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I.  Introduction

The wave equation is an important second-order linear partial differential equation which generally
describes all kinds of waves, such as sound waves, light waves and water waves. It arises in many different
fields, such as acoustics, electromagnetics, and fluid dynamics. Variations of the wave equation are also found in
quantum mechanics and general relativity. Historically, the problem of a vibrating string such as that of a
musical instrument was studied by Jean le Rondd'Alembert, Leonhard Euler, Daniel Bernoulli, and Joseph-Louis
Lagrange. In 1746, d’Alambert discovered the one-dimensional wave equation, and within ten years Euler
discovered the three-dimensional wave equation.

In recent years, many researches have paid attention to find the solution of partial differential equations
by using various methods. Among theseare the double Laplace transform, the double Sumudu transform [3-7],
differential transform method [15], various ways have been proposed recently to deal with these partial
differential equations, one of these combination is Elzaki transform method [8-14]. The Elzaki transform a kind
of modified Laplace’s / Sumudu, was introduce by Elzaki in 2011 and it is defined by

E[f (t)]:Tv f (t)exp(-t/v)dt =T (v). (1)

For E[f (t)]=T (), Wheref (t) isa functionfor all real numbers t > 0.

Where Elzaki transform defined over the set of function.
14

A= ©):3M, k,k, >0,[f (t)|<Me", ifte(-1)! x[0,)

the constant M must be finite number, K, k, may be finite or infinite.

I1.  Double Elzaki Transform And Double Laplace Transform
Letf (X,t) be a function that can be express as convergent infinite series andlet (X ,t) € R?, thenthe double

Elzaki transform is denoted by E , [f (X ,t)]and defined by

x t

E, [f (x,t):(uv)] uv”f (x,t)e (Uvjdx dt =T V), @

whereX , £ >0 and U, V are transform variables for X and T respectively, whenever the improper integral

is convergent.
Double Elzaki transform of the second partial derivative with respect to X is of form

E{—aZfa)((xz’t):(u } v”azf &, t) v v)dxdt v_|' e 5[ I—Zfa)((x ) udx }1

0
the integral inside the bracket is
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2
f(x,t T (u,t 0,t
J‘a ( ) dx: #4 (O,t)—uM
. ox? u oX

By taking Elzaki transform with respect to t for equation (3), we get adouble Elzaki transform in the form

, (3)

o (x,t) Tu,Vv) oT (0v)
E2|: axz ( ):|: U2 -T (O,V)—U ox . (4)
. _ o°f (x,t)
Similarly, we get double Elzaki transformof T as

o (x,t) T@uyv) v) aT (u,0)
E{T.(u,v)} —T (u,0)-v 5 O

The double Laplace transform of a function of two variables defined in the positive quadrant of the Xt -plane is
given by:

L [f (x,t):(p,s)]zTeprf (x,t)e™dx dt =F(p,s), (6)

whereX , t >0 and P, S are transform variables for X and t respectively, whenever the improper integral

is convergent.
Double Laplace transform of first order partial derivative definedas follow

of (x,t)
LXLt|: ox :pF(p’S)_F(Ois)’ (7)
Double Laplace transform for second partial derivative with respect to X is defined as

LXL{M} p?F (p,s)— pF(0,s) - F @) g
Ox 2 OX

Similarly, double Laplace transform for second partial derivative with respect to 1 is
o (x,t oF(p,0
LtL{%}—s F(p.9)-sF(p.0- 0 g

Double Laplace transformsof a mixed partial derivative with respect to X and t can be defined as

L, L, {M}z psF(p,s)—pF(p,0)—sF(0,s)—F(0,0). (10)
ox ot

Theorem (1): Considera functionf in the set A defined by

X+t
f (X,t)={f (X,t)eA|EI M, Kk, k, >0 such that |f (X,t)|SM ek i=12 and(X,t)eRf}
with double Laplace transform F(p,S), and double Elzaki transform T (u,v),

11
thenT (U,v) =uvF (u—,v—j, where M, k,, k, eR”

Proof: Letf (x,t) €A and k, <u,v <k, T (u,v):u2\/2”f (ux vt)e *Vdxdt,
00

Let 7=ux and A =Vt , we have
n. A

T V) =u¥? ”f (X Vi (“t)dxdt—uva (7, A { dend/l qu[l 1)

uv
Note:

The double Laplace transform and double Elzaki transform having strong relation.
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T@uyv)=LL (f (x ,t);[ul,le:qu (ul,vlj,or

