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I.  Introduction
In literature several authors have discussed a number of polynomials defined by their Rodrigue's
formula and gave several classes of linear, bilinear, bilateral and mixed multilateral generating functions.
In 1971, H.M. Srivastava and J.P.Singhal [1], introduced a general class of polynomial GTE“)(x, r,p, k)
(of degree n in x™ and in a) as

—a—kn
Gy (7, p, k) = ———exp(px") (" *1 D) (x“ exp(~px")} (1)
where Laguerre, Hermite, and Konhauser plynomials are the special case of (1.1).
In 2001, H.M. Srivastava [2], defined a polynomial set of degree n in x", @ and n by

—a—kn
0@, B ko) = ———exp(Bx")(x* (1 + xD)} {x“exp(~px")}, n € Ny (12)
A detailed account of (1.2) is present in the work of Chen et al. [3], who derived several new classes of linear,
bilinear and mixed multilateral generating relations.
Recently in 2008, Shukla and Prajapati [4], introduced a class of polynomial which is connected by the
generalized Mittag-Leffler function Eoy[:g (z), whose properties were discussed in his paper [5], is defined as

—5—an
AP (3, k,5) = EV4 (D, ()} (s + xD)Y" [x EL 4 {—pi, (0)}] (1.3)
where a, 8, v, § are real or complex numbers and a, k, s are constants.

In the present paper we have defined a polynomial by using the differential operator 8, which involves
two parameters k and A independent of x as
d
— ok =
0 =x“(A1+ xD,), (Dx dx) (1.4)
In connection with the differential operator (1.4), we define the polynomial M;’,‘l‘m“y‘f)(x; r,p,k, 1) of degree n
inx", &and A as

—&—kn

Mo (im,p ke, 2) = =07} (=px )™ 1) (") (15)
In (1.5), u,v,y, & are real or complex numbers and ],’,‘; (2) is the generalized Bessel's Maitland function for
w,v,y €EC;Re(u) =0,Re(v) = 0,Re(y) =0andq € (0,1) UN as

Vo (F)gn (=2)"
Jua (@) = ; m (1.6)
- _ Fr+qn)

denotes the generalized Pochhammer symbol, which reduces to g [T?_, (”r—l) , if

where (¥)gn = )

r@)
q € N. Certain properties of (1.6) have been discussed in [6].
Some special cases of the polynomial (1.5) are given below:

Mr(ll,o,l,a)(x; rp,k,0) = Grsa)(x, 7,p k) .7)
where G, (x,r,p, k) is defined by equation (L.1).
Mr(ll,o,l,a)(x; B, kn) = Tr(la)(x; T, B,k,n) (1.8)

wheretr'™ (x; , B, k,n) is defined by equation (1.2).
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My (s k,p,a,s) = APV (x; 0k, 5) (1.9)
where Ag”,‘l'ﬁ'y'q)(x; a, k, s) is defined by equation (1.3).

I1.  Linear Generating Functions
By appealing the property of the operator of Patil and Thakre [7],

w0 x* x
e {x“f(x)} = f T (2.1)

A -tk ) (1 = ehakyr
and
- —1482 e
e (x* ()} = x(L+ kt) "k £ {x(1 + ke)F) (2.2)
one obtains certain generating relations for the polynomials defined by (1.5) as given below:
Z MEYE (v, p, ke, D = (1 k) Y (—pxr)]! [ {x -y } ] (2.3)
n=0

(el < [k & # 0)
£ 1
D MU ek, 2 = (1 k) (o) Tote (14 koY | (24)
=0

(It] < |k|™; k #0)

NgE

m + n (ﬂ.v.y.g’) . u
( n ) Mq(m+n) (xrpk, A)t

3
Il
o

WY ¢__ x" 1
= (1 — kt)-m-G+2)/k Juy CPX") — ML (x (1 —kt) 7Dk, /1) (2.5)
Joa [=p{x(1 = kt)*)]
(n € Ny; |t| < |k|™'; k # 0)

m+n\ , (uvyé—kn), .
( n )Mq(m+n) (;rp k, D)E"
Joa (=px")

