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Abstract : In this paper, the study of evolution equations with two independent variables which are related to
pseudospherical surfaces in R3, is extended to evolution equations with more than two independent variables.
Equations of the type
oku oFu

utzlp(u,ux,........,ﬁ,uy, ......... 'W)
are studied and characterized. Some features and results on properties of these equations are given via this
study.
Keywords: Evolution equations, Pseudospherical surfaces, Riemannian manifold, Solitons and differential
equations.

I. Introduction

As well known now, he study of non-linear evolution equations has been closely related to the study of
soliton phenomena. The traced properties of 2-dimensional (one spatial variable and the time variable) soliton
equations: such as having Backlund transformation [2 — 10, 14, 21,26]being solvable by the inverse scattering
method [1, 7], having infinite number of conservation laws [7,22], satisfying the painleve [9] and describing
Pseudospherical surfaces[5,12,15 — 21]; have been under extensivem studies till now. The interrelations
between these properties also are well established, [3,11, 14,19]. However, in higher dimensions, the studies of
solitons [13,23 — 26], accordingly of the non- linear evolution equations with two or more spatial variables are
less developed and remain one of the interesting present and future field of studies .In fact the studies in higher
dimensions take the form of studying each single traced property in itself, then searching for relations to other
properties, [7,9,19,22]. From geometric point of view, the properties of describing Pseudospherical plane as
well as Backlund transformations interest us more. In a previous study, [12], EI- Sabbagh et al showed what
necessary and sufficient conditions for the evolution equations

o*u o%u
Uye = W(U, Uy, Uyy, - SR s Uy, Uy ) e oo =
To describe a two-parameter3-dimensional Pseudospherical plane (P.S.P) in R®, (i.e 3-dim plane with constant
sectional curvature -1 isometrically imbedded in R®).
In the present paper, we carry a similar study for other types of evolution equations with two or more spatial
variables which have the form
aku ak'u

U, = y(u, Uy, Uyy, ... e 37 o Uy Uy e ’ayk') Q)
In section I, we give necessary definitions and notations to lay the ground for the main study in section IlI,
where conditions on equations (1) to describe(n, &) 3-dim. P.S.P in R® are given. Some features and comments
are also given.

I1. Basic Notations And Definitons
For the present paper to be self contained, we give a simple review of needed geometry. Let M be an n-
dimensional Riemannian manifold with constant negative sectional curvature K isometrically imbedded in the
(2n-1) Eculidian spaceR?"~!.The dimension (2n-1) is the least possible dimension so that an isometric
imbedding can exist[7.19]. Let e, e,,...,e,,_; be an orthonormal frame on an open set of R?"~!so that at
points of M,eq, e, ..., e,are tangents toM.
Let w4 be the dual orthonormal coframe and consider w,g defined by

deA = [OIN:15:]

Thus for R2"~1 we have
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dwy, =Z®B/\‘DBA , Opg F gy =0 @)
B

dogp = Z Opc Aoy withl <A B,C<2n-1 3)

C
Restricting these forms to M we have o, = 0 ,50(2) gives withn+1 < o,f,y < 2n—1and1 < I,],L <
nl
dwa=ZwIA(Dm=0 4)

I
J

d(l)]] = Z Oy, A (DL] + Z ®pq A (l)a] (6)
o

L

from(3) we obtain, Gauss equation

andCodazzi equation

d(Dla = Z [CUYN N Waq (7)

A
Mhas constant sectional curvature K if and only if its curvature 2-forms have the form

Q]] = dﬂ)]] - Z (DIL A (DL] = _K (Dl A (D] (8)
L
The normal curvature forms of M are

Qup = Z 0y Aoy (9)

I
While its first fundamental form is I = X;(w;)?.

For our purpose in this paper, we write these equations when M is a 3-dimensional submanifold with constant
sectional curvature K = —1(i.e. pseudo spherical 3-plane in R®).
These equations take the forms

do; =0, Ao, + 05 Ao;
d(DZ =_(D4/\(D1 +(D6/\(D3
do; = —0; A ®; — 05 A ©,

)

I

do, = 01 A, } (10)
dos = 01 A 03 |

dog = 0; A o )
where we have written
o4 =0 1205 = 013, and
b =23 with o; = —; ,,j=123, ;=0
We shall recall here the definition of a differential equation to describe a pseudospherical surface, introduced
in [6.12] and modify it in order to suit our purposes here.