T (p,s)=L,L, (f (x,t);[l,ED:ps F[iij (11)
p s p s

Definition (1):Letf (x,t) and g(X,t)be piecewise continuous functions on [0,00)and having double
Laplace transform F(p,s)andG (p,S) respectively, then thedouble convolution of the functionsf (X ,t)
and g (X ,t) exist and defined by

(f =*g)(x.) =[[f (@ A)g(x ~at - B ad B, (12)
L, L [(f **g)(x.t);(p.s) |=F(p.s)G(p.s), (13)

Theorem(2): Let f (X,t)and g(X,t)be defined in A and having the double Laplace transform F (p,s)
andG (p, s ) respectively, and also having double Elzaki transform M (u,v )and N (uU,v) respectively, then
the double Elzaki transform of the convolution of f (X ,t)and g (X ,t) is given by

Ez[(f **g)(x,t);(u,v)]:%M (uyv)N (u,v)
Proof: The Laplace transform of (f **g )(X ,t)is given by
L L [(f **9)(x,t);(p.s) |=F (p,5)G (p.s).

From theorem(1) we have

E, [(f **g ) (X, t); (U ,v)] =uvL L, [(f **g ) (x ,t);(p,s)],

11 11
Since M (u,v) =uvF (—,—), N@uyv)=uv G (—,—],then
uyv uyv

Ez[(f **g)(X,t);(U,V):|=UV [F (l EJG (E’EDZUV [M (U,V).N (U,V)}:%[M V)N @v)]

u'v u'v uv uv

I1l.  Applications
In this section, we assume that theinverse double Elzaki transform is exists.We apply the inverse doubleElzaki
transform to find the solution of the wave equation in one dimension with initial and boundary conditions.

Example (1): Consider the homogeneous wave equation in the form:
A2

U,=c" U, _,@19

with initial conditions

U (x,0)=sinx, U, (x,0)=2, @5)

and boundary conditions

U (t)=2t, U, (0,t) =cos(ct), ()

2
whereC 2(%) ,is T the tension, and P is its linear density. The quantity C has the dimensions of

velocity.
By taking the double Elzaki transform to Eq.(14) we get,

{T (uz,v)__l_ ©,0) v oT (u,O)}:C{T (uz,v) T (Ov)-u oT (O’V)}(N)
Vv ot u OX
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The single Elzaki transform of initial conditions gives

3
u oT(u,0
TWU0=——, ( )=2u2,(18)
us+1 ot
The single Elzaki transform of boundary conditions gives
2
oT(0v Vv
TOv)=272, Ov) _ 5 (19)
OX cA 21

By substituting (18) & (19) into equation (17), we get
Tuv) —c2T (UZ’V) =T (u,0)+v %—&T (Ov)—c&u w,then
X

V2

ul v? s
T (u’v)_(u2+1j(c2\/2+lJ+2ugv ,(20)

ApplyinginversedoubleElzaki transformof equation (20) gives the solution of wave equation (14) in the form
U (x,t)=2t +sinx cos(ct). (21
By taking the double Laplace transform to Eq (14) we get,

sZF(p,s)—sF(p,O)—W=c2(p2F(p,s)—pF(o,s>—%j @)

Thesingle Laplace transform of initial conditions gives

1 oF(p,0) 2

F 10 = ’ T T (23)

(p.0) p’+1 ot
The singleLaplace transformof boundary conditions

2 oF (0,s) S

FO,s)=— , = , (24

(0:5) s? OX s?+c? 9
By substituting (23)&(24) into equation(22), we get
(s*—c’p®)F(p.s) :sF(p,O)+W—c2pF(O,s)—c2 oF©.s) , then

1 S 2
= - . (25
(p.s) [p2+1J[52+c2)+ ps? =

Applyinginversedouble Laplace transform of equation (25) gives the solution of wave equation (14) in the form

U (x,t)=2t +sinx cos(ct). (26)

Example (2): Consider the inhomogeneous wave equation in the form:
u,-uU, =6t+2x, t>0. (27)

With initial conditions

U (x,0)=0, U, (x,0)=sinx, (8

and boundary conditions

U (0,t) =t?, U (0,t)=t*+sint, (29)

By taking the double Elzaki transform to Eq.(27) gives,

[T (u,V)_T 0.0)—v oT (U,O)}_{T uyv) T (Ov)—-u M}:@m%zﬁ/z,m)
v ot X

2 2
u
The singleElzaki transform of initial conditions gives
oT(u,0 u’
T u,0)=0, ( ): ——, (31)
ot u+1

Thesingle Elzaki transform of boundary conditions gives
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8T(O,v)_2\/4 v?

