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Abstract: Let G = (V, E) be a simple graph. A set S of vertices in a graph G is said to be a total dominating set
if every vertex v e V is adjacent to an element of S. A total dominating set S of G is called a connected total
dominating set if the induced subgraph <S> is connected. In this paper, we study the concept of connected total
domination polynomials of the star graph S, and wheel graph W,. The connected total domination polynomial of

n .
a graph G of order n is the polynomial Dy(G, x) = Z det (G,i)xI , Where du(G, i) is the number of
i=7,(G)

connected total dominating set of G of size i and y.(G) is the connected total domination number of G. We
obtain some properties of D4(S,, x) and D.(W,, x) and their coefficients. Also, we obtain the recursive formula
to derive the connected total dominating sets of the star graph S, and the Wheel graph W.,,.

Keywords: Connected total dominating set, connected total domination number, connected total domination
polynomial, star graph and wheel graph.

I.  Introduction

Let G = (V, E) be a simple graph of order |V| = n. A set S of vertices in a graph G is said to be a
dominating set if every vertex v e V is either an element of S or is adjacent to an element of S.

A set S of vertices in a Graph G is said to be a total dominating set if every vertex v e V is adjacent to
an element of S. A total dominating set S of G is called a connected total dominating set if the induced
subgraph <S> is connected. The minimum cardinality of a connected total dominating set S of G is called the
connected total domination number and is denoted by 7.(G).

Let S, be the star graph with n vertices and W, be the wheel graph with n vertices. In the next section,
we construct the families of connected total dominating sets of S, by recursive method. In section 111, we use the
results obtained in section Il to study the connected total domination polynomials of the star graph. In section
IV, we construct the families of connected total dominating sets of W, by recursive method. We also investigate

the connected total domination polynomials of the wheel graph W, in section V. As usual we use ( In ) for the

combination n to i and we denote the set {1, 2, .. ., n} by [n] throughout this paper.

I1. Connected Total Dominating Sets Of The Star Graph S,.

Let S,, n > 3 be the star graph with n vertices V(S,) = [n] and E(S,) = (1,3) and (1,4))
E(Sn) = {(1, 2), (1,3), (1, 4), ..., (1, n)}. . Let d(S,, i) be the number of connected total dominating
sets of S, with cardinality i.
Lemma 2.1

The following properties hold for all Graph G with |V(G)| = n vertices.
(i) dt(G,n) = 1.
(i) dct(G,n-1) = n.
(iii) de(G,i) =0 ifi>n.
(iv) dct(G,0) = 0.
(v) d.(G,1) = 0.

Proof
Let G = (V, E) be a simple graph of order n.
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0] We have Dg(G, n) = [n]. Therefore, d(G, n) =1.
(i) Also, Dy(G, n—1) ={[n] - {x}/ x € [n]}.
Therefore, dg (G, n—1) =n.
(iii) There does not exist a subgraph H of G such that |[V(H)| > [V(G)|. Therefore, d.(G,i) =0 ifi >n.
(iv) There does not exist a subgraph H of G such that [V(H)| = 0, ® is not a connected total
dominating set of G.
(v) By the definition of total domination, a single vertex cannot dominate totally. Therefore,
d«t(G,1) = 0.

Theorem 2.2

Let S, be the star graph with order n, then dg(Sp,i) =( In ) - ( n I_ 1) , foralln>3.

Proof:

Let S, be the star graph with n vertices and n > 3. Let v; € V(S;) and v, is the centre of S, and let the
other vertices be vy, vs, . . ., V. Since the subgraph with vertex set as {V,, vs, . . ., V4} is not connected, every

connected total dominating set of S, must contain the vertex v;. Since [V(Sy)| = n, S, contains ( In ) number of

subsets of cardinality i. Since, the subgraph with vertex set as {v,, vz, . . ., Vpo} is not connected, each time

(n I_ 1) number of subsets of S, with cardinality i are not connected total dominating sets. Hence, S,

contains ( P ) - ( n I_ 1 ) number of subsets of connected total dominating sets with cardinality i. Therefore,

dct(Sn,i)z(in) _(n I_ 1),fora|ln23.