Definition 2.1.
A differential equation E- for a real function u(x,y,t) describes a 3-dimensional pseudospherical plane in R®
(simply p.s.p.) if it is the necessary and sufficient condition for the existence of differentiable functions f;, 1 <
a<6and1 <i < 3,depending on u and its derivatives, such that the 1-forms

mazfaldx+fu2dy+fu3dt (11)
satisfy the structure equations of a 3-plane of constant sectional curvature —1 in R> i.e. equations(10).
Definition 2.2.
We shall define such 3-dimensional P.S.P to be a two-parameters 3-dimensional P.S.P f3; = fi;=mnand f;, =
fio= &, with nand & constant parameters. In Fact, one can see that when u(x,y, t) is a generic solution of E, it
provides a metric defined on an open subset of R3, whose sectional curvature is -1 and the lengths of the vector

fields ;—Xand;—ysatisfy [&2=> w2, |%|22 &

- k'
1. Equations Of Type u, = Y(u, iy, ..., 5 , Uy, .. ,:y,‘:)
To study equation (1).we first write
k
Zo= U, Z; = Uy, Zy = Ugy, e ooe ) Zi gTia”d
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ak' .
Zy = Uy, Zy = Uy, e e e, Zip = F‘(’.thus equation(1) becomes

Zye = Y (Z0)Z1s eor s Zigy Z1ty ooe ey Zie') (12)
We shall consider equation (12) with the following assumptions
Zipy = Zyy = 0

Zyy = ziy = 0 for 1<i<k,1<i'<K (13)
where the comma denotes partial differentiation with respect to the shown variable. Now consider the following
ideal I of forms on the space of variables x,y,t,2g, Z1, <+« vee -5 Zk, Z11, Zg1y we veey Ze't
QideiAdt_Zi+1dXAdt, OSISk_l

Q =dzy Adt— zy,dyAdt, 0<i <k —1
Q =dzy AdxAdt+dz, AdyAdt
Q=dz; AdxAdy —ydxAdyAdt
Note that assumptions (13) mean that u has no (xy) terms. Now, if we apply Cartan-Kahler theory, [6] for
equation (12) and using the notation above we can obtain the following result which relates solutions of the
differential equation (1) with integral manifolds of the ideal I formed by the forms in (14).
Proposition 3.1
The ideal 1 is a closed differential ideal. Moreover, if u(x, y,t) is a solution of equation (1), then with the given
notations, the map
(I)(X, Yr t) =( X, y' t' Z0 (X: Y; t): Zl (X: y1 t)! ey Zk (X, y' t)' Zl'(X' y' t)v ey Zk'(Xv y' t)) (15)
defines an integral manifold of I Conversely, any 3-dimensional integral manifold of I given by
d(a,b,c) = (x(a, b,c),y(a,b,c),t(a,b,c),z,(a,b,c), ...,z (a,b, c))
withdx , dy and dt are linearly independent, determines a. local solution of equation (12).
Proof:
It is easy to show that I is a closed differential ideal, where
dQ; = Q4 Adx el, dQ; =Q; 1 Ady el
dQ, =0 €l, dQ=-dyAadgkAadyAdt andalso

1)

dQ = Wy, dzy Adx Ady Adt— \yZldzl AdxAdyAdt—....— \qudzk Adx Ady A dt— \|/Zl,dzl- Adx A dy
/\dt—---------—\qu' dzy Adx Ady Adt
From equation (14) we have
dQ = —\VZOdX/\dy/\ Q) — \;/ZldxA dyAQq — - —\qudyAQk - \yzrdxA dy AQqr—oeeee — Vo dAa

Q, €lthendQ € 1
Also, suppose u(x,y, t) is a solution of (1) we need to show that for ¢ defined by (15), we have ¢*I = 0, where
¢* is the pullback map of ¢ . From the definition of ¢ one can easily see that
O =0 , ¢d'Q=0

¢ =0 , ¢'Q; =0thend'I=0
Conversely,sectioning these forms in I,one can show that the map