TOV)=06v>, +— (32
0v) OX v2+1( )

By substituting(31) &(32) intoequation (30), we get

vul o vi
————, then

u?+1 v?+1

ui?
u’ v?
T(u,v)=2u3v4+6v5u2+[ j( J.(SS)

u?+1)\v+1
By applyinginverse double Elzaki transform of equation (33) gives the solution of wave equation (27) in the
form
U (x,t)=xt?+t°+sinx sint. (34)
By taking double Laplace transform to Eq (27),we get

u2_y 2
{ }T(u,v)=6v3u2+2u3\/2—6v5—2\/4u+

sZF(p,s)—sF(p,O)—W—(ﬂ(p,s)—pF(o,s)—aFgf’S)}p632+ 2_s5)

P~ s

Thesingle Laplacetransform of initial conditions gives
oF(p,0) 1

ot p2+1
The single Laplace transformof boundary conditions gives

3! oF(0,s) 2!
Fos)=> , FO9 2,
S OX s® s +1
By substituting (36)&(37) into equation(35), weget
6 2 6p 2 s?—p?
(Sz—pz)F(p,S)=2—+—2——4——3+ > > then
s’p p’s st st (s?+1)(p’+1)
6 4 2 N 1

s'p p’s® (s?+1)(p”+1)
By applyinginverse double Laplace transform of equation (38) gives the solution of wave equation (27) in the
form

U(x,t)=xt?+t°+sinx sint. (39)

F(p.0)=0, , (36)

1 (37)

F(p,s)= ,(38)

Example (3):Consider the inhomogeneous wave equation in the form:
U,-U_ =-3%" (xy) e RZ2 40

With initial conditions

U (x,0)=e*+e”, U, (x,0)=e*+e*, 41

and boundary conditions

U (O;t)=2e", U, (0,t)=3e", 42

By taking the double Elzaki transform to Eq. (40),we get

F—sjz’v)—T(u,O)—v aT(u,O)}{T(u,v) T (Ov)-u c’)Ta()(?,v)}:_B( u2 ](Vz j,(43)

ot u? 1-2u )\ 1-v
Thesingle Elzaki transform of initial conditions gives
u? u? dT(u,0 u? u?
T @U,0)= +— ( ): + . (44)
1-2u 1-u ot 1-2u 1-u

Thesingle Elzaki transform of boundary conditions gives
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v ? oT(OVv ?
T@OVv)= (Ov) = , (45)
1-v OX 1-v
By substituting (44) & (45) intoequation (43), we get

u? ) v? u? \( v?
Tuv)= [1—2u ](1—v J+(1—u j(l—v ] )

Applying inverse double Elzaki transform of equation (46)gives the solution of wave equation(40) in the form
U (X’t):e2x+t X+t (47)
By takingdouble Laplace transform to Eq.(40), we get ,

) B _oF(p.0) ( . B _0F(0,s) ) _ -3
SF(p,8)~sF (p,0)- =~ (p F(p,s)-pF(05)-=— ]—( o2
The single Laplace transform of initial conditions gives
E(p.0)= 1 N 1 | 6F(p,0): 1 N @)

s(p-2) s(p-1) ot s(p-2) s(p-1)
The single Laplace transformof boundary conditions gives
F(O,s):# | aF(O,s): 3 | 50)

p(s-1) X p(s-1)

By substituting (49) & (50) in equation(48), weget

1 1
F(p,s)= + ,
(s-1)(p-2) (p-1)(s-1)
Applying doubleinverse Laplace transform of equation(51)gives the solution of waveequation (40) in the form

U (X’t):e2x+t X+t (52)

(51)

Example (4):Consider the inhomogeneous wave equation in the form:
U,=U_-3J +3,3

With initial conditions

U (x,0) =1, U, (x,0) =2sinx, (54)

and boundary conditions

U (0t)=1 U, (0,t)=sin2t, (s5)

By taking the double Elzaki transform to Eq.(53), we get,

[T(uz,v)__l_(u,o)_v 8T(u,0)} [T(UV) T (0w)- uaT(OvV)}_g]'(u,v)+312\/2 (56)
v ot u OX

The single Elzaki transform of initial conditions gives

oTu,0) 2u’®
T (u,0)=u?, At A , 57
.0 ot u’+1 0
The single Elzaki transform of boundary conditions gives
oroyv) &°
T0OV)= = , (58
0v) OX 42 +1 9
By substituting (57) & (58) into equation (56), we get
2 2 3
{u —vu523u2v }T(u V) =u +uzu—3:/1 ~v?- 4\2/\/2 1+13t12\/2then
oo [ ou? Y
TUuyV)=uv +(u2+1J[4\/2+1j (59)
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Applying doubleinverse Elzaki transform of equation (59) gives the solution of wave equation (53) in the form
U(x,t)=1+sinx sin2t. (60)
By taking double Laplace transform to Eq. (53), we get