Theorem 2.3
Let S, be the star graph with order n > 3, then

i) dct(Sn,i)=(P:i)foraIIZSisn.

. - dct (Sn-lli)"'dct (Sn-l’i'l) if2<i <n.
i) det (Sn, 1) = ) .
di (S,.,1)+1 ifi=2.

Proof:

(i)  Bytheorem 2.2, we have d(S,, i) =( P ) - ( n I_ 1),

w17 2)-(7 1)

Therefore, dg (S, i) = ( :1 _ %)

(i) We have, dg (S, i) = (I” - i),dct(snl,i): (I” - %) and dg (Sp., i-1) = (I” - %)

We know that,

(123)+(P=3)- (7 23)

Therefore, de(Sn, 1) = det(Sn_1, 1) + de(Sn_1, 1 - 1).
When i=2,

At (Sn, 2) = (”Il):n_l

Consider, dci(Sp-1,2) +1= ( n l_ 2) +1

=n-2+1
=n-1
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dct (Sn—l: 2) +1= dct(Sn: 2)
Therefore, d(Sy, i) =d(Sn_1, D) + Lif i =2.

I11. Connected Total Domination Polynomials Of The Star Graph S,.
Definition: 3.1
Let d«(Sn, 1) be the number of connected total dominating sets of a star graph S, with cardinality i. Then, the
n

connected total domination polynomial of S, is defined as Dg(S;, X) = z det (Spo 1) x

i:th(sn)
Remark 3.2
Yet(Sn) = 2.
Proof:

Let S, be a star graph with n vertices and n > 3. Let v; € V(S,) and v; is the centre of S, and let the other
vertices be v,, vs, . .., V. The centre vertex v; and one more vertex from vy, v, . . ., Vv, is enough to cover all
the other vertices. Therefore, the minimum cardinality is 2. Therefore, y«(S,) = 2.

Theorem 3.3

Let S, be a star graph with order n, then Dg(S,, X) = X[(1 +x) "' —1].

Proof:

By the definition of connected total domination polynomial, we have,
n

De(Sn )= D, dei(Sn, i)X.

i=2

n
= z ( :1 B ]i) X', by Theorem 2. 3(i).
i=2

(nl_l)x2+(n2_1)x3+(n3_1) x4+...+(2 __11)x".
=X (nl_l)x+(n2_ 1)x2+(n§1)x3+...+(2 __11)x”’1

=X Zn: (ni_l)xil

i=0

Hence,
Det(Sn, X) = X[(1+X) "+ 1],
Theorem 3.4
Let S, be a star graph with order n, then
Det(Sn, X) = (1 + X) Det(Sn_1, X) + X2 with D(S,, X) = X°.
Proof:
n

We have, Da(Sn, X) = D de(Sn, i)X.
i=2

n
= du(Sn 2% + ) (Sn. i) X.

i=3

n
= ( n 1‘ 1)x2 + Y [de(Sn_1, i) + dg(Sn_1, i —1)] X, by Theorem 2. 3.
i=3

n n
=1+ ) da(So1, )X+ D de(Sn1, i~ D)X
i=3 i=3
n n
Consider, D du(Sn-1.1)x = Y da(Sa 1,1) X'~ de(Sn-1,2) X%
i=3 i=2
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=Du(Sn_1, X) — (n 1_ 2) X
=D«(Sh_1, X) — (n=2) X%

n n
Consider, D" de(Sn-1,i-1)X = X[ du(Sn-1,i-1)x"]
i=3 i=3
n-1
=x )" da(Sn-1, i) X
i=2
= XDet(Sn_ 1, X).
Now, Dg(Snh X) = (N — 1)x% + Dg(Sn_1, X) — (N = 2 ) X% + XDet(Sp-1, X).
=nx® = X* + Det(Sn_ 1, X) — X2 + 2X% + X Det(Sn— 1, X).
Det(Sny X) = Dee(Sn—1, X) + XDt(Sn 1, X) + X°
Therefore, Det(Sn, X) = (1 + X) Dg(Sn_1, X) + X with Dg(S,, X) = X
Example 3.5
Let Sg be the star graph with order 9 as given in Figure 1.