¢: (a,b,c) = (x(a,b,c),y(a,b,c),t(a,b,c),zy(a,b,c),,2ze(aDb,c))
is a solution of equation (12). i.e. if this map ¢ is an integral manifold of I such that dx A dy A dt= 0, then we
locally have (a,b,c) = g(x,y,1t).
Takingpas ¢ = pog weget ¢p*Q =g ¢’ =0
B =g" 0" =0
Similarly $*Q, = 0 and $*Q = 0 so we can write
dz; Adt — z;,;dxAdt =0, 0<i<k-1
dz; Adt— zy,,dyAdt=0 0<i <k —1

and(_ZO,t +y(X V.t 2, Zq, yZio Z1 0 Zk'))dX AdyAdt=10
S ith _ _ _ aku _ _ ak'u
o, Withzy =u, 2y =uy, - I = S0 % = Uy, ,---,zk-—m

the function u(x, y, t) is a solution of equation (1).

Now to characterize equation (1), we first give the following result:

Lemma 3.1

Let zo, = w(zZg,2q, Zio Zyy e, Zye),be a differential equation which describe an (n, &) 3-dirnensional
P.S.P with the associated 1-forms o, = f,; dx + f, dy + f,3dt,a = 1,2,...,6 where f; and y are real
differentiable (C*) functions defined on an open connected subset U c RK*K'+1 with no explicit dependence on
%,y and t.Then
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fll,zi = le,zi = fZl,zi = fZZ,zi = f51,zi = f52,zi = f61,zi = f62,zi =0 ’ 1<i<k

fll,zkr = f13,zkr = fZl,zkr = f23,zkr = f33,zk/ = f43,zk/ = fSl,zk/ = f53,zk, = f61,zkf = f63,zkf =0
f33,zkr_1 = f43,zkr_1 =0 }(16)
le,zk = f13,zk = f22,zk =f23,zk = f33,zk = f43,zk =f52,zk = f53,zk = f62,zk = f63,zk =0
f33,Zk_1 =f;|‘3,zk_1 = 0

fhizo + fong + fhing + Forzg ¥ fSing + 20y + feg + fo2g # 0

In U, and
K'—1 k-1
=D tifi + ) Beifian = W — b + e + g (17)
i'=0 1 i=0
“Vfirag ) Zeifian = fon — fiafa + firfis — (18)
&
~Vfizag ) Zeurfisn, =& — fiafin + frafis — & (19)
k'-1 =0 k-1
=Dt + D Fafura = i — iz + e — i (20)
i'=0 1 i=0
—VYfo1, T+ Z Ziy1f232, = f11fa3 = Mfiz + fer i3 = fes (21)
o
—Vfo2z, z Zi’+1f23.zir = fizfaz —=Mfiz + ferf33 — fe3 (22)
firfsa - fiafs1 = fazfer - {2}[62 (23)l 0
Zzi+1f33,zi = fufss = fisfs1 + farfez = fazfer (24)
e
Z Zi’+1f33,zir = fiafss = fisfsz + faofes = fasfe2 (25)
ff- fnfi = 0 26)
Z Zi+1f43,zi = fithis — fisfa (27)
2
Z Zi’+1f43,zir = fizfos — fisf2 (28)
- Z Zi’+1f51,zir + ZZHlfSZ,Zi = &fin — nfi2 (29)
i'=0 - i=0
—VYf51,2 +Zzi+1f53,2i = fi1fzzs — nfi3 (30)
Z
—VWfs2z, Z Zi’+1f53,zir = fi2fsz — Efis 3D
k'-1 = k-1
- Z Zi’+1fe1,zir + zzi+1féz,zi = foifsz — fa2fn1 (32)
i'=0 - i=0
“forng + ) Fraforn = forfis — e (33)
i=0

DOI: 10.9790/5728-1121102111 www.iosrjournals.org 105 | Page



Pseudospherical Planes and Evolution Equations in Higher Dimensions |1

~Vfizay + ) Zifian, = fafi — (34)
i'=0
with the assumptions (13).
Proof:
In the space of variables (x,y,t,2zg,2q, ,Zy, Zyn, o+, Zye) We consider the ideal I generated by Q;, Qy, Qy,

and Q defined by equations (14) with v given by equation(12) It follows from proposition (12) that &; = Q, =
Q, = Q = 0,when restricted to each integral manifold of E.

