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I Introduction
Let C, , bethe space of NxnN complex matrices of order n. A matrix Ay = A U A, is called a bimatrix if

A and A, are matrices of same (or) different orders [7,8] and a bimatrix is called unitary if
AA =AA =1, [8. For A,AeC. ., AA=AUA and let A;,I’(AB) and Ag denote the
conjugate transpose, rank and generalized inverse of the bimatrix A; where Ag is the solution of the equation
A X5 Ay = Ay [1,4,6]. In general, the generalized inverse A of Ay is not uniquely determined. Since Ag
is not unique, the set of generalized inverses of A; is some times denoted as {AB‘} .

In this paper we analyze the characterization of g-inverse, minimum norm g-inverse and least square

g-inverses of bimatrices as a generalization of the g-inverses of matrices [2,3,5] .

I1. Generalized Inverses of Bimatrices
In this section some of the properties of generalized inverses of matrices found in [1,2,3,5] are extended
to generalized inverses of bimatrices .

Theorem: 2.1
Let Hy = A;A; and F; = Ag Ay . Then the following relations hold :
() Hi=Hg and FY =F,.
(i) r(Hg) =r(Fg) =r(As)
(i) r(Ag)=r(A)
i) 1A AA ) =1 (A).

Proof of (i)
Now HZ =H,.H,

(AA)(AA)

(AvA)AVA))(AVA)AVA))
(Ava)(AvA))(AvAa) (A vA))
(
(

AA UAA )(AA UAA)
AAA)A U(AAA)A
=(AAAUAAA)(A UA)
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[(Aum)(A VA )ALA)](A UA)
“[(AvA)(AUA) (Aua)|(AuA)

=(AAA)A
=AAy
=H;.
Hence, HZ =H,.
Now FB2 F.F

=(AA)AA)

(A vA )(AUA))((A A )(AUA))
=(AAUAA)AAUAA,)

=(A (AA)A)U(A (AA)A)

=(A VA )[(AUA)(A VA J(AUA)]

= A (AAA)
=A A
=F,.
Hence, F = F,.
Proof of (ii)
Now r(Ay) 21 (AA;)
r(Ay)=r(Hy) 1)

=r((AUA)(A VA )(AUA))
=r((% )Au(%)%)
=r(

=r((AUA)(A VA )(AUA))
=r((AA)A)
=r(HpA;)

r(A)<r(Hs) @)
From (1) and (2), we get r(AB)z r(HB) (3)

Now r(A)2r(AA;)
d P(

Also r = (

5) @
r(As AL A )
(( AN A UAN(AUA))
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=r(A(AA)UA(AA))
r(AvA)(AAUAA))
r((AVUA)(A VA )(AUA))

=r( A\a’%))
Fs)
r(AB)Sr(F ) ©
From (4) and (5), we get (A )=r(F;) ©
From (3) and (6) we get r(AB):r(HB):r(FB). "

Proof of (iii)

Now r(AB) (ABAE;AB)

Hence, r(AB‘)Z
Proof of (iv)
Now r(A‘;ABAB) I’(AQAB)
Also we have r(ABABAB >r (AQABAQAB)
(A uA ) (AUA) (A UA ) (AUA))
r(A (AAA)UA (AAA))

—_ A

=r((A UA ) (AR AUAA L))
~[(a oA )(Aua) (A UA (A UA))]
=r[ A (AAA)]
=r(AA)
=r(H;)
_r(A) (by (7))
Hence, (ABABAB) r(A).

Theorem: 2.2
Let Ag be a bimatrix, then the following relations hold for a generalized inverse Ag of Ag .

o{(A)}={(%)]
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(i) Ay (AA) AA = A
(iii)(AB(AéAB)A;) = A (AA) A

Proof of (i)

Let Ay = ALAA,
A =(AAA)
(AUA) =((AUA)(A UA)AUA))
KUK =(AAAUAAA)
=(AA'A) U(AAA)
(K (a) A)u(A(a) &)
Kon=(Aur)((a)v(a))(Aur)
A=A(A) A

Thus {( )} {(AB) } ®)