Figure 1
By Theorem 3.4, we have  Dg(Se, X) = (1 + X) De(Sg, X) + X2
= (1 +x) (D + 21 x* + 35x* + 35x° + 21x° + 7x" + %) + x4
= 8x% +28x% + 56x* + 70x° + 56x° + 28x” + 8x° + X°.
Theorem 3.6
Let S, be a star graph with order n > 3. Then

0 Dy(S, ¥) = Zn: (In)x.zn: (n - 1)Xi

i=2 i=2
n
L n-1\.
(“) (“) Dct(sn: X): 22 ( | _ 1) XI
1=
Proof:
i) follows from the definition of connected total domination polynomial and Theorem 2.2.
i) follows from the definition of connected total domination polynomial and Theorem 2.3(i).

We obtain dg(S,, i), for 2< i < 15 as shown in Table 1.

n' 2 3 |4 5 6 7 8 9 10 11 12 13 | 14 | 15
2 1
3 2 1
4 3 3 1
5 4 6 | 4 1
6 5 10 | 10 5 1
7 6 15 | 20 15 6 1
3 7 21 | 35 35 21 7 1
9 3 28 | 56 70 56 28 8 1
10 9 36 | 84 126 126 84 36 9 1
11 10 | 45 | 120 | 210 252 210 120 45 10 1
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12 11 [ 55 [ 165 [ 330 | 462 462 330 165 55 11 1

13 12 [ 66 | 220 [ 495 792 924 792 495 220 66 12 |1

14 13 [ 78 [ 286 | 715 1287 | 1716 | 1716 | 1287 | 715 286 78 [13 |1

15 14 [ 91 [ 364 | 1001 [ 2002 | 3003 | 3432 | 3003 | 2002 | 1001 | 364 |91 |14 |1
Table 1

In the following Theorem we obtain some properties of d (S, i).

Theorem 3.7

The following properties hold for the coefficients of D(Sy, x) for all n > 3.
(i) det(Sn, 2)=n-1.

(i) det(Snyn)=1.

(iii) de(S,,n-1)=n-1.

(iv) du(Sn, )= oifi<2ori>n.

(V) dee(Sn, i) = do(Sp,n—i+1) foralln>3.

IV. Connected Total Dominating Sets Of The Wheel Graph W,,.

Let Wy, n > 5 be the wheel graph with V(W,) = [n] and E(W,) = {(1, 2), (1, 3), . . ., (1, n), (2, 3),
3,4,. ..,Mm-1n),(n 2)} Let dw(W,, i) be the number of connected total dominating sets of W, with
cardinality i.

Lemma 4.1

For any cycle graph C,, with n vertices,
(i) de(Ch,n) =1
(ii) de(Cpyn—1) =n.
(iii) de(Cpy,n—2)=n.
(iv) det(Cp, 1) =0if i<n-2ori>n.
Theorem 4.2
For any cycle graph C, with n vertices, Dei(Cp, X) = nx™2+ nx"* + X",
Proof:
The proof is given in [6].

Theorem 4.3

Let Wy, n > 5 be the wheel graph with n vertices, then d(W,, i) = dgt (S, 1) + de(Cy_ 1, 1), foralli.
Proof:

Let S, be the star graph and v; € V(S,) be such that v; is the centre of S,. Let S, be a spanning
subgraph of W,, and since W, —v; = C,_1, S v C,_1= W, Therefore, the number of connected total
dominating sets of the wheel graph W, with cardinality i is the sum of the number of connected total
dominating sets of the star graph S, with cardinality i and the number of connected total dominating sets of the
cycle C,_; with cardinality i. Hence, d(W, i) = det(Sn, 1) + det (Cr—1, 1).