Joal= P{x(l + kt)t/kyr]
(n € Ny; |t| < |k|™'; k # 0)

NgE

3
Il
o

= (1 4 kt) " 1+E+D/k METT (x (1 + k)V*;7,p, K, 2) (2.6)

Proof of (2.5): From (1.5), we write

[oe]

m+n ( k) —&—(m+n)k
VoY,6 —KN , ,

> (M MG Gk, D = ) e i (pxT)O MO 17 (e

n=0 n=0

x—f —mk

—nkn n
e (pxwz o (o)

—f—mk
= T px expe 0™ (L (px))
Again by using (1.5) and (2.1), we obtain the genératlng relation (2.5).

x£
Proof of (2.6): Multiplying equation (2.4) by T o) and then operating upon both sides by the differential
v.,q

operator o™, we get

z {] (ﬂ ST (s, p, K, /1)} th =1+ kt)_lﬁ%em {xf/ﬁ'qy[p{x(l + kt)%}r]} @7)
) |

Now replacmg n by m in (1.5), we obtain
x{+mk
wvyd,... —_pm wy r
m!Wqu (7,0, k, 1) = 0™ (x4 [0 (px™)} (2.8)
Again replacing m by m + n in equation (2.8), we obtain

x§+mk +nk (wvy.8) )
(m + 1) s MU G, p, ke, 4) = 0 (17 (par))
v.q
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x§+nk
= 0" [0™{x{ /47 (px)}] = n! {]m M&E" (1, p, k, ,1)} (2.9)
v.q
Further replacing ¢ by (¢ — kn) in (2.9), we obtain
x$ (m+mnl) x5tmk
(uv,y.§ —kn) (wvy§—kn)
M (x;r,p,k, /1)} = M (r,p k1) (2.10)
Lf;’ (—pxm) " n! ]‘l/‘;’ (—px") q(m+n)
Substituting the value of equation (2.10) in equation (2.7) and using equation (2.8), we obtain
= (m+nl) xfthm vy f—kn)
nlo Jr(—pxr) atmim) Comp, k)
[ x€+kn . 1
=1 +kt)"F m! — M (x(1 + k2)s 7, p,k, 1)

Jug [=p{x(1 + kt)k)]
which gives the generating relation (2.6).

The theorem by H.M. Srivastava on mixed generating functions (cf. [8], p. 378, Th. 12), plays an
important role to derive several other generating relation for the polynomial M;‘,‘l‘”‘y“()(x; r,p, k, 1) defined by
(1.5).

Theorem 2.1:Let each of the functions A(2),B;(2)(j = 1,...,m), and z71C/(z)(l = 1,...,s) be analytic in a
neighborhood of the origin, and assume that

A(0).B(0).C",(0) #0( =1,...,m;l=1,...,5). (2.11)
Define the sequence of function

{glrm )}

A(z)ﬂ{[B(z)“f}exp<lecl(z>> Zg(‘” W)z (212)

where ay,...,, a,, and x4,..., x, are arbitrary complex numbers mdependent of z.
Then, for arbitrary parameters Ay Ay @nd yq,..., ¥, independent of z,

Z gl tm ) (e Loy xg + )ﬂ __40 [172, {[B; (D]} exp(Xi=; %,C1(£))
" Tl 1= (3 4B (/B (D] + Xy viC'i(D))

by

n=0
=t [uB@1ew (Z ylcl(o>;m,s en (2.13)
j=1 =1
By puttingu = 1,v = 0,y = 1 and g = 1 in the generating relation (2.3), reduces into the form
(1,0,1,8) .. n_ _§+a - _r
MO (s, p, ke, DET = (1— k)% exp [pxr {1 — (1 — kt) 7} (2.14)

n=0
The generating function (2.14) is equivalently of the type (2.12), with of course,