Hence, for zy, 24, ... ., Z, Z1) - .., Zje SAtiSfying (12), we have
dz; Adt = z;1dx Adt, i=01.....,k=-1
dz;y Adt = zpdy Adt, i'=201,....,kK' - 1} (35)
dzoAdxAdy — ydxAdyAdt = 0

At the beginning by using assumptions (13) and (16) we have
The 1-forms w, satisfy the structure equations (10) therefore,

K’ k
Z fi1,,dz; Adx + Z fi1,..dzy Adx + Z fi2,2,dz; Ady + qulz_,dzif Ady + Z fi3,2,dz; A dt
i=0 i'=0 i=0 i'=0 i=0

K’
+ Z fi3,2,dzp A dt

= (T]fzz Ef1 +&fs1 —nfs2)dx Ady + (Nfa3 — fasfa1 + fs1f33 —nfsz)dx Adt
+ (Ef23 — fasfaz + fs2f33 — Efs3)dy Adt Q)

From the above equation(*)we can obtain equation (17),(18) and (19) by simple calculations and by using
equations (35)

In similar way by using assumptions (13) and (16) we have thel-forms o, satisfy the structure equations (10)
then

k k' k
D Fann A+ Y foyy dzg Adx+ ) fra,d A dy
=0 i=0 i=0

k’ k k'
D frn e Ay + ) fragdz Ade+ Y fr dz Ade

i'=0 i=0 i'=0
= (f12 +&f 11 + &f 61 —fe2)dxAdy + (—nf 13 + fasf11 + ferfzs —fe3)dx A dt
+ (=&f13 + fasf12 + ferf33 — Efe3)dy Adt (%)

From the above equation(x*)we can obtain equation(20),(21) and (22) by simple calculations and by using
equations (35)
In similar way by using assumptions(13) and(16) we have the 1-forms o satisfy the structure equations(10) then

Z fir 42 A dx+ Z fov, Az A+ Z}%Z,Zidzi Ady

+Zf322 dz, /\dy+Zf33Zdz Adt+Zf33Z dz; Adt

= (—fs1fi2 +f52f11 fo1fzz +f62f21)dX/\dY+( f52f13 + fssfiz — foafoz + fr2fe3)dy Adt
+(=fs1fiz + fs3fir — ferfoz — fesfor)dx A dt ()

From the above equation(**+)we can obtain equation(23),(24) and (25) by simple calculations and by using
equations (35)
Similarly by using assumptlons(13) and(16) we have thel-forms o, satlsfy the structure equations (10) then

medz /\dx+Zf412 dz; /\dx+Zf422dz Ady

+Zf422 dz; Ady+Zf43Zdz /\dt+Zf432 dz, A dt
= (fufzz f12f21)dX/\dY+ (f12fz3 f13fzz)dy/\ dt + (firfos — fisfo)dxAdt ()

From the above equation(-)we can obtain equation(26),(27) and (28) by simple calculations and by using
equations (35)
Similarly by using assumptions (13) and (16) we have the 1-forms w,satisfy the structure equations(10) then
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k K’ k
Z f51,2,dz; Adx + Z f51,2,d2y Adx + ZfSZ,Zi dz; A dy

+Zf522 dz, Ady+Zf532dz Adt+Zf53Z dz, A dt
= (fifsz — f12f31)dX/\ dy + (f12f33 f13f32)dy/\ dt+ (f11f33 — fisfz)dxAdt ()

From the above equation(--)we can obtain equation(29),(30) and (31) by simple calculations and by using
equations (35)
Finally by using assumptlons (13) and (16) we have the 1-forms o, satlsfy the structure equations (10) then

mezdz AdX+Zf612 dz; Adx+Zf622dZ Ady

+Zf622 dz; Ady+Zf632dZ Adt+Zf63Z dz; A dt

= (fo1f32 — f22f31)dX Ady + (f22f33 f23f32)d}’/\ dt+ (fa1fa3 — fosfz)dxAdt ()
From the above equation(--)we can obtain equation(32),(33) and (34) by simple calculations and by using

equations (35)