Theorem 4.4
Let W, be the wheel graph with order n > 5, then

(1) de(W, 1) = (P)—(” |_ 1), foralli< n—3.

(ii) det(Wh, 1) = (In)_(n I_ l) +n-1fori =n-3,n-2.

(i) (W, i):(?)_(” - 1) +1fori =n-1.

Proof:
Q) By theorem 4.3, we have d(Wh, 1) = do(Sh, 1) + da(Ch _ 1, 1). Since, d(C,_4, 1) =0 for all i <n -3, we
have,
det(Wh, i) = de(Sy, i) foralli<n-3.

:(in)_(l‘l I_ 1) foralli < n—3, by Theorem 2.2.

(i) Since, du(Cs 1) =n-1fori=n-2,n-3 wehave,dct(Wn,i):(in)—(ni_1)+n—1for

i=n-2,n-3.
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(iii)  Since, du(Cy 1, i) =1fori=n—1, we have, du(Wh, i) = ( I” ) - ( n - 1)+1for i=n_1

Theorem 4.5
Let W, be a wheel graph with order n > 5, then,

(i) do (W, i):(i” - %) foralli<n—3.

(i) de(Wo, i):(i” - %) +n—1for i=n-2n-3.

(i) dee( W, i):(i” - %) +1fori=n-1

Proof:

(i) By theorem 4.4 (i) and since, (In) - (n I_ 1) = (:1 B %_) we have, dg(W,, i) = (:1 B %_)

forall i < n-3.

(i) By theorem 4.4 (ii) and since, ( In ) - ( n I_ 1) = ( In B %),We have,

det(Wi, i)z(? B %) +(n-1forall i =n-2,n-3.

(i) By theorem 4.4 (jii) and since, (I”)—(” - 1) = (I” - %),We have,

det(Wh, i)z(? B %) +1fori=n-1.

Theorem 4.6
Let W, be a wheel graph with order n > 5, then

(i)  de(Wh, i) =de(W, 4, 1) +1ifi=2,

(i) deWha, i) = de(Wo 1, i) + dee(W, 1, i~ 1) forall2 <i<nandi #n—3,n—4.
(“l) dct(Wn: |) = dct(Wn—lx |) + dct(Wn—lv i— 1) - ( n- 3) if i=n-3.

(lV) dct(Wn: |) = dct(Wn—lx |) + dct(Wn—lv i— 1) - ( n- 2) if i =n-4

Proof:

(i) Wheni=2, dy(W,,2)= (” n 1),byTheorem 45
1
Consider, dg(W,_1, 2) + 1—( 1_ )
+

n-1.
dct(Wn—lx 2) + 1 - dct(Wny 2)
Therefore, dg(W,, i) = dg(Wh_q, i) +1ifi=2.

(i) By Theorem 4.5 (i), we have, d(W,, i) :( In : %) foralli<n-3.

Also, de(Wh 1, 1) = (:1 : %) and de(Wh 1, i—1) = (P : %) .

n-2 n-2\_(n-1
Weknowthat,(i B 1)+(i B 2)_(i ~ l)'
Therefore, dg(Wh, 1) = de(W, 1, 1) + dee(Wp g, i—1) forall2<i <nandizn-3,n-4.
(ili)  Wheni= n-3, we have,

de(Wn, n=3) = (2 : 411)+(n_1) by theorem 4.5 (ii)
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_ (n51)+(n_1)

dct(Wnl,n—S)z(z B 421)+(n_2)

:(nz_ 2)+(n—2)

dCt(Wnlln_4):(2 : é)+(n—2)
n-2

:( 3 )+(n—2)

Consider,(nz_ 2)+(n—2)+(r]3?2)+(n—2)
:(nz_ 2)+(n:_,:2)+(n—1)+(n—3)

:(ng_ l)+(n1)+(n3)

Therefore, dg(Wh_1, N —3) + de(W -1, N —4) =dgy (W, n—3) + (n - 3).
Hence, de(Wh, i) = dot(Wp 4, 1) + dee(Wp 1, 1—1) = (n=3) ifi=n-3.
(iv) when i =n —4, we have,

sawnn-9) = (78

”52)+(”;2)+(n2).