—-1=5=1,42)=1,B,(2)=B,(2) = (1 —kt) V¥, x, =p, C;(2) =px"[1— (1 - kt)_iand
(“)(p) = 'M(lolf (x;r,p,k,A);(n €N).
Thus applylng the above theorem to the generating function (2.14), one obtains
(1 = kg)~E+D/kexp[px’ {1 — (1 — kg)7/*}]

z M£1,0'1'€+6n) (x; r, p + un, k; /1 + vn)tn =

o =001~k 10 + v —wrw (1= k) 7} @19
where,
{=t(1— k) O/ kexplux™{1 — (1 — k)" };k %0
By setting ¢ by% (k # 0), in the generating relation (2.15), one obtains
d —_ -k 1 _ (1 — 7\/k
Zo M i b+ et = z)ix{%[ixv{i e z)-f}/]k} (216
Cv_here,

¢ = kt(1 =) kexplux™{1 - (1 =)}k # 0
By replacing ¢ by 1(Tg in the generating function (2.16), one immediately obtains the generating function
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[oe]

(1,0,1.E+68n) /. L @+ DED kexp[px{1 — (1 + )/*}]
Z(; M, C;rp+un,k, A +vn)t" = Tk B +v—ure (1 + )7 (2.17)
where,

{=kt(1+ O kexplux™{1 — (1 + )/ Yk #0
Again by setting § = —v — k and u = 0 in (2.17), one obtains
§+1 T
Z MEOHETEHI (s p ke, A+ vm)en = (14 k) T E exp [par {1 — (1 + k)F)] (2.18)
n=0
(t] < k|7 k #0)
when, v = 0, (2.18) readily gives us
E+A r

Z MO s p, ke, DET = (14 kt) ™ exp [par (1 — (1 + k)i)] (2.19)

n=0
(It] < |k k =+ 0)
The generating relation obtained (2.19) is the particular case of 2.4)atu=1,v=0,y=1andq = 1.
With the help of (1.8), the generating relation (2.15), (2.16), (2.17), (2.18), and (2.19) reduce to the
generating function (2.16), (2.19), (2.22), (2.24) and (2.51) of Chen et al. [3].

I11.  Bilateral Generating Functions
A class of function {S,, (x) n =0,1,2,...} (see [8], p. 411) generated by

Z ApnSmant™ = (6 O{g (6 O™ S (R(x, 1)) G.D

wherem > 0 is an mteger the coefficient A, ,, are arbitrary constant and f, g, h are suitable functions of x and
t.
Numerous classes of bilinear (or bilateral) generating functions were obtained for the function S, (x) generated

by (3.1).
Theorem 3.1: (cf. [8], p. 412, Th. 13) For the sequence {S,, (x)} generated by (3.1), let

Fx,t) = Z a,S, (GOt (3.2)

where a,, # 0 are arbitrary constant, =
Then,
F [h Yt ] = i S n 33
FGOF |G 7505] = ), 51608 (33)
where g, (y) is a polynomial (of degree n in y) defined by
o, () = Z akAk,n—kyk (34)

k=0
By using the theorem 3.1, we obtain the bilateral generating function for the polynomial (1.5) as

z MY (7, p, ke, D)y (Y)ET

n=0
£4A H.Y _ r
— (- kt)‘— AP 21—kt Fye(1 - k)1 (3.5)
o= p{x(l - kt)_z}r
where,

FOot) = ) (@M% r,p, e e

Proof of (3.5):With suitable replacement in theorem 3.1, we obtaln

z METD (1, p,k, ) g, (IE" = Z MY (1, p, ke, A) Z (@n )"t
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[oe]

- Z @ )" z (MY MO s,k D)

m
Maklng use of generatlng relatlon (2.5), yields the bilateral generating function (3.5).
Particular cases of 3.5:

@i Ifweputu=1v=0y=1,1=0,gq=1¢=a and a =y in (3.5), which in conjunction with the
generating function (cf. [1]),

a T 1
2 ("), pdor = (1 - k™ exp [px (1 - (1~ k0B 65 {x( — k) E K} 36)
n=0

and the use of (1.7), we get bilinear generating function obtained by Srivastava and Singhal [1],

Z G (x, 7, p, k)a, )" = (1 — kt) Fexp [prri-a- kt)‘i}] Flx- kt)E, yt(1 — k)] (37
n=0
where,

F(xt) = Z 162 (7, p, KL

(ii) Again, puttlng pu=av=F—-1px" =p,(x),§ =6,k =a,1=sanda = pin (3.5), which in conjunction
with the generating function (cf. [4]; p. 26. Eq. (1.6))

m+n\ ,(aBy.8), . . m
Z( n )Aq(m+n)(x,a,k,s)t

m=0

s EV(p(0))

£ [pe et —aty )]
and use of (1.9), We obtaln a new bilateral generating function for the polynomial defined by Shukla and
Prajapati [4] as

BY.0
> AL G a k), 00

n=0
v.q
I )
E”[pk{x(l—at) ]

=(1-at) ™ a

1
ALPTI (1 — at) a5 a,k, 5 (3.8)

Flx(1- at) s, yt(1 - at)™| (3.9)
where,

Fx,t) = Z @0n ASPTD (x; 0, ke, 5)En

In 1990, Hubble and Srivastava [9] generalize the theorem.

Theorem 3.2:Corresponding to the function S, (x), generated by (3.1), let

Oulx v, t] = Z 0,5, COLE™ (", (a, # 0) (3.10)
n=0
where A is an arbitrary (real or complex) parameter. Suppose also that
min {m,n}
_1)k m—k , n—k
gm,n (Z: w, X) = Z k am—kAm—k,n—kZ w Sm+n—2k(x) (311)
k=0
Then,
(A+m) m _ zt
Omn(Z 0, X)Ly ()" = exp(—t)f(x,w)0y |h(x, w),y + t'g(x ) (3.12)

m,n=0
Provided that each member exists.
In view of the equation (2.5) and (2.6) and the well known identity (cf.[10], p. 142, Eq. (18); see also
[8], p.172, prob.22(ii))

_tL(a)(x + t) — Z L(a+n)( )( t)n (313)
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which follows immediately from the Taylor's expansion, since

DI {e LY (1)} = (~1)"e L™ (x) (3.14)
Thus, above theorem 3.2 yields,
Corollary 3.2.1: If

Dylx,y,t] = Z anM;ﬁ'v'y'f)(x; r, 0.k, A)Lg\’,H")(y)t", (a, #0) (3.15)

n=0
and

min{m,n}( 1)k
- +n—2k - - VY
Y,z 0,x) = Z T(m nrlk )am_kZm kwn kM;’éﬁﬁZk)(x; T, 0,k 1), (3.16)
k=0

then,
> Wz, 0L e
m,n=0

£+a Y (—px™) 1 zt
=1 —kw) *et J a 7P oy [x (1 — kw) k,y +t, m)] , (k # 0). (3.17)

JET [=px(1 — k) 7]

Corollary 3.2.2: If

Exvlx y, t] = Z anMéfl'v'y'f_k")(x; rp kDo), (a, £ 0) (3.18)
n=0
and
min{m,n}( 1)k
_ +n—2k k- v,y & —k(m+n—2k)
Moy = Y (MR g gkl g, (319)
k=0 '
then,

> Ao DL @)
m,n=0

Jiq (=px")
T I—pla( + k) /Fy

= (1 + kw) 1HE+/k gt ), k=0). (320

1 zt
2y (1 + k) y + ¢,
o [+ + kot + e

Particular cases of Corollary 3.2.1
(i) By using (1.7), which in conjunction with (3.6) yields the result obtained by Hubble and Srivastava [9],