Now by taking the z, derivative of equations (24) and (27), and the z,.derivative of equations (25) and (28), we
obtain by using equations (16), f33,, . =fa3, =0 f33,, =fazz., = 0

Hence we have obtained the relations (16) and relations from (17)—(34).Finally, we observe that
iffSl,zl' f52,21' f61,21and f‘62,21

vanish simultaneously, then the equation(12)cannot be the necessary and sufficient condition forwato satisfy the
structure equations (10)

for a 3-dimensional P.S.P.This completes the proof of the lemma]

Now, based on the above lemma, we will try to formulate the following in a simple form. So, we introduce these

notations
L, = f11f51,z0 - f51f11,z0 ’ L, = f21f61,20 - f61f21,zo \I
Hy = fitfirz = fs1fs12 Hy = fo1 o100 = for1So1 .20 $ 36)
Pl = fil,ZofSl,ZoZo_fsl,Z()]Cll,Z()ZO ’PZ = fél,ZOfél,ZOzO_f61,20f21,2020 I
Ml = f521,20_]c121,20 ) MZ = ](‘621,20_f221,20
and
K—2 K—2
A = Z Zi+1f33,zi ) A; = Zzi+1f43,zi (37)
i=0 i=0
Also, we consider the following
L= lefSZ,zo_ fSZle,zO , Ly = f22f62,20_ fezfzz,zo \I
H, = lele,zo_ fszfsz,zo , Hy= fZZfZZ,ZO_f62f62,ZO $ (38)
P = le,zofSZ,zozo_f52,20le,ZOZO ’ Pﬁ = f22,20f62,2020_f62,ZOfZZ,ZOZO |
Mi= fio fRae o+ My= fhae fha )
And
K'—2 K'—2
B, = Z Zi’+1f33,zir ’ B, = Z Zi’+1f43,zir (39)
i'=0 i'=0
Moreover whenever L;#0 , L,#0, L;=0and L,= 0, we define R and Ri'respectively as follows: Rk=1 = 0
k=1 j+1
j — j+1 R
R=-) 7Ry, +f33,z]-+1(H1 + Hp) + faz, (i + Hy) + L_l(zlLl,zo +1H,)

i=0
1
(Zle 20 FMHz) +— L (A1)zj+1(ﬂM1 — 7P + L_Z(AZ)ZJ'“ (M, — z,P,)(40)

Where OSjsk 2and RK-1 = 0

R]+1
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k' -1 vy
R=-) z R+ f (Hy + Hy) + fis,, (Hj +H)+R] (z,Ly,, +nH;)
= i'+10z, 3327, W1 2 LEERIAS 1'L1,zo TNy

i'=0
, , 1 , ,
(21 'Ly 20 T nHz) + (31) (TIM1 - Z1’P1) + L_'(Bz)zj’+1 (an - Zl'Pz)(41)
2

Where 0< j’< k' — 2 .Thus we have this theorem

Theorem 3.1

Let f,1, fuzand f,3, 1 <o< 6 be differentiable functions of z,z;,zy, ..., Z, Z Such that the relations (16) hold
andf31 =fuu=Mfs2 =frp =& two non zero parameters. Suppose H;L;#0, H,L,=0,H;L;#0and
H,L,# 0.Then the equationzy, = y (2,21, 2y, .., Z, Z) describes a two-parameters 3-dimensional P.S.P with

associated 1-formsw, = f;dx + f,,dy + f,zdt , 1 <as 61f and only if the function y is given by
k-2

k—1

1 1 1 1 .

V=D Ea )+ )+Z O R G R DI
i=0 i=0

i=0

RJ +1

k-2 k-2

+ - <_Z1ﬁ+ féi - ]C221>ZZ'+1Ri + %<_Z ’E+ fsa — ]C122>ZZ"+1R1’

H,L, n = l H; Ly te = 1

. )
1 Lo, LA A,

+ o\t fe— fa Z Zy R+ ——(z;M; —nLy) + (Zle nLy)

H,L, & = H;L,

, f f33
(zyM; — §L1)+ (z1 M, — EL,) + 22, — + 2z, - (42)