Therefore, dg(W,_1, N —4) + do(W,_1, N = 5) =d(W,,n—4) + (n-2).
Hence, da(W,, , i) + dg(W_1, i) + de(W_1,i-1)—(n-2)if i=n—4.

V. Connected Total Domination Polynomials Of The Wheel Graph W,

Definition: 5.1

Let dct(W,, i) be the number of connected total dominating sets of W,, with cardinality i. Then, the
connected total domination polynomial of W, is defined as

n .
Da(Wa X) = D dgy (Wy, i) X!
=y, (W,)

Remark 5.2
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Vet (Wn) =2
Proof:

Let W, be a wheel graph with n vertices. Let vi € V(W,) and v, is the centre of W, and let the other
vertices be v, v, . . ., V,. The centre vertex v; and one more vertex from vy, v, .. ., V, is enough to cover all
the other vertices. Therefore the minimum cardinality is 2. Therefore, y¢ (W) = 2.

Theorem 5.3

Let W, be a wheel graph with order n, then Dy (Wh, X) = Det(Sn, X) + Det(Cyy 1, X).
Proof:
By the definition of connected total domination polynomial,

n
we have, D¢ (Wy, X) = z dei(W,, i) X.
i=2

n
= z [det(Sh, 1) + det(Cr_1, i)] X', by Theorem 4.3.

i=2
n n
= D [de(Sn i) X + D de(Coa, DX
i=2 i=2
Therefore,
Dct(Wn, X) = Dct(Sn: X) + Dct(Cn 1 X)-
Theorem 5.4

Let Do(W,, X) be the connected total domination polynomial of a wheel graph W, with order n > 5. Then,
Da(Wo, X) =X[(L+X)" 1 =11+ (=D X" 3+ (-1 x" 2 +x" %
Proof:

By Theorem 5.3, we have,

Det(Wh, X) = Det(S, X) + Det(Cr - 1, X)

Therefore,

Dat(Wo, X) = X[(L+X)" =11+ (n=1)x" 3+ (n—1)x" 2+ x" %, by Theorem 3.2 and Theorem 4.2.
Theorem 5.5

Let D¢ (W, X) be the connected total domination polynomial of a wheel graph W, with order n > 5. Then,

() Det(Whn, ) = Z (in)xi_z (n |_ 1)Xi +(-Dx"° +(n-1)x"F+x""

i=2 i=2

n

. n-1\. _ . ]

(“) Dct(Wn:X)z zz (l _ 1) X'+ (nfl)xn 3 +(n71)xn 2 +X" l.
I=

Proof:

(i) follows from Theorem 5.3 Theorem 3.6 (i) and Theorem 4.2.

(i) follows from Theorem 5.3, Theorem 3.6(ii) and Theorem 4.2.

Theorem 5.6
Let Do(W,, X) be the connected total domination polynomial of a wheel graph W, with order n > 5. Then,
Dct(Wn: X) = (1 + X) Dct(Wn—ln X) - (n - 2) Xn74* (n - 3) Xn73+ Xz-
Proof:
n
From the definition of connected total domination polynomial, we have, D((W,, X) = z det(Wh, 1) X
i=2

n
= D [de(Wy_1, ) + da(Wy_1, i — 1)] X, by Theorem 4.6.