> W, 0L Gy

m,n=0
= (1 - kw) " exp[px" {1 — (1 — kw) ™/} — t|dy[x(1 — kw) ¥,y + t,2t/(1 — kw)]. (3.21)
(ii) By using (1.8), which in conjunction with the generating function (cf. [3]; p. 348, eq. (2.8)),

z (m + n) Tr(:-I)-n (1, Bk, mt"

n
n=0
1
= (1 — kt) ™™~ @m/kexp[Bxm {1 — (1 — kt) /%3]t {x (1 — kt) &;7, B, k, 1}, (3.22)
we get
> Wz, 0L )
m,n=0
= (1 — kw)~@D/kexp[px {1 — (1 — kw) "/*} — t]dy[x(1 — kw) V5, y + t, 2t /(1 — kw)]. (3.23)

(iii) By using (1.9), which in conjunction with (3.8), yields the generating relation
> Wz, 0L e
m,n=0

E (i (1))

— (1 _ aw)—(6+s)/ae—t , —
N [p (1 — aw)~1/a}]

Oy [x(1 — aw)V4,y + t,2t /(1 — aw)] (3.24)
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Particular cases of Corollary 3.2.2:
(i) By using (1.7), which in conjunction with the generating function (cf. [1]; p. 239)
a r 1
z (™ FM) G G, p It = (14 k)™ rexp[par {1 = (1 + k)R] 650 (x(1 + ko)E, 7, p, K}, (3.25)

n m+n
n=0

we get the result obtained by Hubble and Srivastava [9],

A (2,0, )L™ ()™
m,n=0
= (1 + kw) ™ *exp[px" {1 — (1 + kw)/*} — t]|Ey[x(1 + k) V¥, y + t, 2t /(1 + kw)] (3.26)
(i) By using (1.8), which in conjunction with the generating function ([3]; p. 359),

Z (™) i, B ke

n

n=0
1

= (1 + kt)~1+@m/kexp[Bxm {1 — (1 + kt)*}|e O {x(1 + kt)i; 7, B, k, ), (3.27)
we obtain,
> Aao 0L e
m,n=0
= (1 + k) 1@ /kexp[Bx7 {1 — (1 + kw) ¥} — t]Ey [x(1 + ko) ¥,y + ¢, 2t /(1 + kw)]. (3.28)

(iii) By using (1.9), which in conjunction with the generating function ([2]; p. 26),

m+n\ ,(apys-an), . n
Z( n )Aq(m+n) (x;a,k, s)t

n=0
Ey o (0} 1
=1+ at)_H_ i A(a fiy.6) {x(l + at)a;a,k, s}, (3.29)
E [pefx(1 + at)e)]
we obtain,
> Aua oL o)
m,n=0
EV:Q{p x

=(1+aw)” e~ P} Evlx(@ + aw)V, y +t, 2t /(1 + aw)|. 3.30

(1+ aw)~+G+/agt = wlx( ey +t,2t/( ) (3.30)

EL T [ fx(1 + aw) /o]
The results (3.23), (3.24), (3.28), and (3.30) are believed to be new.

Further we use to recall here the theorem of (see [4]) to obtain another bilateral generating relation as
follows:
Theorem 3.3:1f sequence {4, (x): u is a complex number} is generated by

Z Vi Buan GO = 6(x, ){ (x, )} A, (P(x, 1)). (33D
where y, ,, are arbitrary constants and 6, ¢ and v are arbitrary functions of x and t.
Let
Pyt = ) 8y COL, 8, %0 (3.32)
q is a positive integer and v is an arbitra;y complex number, then
> q
B CORE, OE" = 6Cx, (b, 0) 44, [0,y [ | (3:33)
n=0
where R (y) is a polynomial of degree [n/q] in y, which is defined as
5]
Rz,v (y) = Z yv+qk,n—qk Sv,k yk (334)

1
In view of the relation (25), if u=my = (m ), 8 ) = MET D (1~ k) E ; 7,p, kA,
(x,t) = 1,0(x,t) = (1 — kt) ™= CEDK I (—pxm) /1,7 [-p{x(1 — kt) "%} Jand Y (x, t) = x(1 — kt) /%,

DOI: 10.9790/5728-11165563 www.iosrjournals.org 61 | Page



A Class of Polynomials Associated with Differential Operator and with a Generalization of Bessel ...