On the other hand, AB(AB) A, = A, and so ((A;))*E{AB}

()] =la ] g

From (8) and (9), we get {( ) } {(AB) }

Proof of (ii)
Let Gy = Ay (1o —(AA,) A
=A-A(AA) AA
=(AUA)-(AUA)(AUA)AVA)] (AUA)AUA)
G =(AUA)-(AUA)AUA) (KUR) (KUR)(AUA)
(AUA)-(AUA)AUA) (A UA) (A UA)AUA)]

ol
(AUA)-(AUA) AiuA;)((A*)‘u(A;)‘)(Aqu;)(AuAZ)T

=[A_LUA2 A.LAL) (AZAZ(AZ)AZAZ))J
“[(A-an (A) AA)o(a-an (a) K|
~(A-AA (4 ) Ar-as(n) An)

DOI: 10.9790/5728-11161934 www.iosrjournals.org 22 | Page



On Least Square, Minimum Norm Generalized Inverses of Bimatrices

A a-(An (A ) A o m (A () ma] |
~(A-AAA (A) A )oK -man (4] A)
(& Um)-(AUA)(A UA)(A LA )((A) U() (A UA)
G; =(AUA) ~(AUA) (AUA)AUA) (AUA)] (AUA)
GiGy =| (L) ~(AUAY (AUA)AUAY (AUAY) [(AUA)
[(AUA)-(AUA)AUAY (A UA) (K UA)(AUA)]
636y =| (1U1)~(AUA) (AUA)(AUA) (AUA)) |
(AUAY (AUA)-(AUA) (AUA)AUA) ((AUAY ) (AUAY (AUA)]

GiGs =1~ A A () ) AA - AAA (A) KA
GiGs =1~ A (AA) ) (AA - AA (AA) AA |

G;GB (15— BsB; )(Bs —ByB;B;)
=(15—ByB; ) (Bs — Bs)

Proof of (iii)
Let G, denote a generalized inverse of A; A, .Then G is also a generalized inverse of Az Ag and
Gy +Gq .
Sy =—2—=L isasymmetric generalized inverse of A;A, .

Let Hyg =ABSBA§_AB(A§AB )_AB*
Ho =(AUA)(S,US, ) (A VA ) —(A UA ) (A UA ) (A WA, ) | (A" UA)
Hi =[(AUA)(5,U8,) (A UA)-(AUA)A LAY (A Ua) (A UA)|

Hy <[ (AUA) (5,08) (A UA)-(AUA)(A LA )((8) L(&) (A UA)]
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A) &)
AY )}

~| (ASA UASA)~(AA () A UAA (
{(AislA:—M‘(A;) A) (A28A2 A (

o(as, ) A
( ASA) —(AA (A) Al) jUL(AZSzAE)*—(AzAE(AS)_AJ)*j
:(As A-AA (A ) A)U(AZSSAZ—AZA;(A;

Hs = [Aqu (s7Us;) Aqu)} [
HiH, = (A LA (ST USH)-(AUA)
(AUA)(S,US,)(A UA)-(AUA)(
“[(au)(sius:)-(Aua)(a A )((A) o(a) )]
(A UR)AUA)SUS,)(AUK)-(KUR)(AUA) (A UA)(A) V(&) (A uk)]

\_/ 3 -
C
v
~— ; |
C
O
—

(AASA -AAA (A) A |
(AASA -AA (KA) A |

- ASs - A (A
H.H —[ABS AB AA,

Let S, =(ABAB)
HiH, =(AS; - AS: [ AASA ~AASA
HiH, =0.

Hence ,H, =0.

Thatis, A;Sy A, — AB(ABAB) A =
(A (4 AB) ( ):
(A(5A) &) -A

A |
)]
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111, Minimum norm generalized inverses of bimatrices
In this section some of the characteristics of minimum norm g-inverses of matrices found in [2,3] are
extended to minimum norm g-inverses of bimatrices.
Definition: 3.1

A generalized inverse A; that satisfies both A;AgA; = A; and (AgAB)* = AgA; is called a

minimum norm g-inverse of A and is denoted by (A );1 .

Theorem: 3.2
Let A; be a bimatrix, then the following three conditions are equivalent:

0 (AN, A) =(A), A o A(A), A=A
i) (As), Ashs = A
i) (A), A = A (AA) A

Proof of (i) = (ii)

From (i), A = A5 (As),, A
A=A (), A)

-[(Aun)(AUA), (AUA)]
~[(AUA)((A),U(A),)(AUA)]
-[A(A), AUA(A),A]
=(A(A), A) (A (A),A)
=& ((A),) Aum((a),) A
(mom)((an) () e om
- A ())&
~((A), A) A
=(A)n Ak

Hence, (A, ), AR = A,

Proof of (i) = (iii)
From (ii), Ay =(As), Ay
Postmultiply by (ABA;)_ A; on both sides
A(AR) A=(A), AN (AA) A