i=2

n n
= D daWo_1, )X+ D AWy y, i - 1) X

i=2 i=2
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n-1 n

= da(Woo1, i) X +% ) da(Wo_, i - 1) X,
i=2 i=3

= Dct(Wn -1 X) +X Dct(Wn—ly X)

Hence,

Dat(Wn, X) = (1 +X) De(Wot, X) e (1)
Ifi=2,then
det(Wi, 2)X2 = [de(Wn_ 1, 2) + 1] X*, by Theorem 4.6 (i).
Hence,

doWa, 2% = dee(Wr_1,2) X2 +X2 e @)
Ifi =n -3, then,

det(Wn, 1 = 3) X" 2= [de(W, 1, n = 3) + det(W, 1, N —4) — (n — 3)] x"~° by Theorem 4.6 (iii).
Hence,

Aet(Wi, 1= 3) X" 3= dg(Wy_1,n = 3) X" 3 + dg(Wo_ 1, n—=4) X" 3 —(n=3)X" % cmmen (3)
Ifi=n—4,then

det(Wo, N —4) X" = [dg(Wh_1, N = 4) + de(W,_1, n=5)— (n—2)] x"~* by Theorem 4.6 (iv).
Hence,

det(Wi, N =X" * = dgWp_1, N=4) X" * +dg(Wp, N=5)X"* —(n=2)X""* oo (4)
Combining (1), (2), (3) and (4) we get ,

Det(Wh, X) = (1+X) Da(Wh 1, %) = (1= 2) X"~ “ = (1 =3) X"+,
Example 5.7

De(Ws, X) = 8x% + 10x% + 5x* + x°.
By Theorem 5.6, we have
De(Ws, X) = (1 + x) (8%* + 10x%+ 5x* + x°) — 4x* — 3% + X

= 5x* + 15x°+ 15x* + 6x° + X6

We obtain du(W,, i) for 5 < n <15 as shown in Table 2.

n 2 |3 |4 5 6 7 8 9 10 11 12 |13 |14 |15
5 8 [10]5 1

6 5 [15]15 |6 1

7 6 [15]26 |21 7 1

8 7 | 2135 |42 28 8 1

9 8 [ 28|56 |70 64 36 9 1

10 |9 |36|84 |126 |126 |93 45 10 1
11 |10 |45|120|210 |252 |210 | 130 |55 11 1
12 |11 |55|165|330 |462 |462 |330 |176 |66 12 1
13 |12 |66 |220|495 |792 |924 | 792 |495 |232 |78 13 |1
14 |13 |78 | 286|715 | 1287 | 1716 | 1716 | 1287 | 715 | 299 |91 |14 |1
15 |14 |91 | 364 | 1001 | 2002 | 3003 | 3432 | 3003 | 2002 | 1001 | 378 | 105 | 15 | 1
Table 2

In the following Theorem we obtain some properties of de(W,, i)
Theorem 5.8

The following properties hold for the coefficients of D (W, X) for all n > 5.
(i) de(W,, 2)=n—-1foralln > 6.
(if) det(Wh, n) = 1
(i) dg(Wp, n=1)=n
(iv) de(Wp, i )=0ifi<2 ori>n.

() de(Wi, 1 — 2) = (2 )

1

(v da(vvn,n—s):(”g )+(n—1)

(Vi) de(Wn,n—4)= (” N 1)
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(viii)  da(W,, n—5)= (”5_ 1)

. _(n-=-1

(ix) dee(Wh, N —6) = ( 6 )
() d(Won—i)= (” - 1).
Proof:

Proof of (i), (ii) and (iii) follows from Theorem 4.5.
(iv) from Table 2 , we have d(W,, i) =0ifi<2ori >n.
Proof of (v), (vi), (vii), (viii), (ix) and (x) follows from Theorem 4.5

VI. Conclusion
In this paper, the connected total domination polynomials of stars S, and wheels W, has been derived

by identifying its connected total dominating sets. Similarly, we can generalize this study to any power of the
star S, and power of the wheel W,

1.
[2].
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