Moreover

k—2
fi1fz3 1 fu i
fiz =———+ —1 _TZ zi R+ fSl.ZoAl

n H i=0
1 2o
+H_ fs1.20f11 (fizfor — Mfas) +f23f61f51,20 _f21f63f51.20] (43)

k-2
fs3 = f51nf33 H1 %; Zi 1R+ fi1 A
f51z0f51 ' '
+— i, (fasfor =f23) + fasfor firze — fo1fe3fin 20 (44)
_ - ]
1 )
fa3 = f21nf33 +H_2 _%; Zip R+ fo1 20
1 [fa Zofn ' '
+— , ———f13 — firfas) + fisfs1fe1,.0 — fi1f53S61.2 (45)
k-2
1 )
fo3 = f61nf33 +H_2 _%; Zi 1R+ fo150A1
]cﬁl Z()]cﬁl
+ o, ———f13 — firfas) + fisfs1fo1,20 — i1 f53S21 2 (46)

Remark :It is noted that by S|m|Iar construction, one may obtain

k -2
f12f33 1 le i
E) + H ?z Zi’+1lal + fSZ,ZO Bl
1

i'=0

fiz =
fs2,20f12
"l

(fasfoz — Ef23) + fasfor for.zp — fzzfeafsz,zo] 47)

k'—2
f52f33 f52 i
g i =5 Dtk B
1 g

i=0

f53

1 20
T [f 2 éf 2 (fisfor = Efs3) + fos foa fizmg _f22f63f12,z0] (48)
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k' -2
fa2f33 1 f22

f23 = : +H_'2 _?;Zi#lRi/ + fo2,20B1
1 [foz2.20f22
+H—,2 T(iﬁg — fi2faz) + fisfs2 S22 — Fr2fs3fo2,.2 (49)

k'—2
feafzs 1 fo2

fir = +— ——Zzi/ R+ fy, B
63 é Hz é i/:0 +1 22 0 1
1 f62,z f62
to g (&fiz — fizfaz) + fisfs2faz00 — Fr2f53 22,20 (50)
2
Thus we have the following result:

Corollary 3.1
If fiare as in theorem(3.1)then following equations hold: R.H.S of eqn(43)=R.H.S of(47),R.H.S of
eqn(44)=R.H.S of (48),R.H.S of eqn(45) = R.H.S of (49), R.H.S of eqn(46) =R.H.S of (50).
Proof of Theorem (3.1)
Suppose that equation(12)describes as(n, £)3-dimensional P.S.P inR°then it follows from lemma(3.1)that
equations(16)and equations (17-34)are satisfied where
flzl,zo + f122,zo + f221,zo +f222,zo + f521,zo +f522,zo +f<621,zo + f622,zo * 0
therefore equations(17)-(34) are equivalent to the following
k-1

Z Ziyq (f13,zif51,zo - f53,zif11,zo) + ﬂ(f53f51,z0 - f13f11,z0) + fa3Hy + fs12,(fasfor —Mf23) =0 (51)
i=0
k-1

Z Ziv1(f3, wfe1,20 = fo3,. /21, zo) +n(fes fer, 20 — J23f1 zo) + fa3Hy + fo1,,(fis — firfaz) =0 (52)

i

=
S

1
Zi41 (f13.zirf52,zo —f53,zif12,z0) +&(fsafszao = fi3fizag) + fasHi + fozag fasfre —=Mf23) =0 (53)
&
Zi4q (f23.zirf62,zo - f63,zierZ,zo) + &(]%3]%2,20 - f23f22,20) + fasHy + foz,,,(Efis — fiafazs) =0 (54)
i=0
Ay — firfss + fisfs1 — forfes + fazfer =0 (55)
Ay — furfos + fizfrn =0 (56)
By — fiafss + fizfso — fazfes + fa3fer = 0 (57)
By — fiafoz + fizfor = 0 (58)

k-1

yL; + Z Zi+1(f13,zif51 _f53,zif11) +(fssfor — fisfir) = fs(Fh — f2) + fs1 (fasfor —fa3) = 0 (59)

k-1

yL; + Z Zi+1(f23,zif61 _f63,zif21) *0(fesfor — fasfor) = fs(f& — fA) + for fis — fir faz) = 0(60)
i=0
k'—1
vl + Z Zi11 (f13,zif52 _f53,zif12) +E&(fsafsz — fishi2) — fs(f — f3) + fsa(faafoz —Ef23) = 0 (61)
1 0