=((A), V(&) JAUA) A UR)(AUA)AUA)) (AUA)
=((A), AR U(A), AR ) (AR UAR) (AUA)
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(A), AN U(A), AR )((AR) ( )ﬂAU%)
(A), AR L(A), AR )((K) A U(A) A )(AUA)
(
(

C

AC(A), A )(K OR)((A ) ()MA A)(AUA)
A), AL(A), A)(A (A ) UA (A ) ](A UA)(AUA)
AUA), A )((AA) U(AA) )(AAUAA)
AN C(A) (AUA)(AA) (A AUAR)
)

(A)
=(A) AAA ( by definition 3.1)
=(As)

m
mPe (by definition 3.1)

Proof of (iii) = (i)
From (ii) of theorem (2.2), Ay = A (A;AB)_ AA;
Replace Agby A we get

) (AUA)AUA)
%Nuﬁ)ﬂu&ﬂAu&)mu&XAu&)
K)aua)|(aua)

Il
>
C
L)
>
C
&
>
C
&

W AA (by (iii))

[(A)Aay4uwm@£ﬂ*
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=((A), AR) O((A), AR)
A& ((A),) vAA((A),)
~(AuR)(& ) ((A),) “((8),))
A= AA((A),)
Premultiply by A, (ABA;)_ on both sides

A (AA) A=(A(AA) A)A((A),)

(A, A =((A), AA)((A),) (by (i)
-A((a),) (byii)
=((A), A)

Hence, ((AB); AB)* =(A) A

Also, from (iii) of theorem (2.2),
A(KA) & =(A(AA) &)
Replace A, byA; we get

A((R) &) (5) =(A((x) &) (8] ]
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(A UR)((A) v(a) (A ua)AuA)

= A (A) AA,
=(AA) AR,
= A (AAA) ( by definition 3.1)
(Ae), A =AgA ( by definition 3.1)
Premultiply by A; on both sides,
A (M) A =AAA
A(A), A=A ( by definition 3.1)
Hence, A, (Ay) As=Ay.
Theorem: 3.3
Let Ag be a bimatrix, then the following relations hold for a minimum norm generalized inverse
(Ag),, of A :

(i) One choice of ABAB ( AB)m)
=A"

(ii) One choice of (AA;) =A7"(Ay) where A isanon- zero scalar.

(iiii) One choice of( sAVg ) is Vg (Ay) Ug where UgandV, are unitary bimatrices.
o0 () AR (AL
Proof of (i)
Now A A, :(Aiqu)(A;uA;)
=AA VAA
(Ah), =(AA VAR

=(AA), V(AA),
=(A), (A), w(&), (~),
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Proof of (ii)
Now (AA,). =[A(AUA)]
_(2aUn),
~(2A), U(2A)
=i (), LA (A),
=2((A), (A),)
=4 (A),
Hence, (AA) =A7(Ay) .
Proof of (iii)
(UsAVs ), =((U1 WU ) (AL A) (L WV,)),

(U,AV, U,AV, ),
=(UAV)), U(U,AV,),
(V) J(A), (), (V) (B, (U2),
(v1 (Vv ) (Al)me(Ulul*))u(V*(VV*)(Az)_U*(U u))
smce(AB)‘ -5 ((AR))
= (W (L) (A), U5 (1) ) (Vs (1, 1) )
(since U,,U,,V, &V, are unitary matrices )
=(W (A),U5)o(% (A),U)
=(WOv;)((A), V(A), (U5 ou;)
=Vg (As), s
Hence, (UgAVs ) =Ve (As)-Us.
Proof of (iv)
(AA), AN =((AUA)AUA)) (AUA)(AUA)
=(AAUAA) (AAUAA)
~((AR), V(AA), (AN LAA)
~((A), (A), AR o((85), (A), A )
S (AL AR Jo((A), ) ((a), A)
oA J((A), AR L(a), AR)
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=((A),) ((A), A
:(( A ) A, (by (ii) of theorem 3.2)
~(A(a),)

Hence, (AR ) A =(A (A),)

IV. Least Square Generalized Inverses of Bimatrices
In this section some of the characteristics of least square g-inverses of matrices found in [2,3,5] are
extended to least square g-inverses of bimatrices .

Definition: 4.1
A generalized inverse Ag that satisfies both A, Ag Ay = A and(ABAg) = Ag A is called a least

square generalized inverse bimatrix of A; and is denoted by(AB ); .

