing Z by 77 in (2.18b), we get (2.18d).

Replacing X by X and Y by Y in (2.18b), we get (2.18e).

Replacing Z by Zand T by T in (2.18a), we get (2.18f).

Replacing Z by 7 in (2.10) and using (1.3), (1.6) and (1.9), we get (2.18g).
Replacing X by 77 in (2.18g), we get (2.18h).

Theorem 2.4: On amanifold M, we have

. *(c-2

(2.19) L(x,Y,z,n):%(Cn_znj[e(v,z)g(x)—e(x,z)g(v)]
. a’(c—2n

(2.19b) L(n,Y,Z,T):?( — j[G (Y,Z)&(T)-G(Y.T)&(Z)]
. _affc=2n\ o 5

(2.19c) L(n,Y,Z,n)—CZ(n_sz(Y,Z)

(2.19d) L(X,Y,n,n7)=0

(2.19) L(X.Y,Z,7)=0

(2.19f) L(nY,Z,T)=0

Proof: Replacing T by 77 in (2.13) and using (1.2), (1.3), (1.6) and (1.9), we get (2.19a).
Replacing X by 77 in (2.13) and using (1.2), (1.3), (1.6) and (1.9), we get (2.19b).
Replacing T by 77 in (2.19b) and using (1.3) and (1.6), we get (2.19c).

Replacing Z by 77 in (2.19a) and using (1.6), we get (2.19d).

Replacing X by X and Y by Y in (2.19a) and using (1.3), we get (2.19).

Replacing Z by Z and T by T in (2.19b) and using (1.3), we get (2.19f).

Theorem 2.5: On a manifold M, we have

(2.20a) W(n,Y,z,T)=[n—:cj{a—ze(Y,Z)é(T)+§(Y)§(Z)§(T)}

n-1)/ ¢
(2.20h) W(n,Y,Z,T)=0
(2.20c) vv(x,Y,z,n):%Z[EJ[G(Y,z)g(x)-e(x,z)g(v )]
(2.20d) w(n,Y,z,n):%(%){—%G(Y,z)—g(v)g(z)}
(2.20¢) W(X,Y,Z,7)=0
(2.20f) W (X,Y,n,17)=0

Proof: Replacing X by# in (2.15) and using (1.2), (1.3), (1.6) and (1.9), we get (2.20a).
Replacing Z by Z and T by T in (2.20a) and using (1.3), we get (2.20b).

Replacing T by 77 in (2.15) and using (1.2), (1.3), (1.6) and (1.9), we get (2.20c).
Replacing X by 77 in (2.20c) and using (1.3) and (1.6) we get (2.20d).

Replacing X by X and Y by Y in (2.19¢c) and using (1.3), we get (2.20¢).
Replacing Z by 77 in (2.20c) and using (1.6), we get (2.20f).
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Theorem 2.6: On a manifold M, we have

(2.21a) C(n,Y,Z,T)=%2G(Y,Z)[§(T)—§(Z)]

(2.21b) C(X,Y,Z,n)=a’ [%—%)[G(X,Z)é(Y)—G(Y,Z)g(X)]
(.219) c(n,v,z,n)=—Z‘_je(v,z)—%zg(z)e(v,z)

(2.21d) C(X,Y,n,17)=0

(2.21¢) C(X,Y,Z,7)=0

(2.21f) C(n.Y,Z,T)=0

Proof: Replacing X by 77 in (2.17) and using (1.2), (1.3), (1.6) and (1.9), we get (2.21a).
Replacing T by 77 in (2.17) and using (1.2), (1.3), (1.6) and (1.9), we get (2.21b).
Replacing T by 77 in (2.21a) and using (1.3) and (1.6), we get (2.21c).

Replacing Z by 7 in (2.21b) and using (1.6), we get (2.21d).

Replacing X by X and Y by Y in (2.21b) and using (1.3), we get (2.21¢).

Replacing Z by Zand T by T in (2.21a) and using (1.3), we get (2.21f).
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