S7F (p.9)-sF (p.0- D p7F(p,5)-pF(0.5)- T O aR(ps)+S e
The single Laplace transform of initial conditions gives
1 oF (p,0
F(p,0)=—, (0.9)_ (62
p ot p+1
The singleLaplace transformof boundary conditions
1 oF(0,s) 2
F@O,s)=—, = : 63
(©0:5) S OX s’+4 ©
By substituting (62)&(63) into equation(61) , we have
(Sz—p2+3)F(p£)=SF(QO)+§Eg292—pF(QS)—§E£9§2+§WmM
ot OX S
F(p,s):i+ ! 2 . (64)

ps | p?+1)\s?+4
Applying doubleinverse Laplace transform of equation (64) gives the solution of wave equation (53) in the form
U (x,t)=1+sinx sin2t.(9)

IV.  Conclusions

Double Elzaki transform is applied to obtain the solution of wave equation of one dimensional, the
result are compared with result of double Laplace transform. The wave equation in one dimensional under the
initial and boundary conditions, give similar results when we use the double Elzaki transform and double
Laplace transform.

References

[1]. Abaker. A. Hassaballa, yagoub. A. Salih, Elzaki, Elzaki transform solution for Klein Gordon equation of one dimensional,
ICASTOR journal of mathematical Sciences,(2014).

[2]. Abdul MajidWazwaz, Partial Differential Equations and Solitary Waves Theory, Higher Education Press Beijing and Springer -
Verlag Berlin Heidelberg (2009).

[3]. ArtionKashuri., AKli Fundo., RozanaLiko, Onduble new integral transform and double Laplace transform, European Scientific
journal, 2013.

[4]. Hassan Eltayeb., AdemKilicman, On double Sumudu transform anddouble Laplace transform, Malaysian journal of Mathematical
Sciences, 2010.

[5]. Hassan Eltayeb., AdemKilicman, A note on solution of wave, Laplace andheat equations with convolution terms by using a double
Laplace transform, Elsevier, 2007.

[6]. Hassan Eltayeb., AdemKilicman, A note on double Laplace transform, and Telegraphic equation, Hindawi Publishing Corporation,
2013.

[71. PmarQOzel.,.LOzlem Bayar, The double Laplace transform , January 2012,

[8]. remKiran G., Bhadane. V. H. Pradhan, and Satish V. Desale, Elzaki transform solution ofa one dimensional groundwater Recharge
through spreading, P. G. Bhandane et al int. Journal of Engineering Research and applications, I1ssN 2248-9622,Vol. 3, Issue 6,
(2013).

[9]. Trig M. Elzaki, Eman M. A. Hilal, Analytical Solution for Telegraph Equation by Modified Sumudu Transform“Elzaki Transform”,
Mathematics Theory and Modeling, Vol2, No.4, (2012).

[10].  Trig M. Elzaki, Salih M. Elzaki, Application of new transform “ Elzaki Transform” to partial differential equation, Global Journal
of Pure and Applied Mathematics, ISSN 0973-1768, Numberl (2011), pp. 65-70.

[11].  Trig M. Elzaki, Salih M. Elzaki, On connection between Laplace transform and Elzaki Transform , Advances in Theoretical and
Applied Mathematics, ISSN0973-4554 volume 6 Number1(211), pp. 1-11.

[12]. Trig M. Elzaki, Salih M. Elzaki, and Elsayed A. Elnour, On the new Integral transform “Elzaki Transform” fundamental
properties investigation and application, Global Journal of Pure and Applied Mathematics, ISSN 0973-1768, Number
4number1(2012), pp. 1-13.

[13]. Trig M. Elzaki, The New Integral transform “ Elzaki Transform” Global Journal of Pure and Applied Mathematics, ISSN 0973-
1768, Numberl, (2011), pp. 57-64.

[14].  Trig M. Elzaki, Solution of Nonlinear Differential Equations Using Mixture of Elzaki Transform and Differential transform Method,
International Mathematical Forum, vol.7, (2012), no. 13, 631-638.

[15].  YildirayKeskin, SemaServi and Galip Oturanc Reduced Differential Transform Method for Solving Klein Gordon Equations,

Proceeding of the world Congress on Engineering, WCE (2011). London. U .K.

DOI: 10.9790/5728-11163541 www.iosrjournals.org 41 | Page