Theorem: 4.2
Let A; be a bimatrix, then the following three conditions are equivalent:

0 A (A A=A and (A (A) ) = A (A,
() AcAs (A), = A
i) A (As), = A (AA) A

Proof of (i) = (ii)

From (). A=A (&) A
A= (A (), A
A;=(<AuA2>(<A> O(R), (A\um))
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Hence, AgAy (Ay), = A

Proof of (ii) = (iii)
From (i), ALAs (A), = A

Premultiply by Ay (A, A, ) on both sides
A(AA) A=A(AA) AA(A)
(AUA)((AUR)AUA)) (AUB)AUA)((A) U(B))
(AUA)AUA) (A UA) (AUR)AUA)((A) U(A))
(AUA)(A VA )((A) U(B) (A UA)AUA)((A) U(A))
(A)

-(aA (A) AA(A) oAk (A) AzAz(Az))
=(A1A;(A\-)*M<A) J(Aa (A) KA (m),) (by () theorem 22)
—(AUn)(A UA)((A) u(a) )(A qu)(Aqu)(M)MAZ).‘)

= AA(A) AA(A),

= A (AR ) A (A,

= AA (AAA) (A, ( by definition 4.1)
=(AAA)(A), ( by definition 4.1)
= A (A, ( by definition 4.1)

Proof of (iii) = (i)
From (iii) of theorem (2.2),

A(RA) & =(a(KA) &)
A =((Aum(& o)A A (A U8)] o
[(aom)auA) (A UR) (5UR)]
[aom)(a om)((8) () J(80m)]

-[(an (&) A)o(aa(a) &)]
-(aA (A) &) oA (a) &)
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=£ﬂ<*\> S AR (47 )
(AT (o A8V () 5 )
-(AA (A ) )( A (&) &)
=(ava)(A va)((A) o(A) (A uR)
= A (A) A
= AR (AA)
=(AAA)A ( by definition 4.1)
As(Pe), = Ay ( by definition 4.1)
Postmultiply by Ag on both sides
A (A As = AR A
A(A) A=A ( by definition 4.1)
Hence, Ay (Ay), A
Also, from (ii) of theorem (2.4),
A=A(AA) A
A(n(aA) A )
-[(AuA)(AUA)AUA)) (K UR)(AUA)]
“[(AuA)AUAY (K UR) (Aqu)(Aiqu)}*
[(Aua)(a va)((A) o(A) J(AUA)AUA)|
=(AA(A) KA) o(A (Az) AZAZ)}
~(AA(A) ) (A) A o(ma(a)) (A
=(AA( )(AAAZ Az)
~(AA(A)(K) A)o(man(a) A)
-(AA(AA ) (mA (AA) &)
~(KUK)| (Aun)((AA) V(KA (A UA)]
-(AuR) A(AA) A
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A=A A (A), ( by (iii))

(A or) A ((A)ua))]
A=[(Aa(A))o(AAAY)]

AAA)) o(AA(A))

Postmultiply by(A;AB )_ A; on both sides

A(KA) A =((A)) & A(KA) A

%MJE«%Xfﬂ%Uw[ (by (iii))
-((&),) A (by (i)
~(A(a))

Hence, ( Ay (A); ) = As (As)y

Theorem: 4.3

Let A; be a bimatrix, then the following relations hold for a least square generalized inverse (AB )I of
A

() (AAs), =47 (As), where A isanon zero scalar.

(ii) One choice of (U AV, ); =V, (AB ); U, where U and V, are unitary bimatrices.
Proof of (i)

Now (AA;), =[2(AUA)]
=[(2ALAA,)]
= (AA), V(AA),
=AM (A), VAT (A),
=27 ((A), v(&),)
=2 (A,

Hence, (A4, ), =2 (Ay),
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Proof of (ii)

[1].
[21.

[3].

[4].
[5].

[6].
[71.

8.

Hence, (UgAVg ), =V (

Now (UgAVg ), =((U, WU, ) (A LAV, UY,))
(VLAY )U(U,AV,)),
UAV), W(UAV,),

(

(UA

(VO (A, (UL )V, (A (UL),)

=(( V) W (A (U0 U7 o (V) Vi (A, (U3,) U3
(since(A); =(AA) A

= ()W (A (1) U)o (1) Vs (A (1) U3

(since U;,U,,V,and V, are unitary bimatrices)
=( hUi) (V <Az>FU2)
( (&) (U] wU;)

||
C

||
Wx»
—_
=
w*
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