Then
Z MU ey, Je, DRE, ()L
E+A Y xr 1
= (1 - kt)_m—T o ]v,q( p ) _l cDb'y [x(l _ kt)_z;ytb] (335)
Joq [=p{x(1 — kt)"k}]

where,
®,,[x, t] Z SUnM;’(‘UVJ;’;'?(x; 7,0,k D", (8,, #0)

(n/b]
_ v+n k
Ry () = Z (v+bk) Suiy"

k=0
is a polynomial of degree [nn/b] in y and b is a positive integer and v is an arbitrary complex number.

IV.  Generating Functions Involving Stirling Number of Second Kind
In his work Riodan [11], denoted a Stirling number of second kind by S(n, k) and is defined as
k

sk =y, 1 (4 (1)

so that, =
o= {nzs
S(n,1) =S(m,n) =1 and S(n,n —1) = ('21) (4.3)

Recently, several authors have developed a number of families of generating function associated with Stirling
number of second kind S(n, k) defined by (4.1).

To derive the generating function for M;;;l,v,y,z)(x; 7,p,k,A) defined by (1.5), we use the theorem of
Srivastava [12] as

Theorem 4.1:Let the sequence {&, (x)}n—o be generated by
> (M) 0 = F D900 () 8

k=0
where f, g and h are suitable functions of x and t.
Then, in terms of the Stirling number S(n, k) defined by equation (4.1), the following family of generating
function

Z o6 s~ (o) = (=) Z KIS )E ()7 45)

holds true prowded that each member of equation (4.5) exists.
The generating function (2.5) and (2.6) relates to the family given by (4.4). Now by comparing (2.5) and
(4.4), it is easily observed that

Ty (—=px")
f(x t) = (1 - kt) m-G+A)/k ‘lj;’[ p{x(l _ kt) 1/k}r]

glx,t) = (1 —kt),h(x,t) =x(1 — kt)“
and

&) = MY 6, k)
Then the equation (4.5) of theorem 4.1, yields the generating function

k
Z MG (1 + k)5, p b, ) (5 +Zkz)

Y [—p{x(1 + kz)~Y/ky"]
Joy (=px™)

— (1+k )({+/’l)/k Vq

Z KIS, OME" ) (s v, p, K, )7 (4.6)

(n€N0,|Z|<|k| Lk #0)

Replacing z by — and x by ————the above equation immediately yields,

l/k
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z M;’;'V'V'f)(x; r,p,k,1)z*
k=0

—¢42 Ty (=px7) v d) - ‘
=(1—kz)* Z kLS, k)MY (x(1 —k2) 57, p,k,2) (1 - kz) 4.7)

v [=p{x(1 = kz)™ k}r
(n € Ny; |z| < |k|™1;k # 0)
Similarly, theorem 4.1, applied to the generating function (2.6), would readily gives us the generating function

vy §—kn) 1/k z_y*
Z kMY (et = k)5, p kD) (727)

V(= p{x(l — k2)' /¥y
Ty (—=px")

= (1 — kz)!~E+D/k v Z kLS, MY ™ (s 1, p, k, )2 (4.8)
(n€N0,|Z| < [k|™% k # 0)

Thus for replacingz by —a nd x by ——— the above equation immediately yields,

(14kz )1/k
Z an(Hvyf k”)(x; r,p, k, A)Zk

k

WY ¢ r
]vq( px) ) (49)

E+1 " 1
= (1+kz) % : - Z kLS(n, OMYT S (x(1 + k), p,k, 2) (
o [—p{x(1 + k2)k} 1 1=0
(n € Ny; |2| < |k|™%; k # 0)

1+ kz
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