WL2+Z Zi'41 fz3z Jor = fezn fzz)"‘i(fmfez fasfoz) = fa3(fs = f5) + fea Bfis — frafas) = 0 (62)

Now, taklng the z, derivative of equations (51),(52) and take the z,, derivative of equations (53), (54) and also
taking the z,_, derivative of equation (55)and z,'_, derivative of equations (56) then by using equations (16) we
can obtain

fisa s fst20 = fszm 1 fi1zo = —R1 =0 (63)
fo3 i So1,20 = So3,y o120 = —RET =0 (64)
hsa. Js2007 fs3a,_ fr2z = —R¥"1 =0 (65)
fosa. fozzo = o, frrag = —RET1 =0 (66)
fizz 1 Jo1~ fs3 Ji1 + (Ao, + fo30 Jo1~ fo3,0 121 =0 (67)
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fizz, foo = fsza. Szt By, +fozn, foo= o3z, fr2 =0
Therefore

fle,Zk_l -

fll —= [(Al)zk Lt faza  Jor — f63,zk_1f21]

fSl,z

f5320 4 = L_10 [(Al)zk_1 — fe3,y_yJ21 T fZ3,zk_1f61]
f21,z

304 = L_ZO [(Al)zk_1 + fiz g Jo1 — f53,zk_1fll]
f61,z

fe3a .y = —0 [(Al)zk_1 + fiz g Jo1 — f53,zk_1fll]

(68)

(69)
(70)
(71
(72)

(73)

fiaa. , = f“ B, + s for = forn,_ S
fian, , = f 2By, + fran for — fian. fr2| 9
frsm, = f” B, + fins, for = Fisa, fuo 75)
fon, = f6 [(Bl)zl A fia o= fse. fi] 76)

Takingthe z;,; derivative of equations(51),(52) and take the Z
taking thez;derivative of equation(55)and z; derivative of equations(57)with 1 < j <k —1
And1l <j < k' — 1 we can obtain

fi3. =_Lil[f11 Rj_fll,zo(Al)zj_f23,zjf61fﬂ,zo + fo3.2, 21 11,2
fs3, =‘Ll1[fs1Rj‘fs1,z0(A1)zj t fo3.21f21 151,20~ f23.2, fo1f51 .2
f23,2; =‘le[f21 R~ fo1,20 (A1)~ fiz g o1 for.20 F foa.2 11 fo1.0
fe3, =_le[f61 R fo1,20 A1)y~ fiz g fs1 for,20 + f53.2 11 fer.20
Fin, =1 ViaR = o B = Fsa oo iz + s oo

]
]
]
]

1 y
fs3z., = |fs2R = fs2,20 B1)r. = faz . Soa fs2,20 T fo3,2. f22 52,24
j L j j j
1
1 y
fo32. = f22R = f22,20 B1)z. = fi3 2. fs2fo2,20 F fs3.2.J12f22.2
j L j j j
2

1 r
f63,zjr =1 [f62 R - fe2.2, (B1)zjr—f13,z].f52]%2,zo + f53,zjrlef62,zo]
2
Also, taking thez, derivative of (51), (52)and we get thez, derivative of (53), (54)
fl3,zof51,zo - f53,20fll,20 = —R°
f‘23,20]c61,20 - fé3,20ﬁ1,20 = _RO

fl3,zof52,zo - f53,20le,20 = —R°

f‘23,20]c62,20 - fé3,20ﬁ2,20 = _RO
From equations(51)-(54) we can get by using equations (63- 66)and(77- 80) the following equations

1 _ i f Z
f53f51,z0—fl3f11,z0—52§(=02 zi1R +f23 H; + 5; . (f43f21—71fz3) =0 (81)
k-2
1 f f61,z
f63fGl,zO_fZBfZl,zo_ﬁz zi1 R + %Hz *(fis- fi1faz) = 0
i=0
i f f52 Z
foaFi g FusFrazo az 2R+ 23 O (fifram ) = 0

f33 f‘62 ZO

forSorao~ FesFraz éz 2R+ G+

—— Cfis-fiafss) =0

1 derivative of equations(53),(54)moreover

(77)
(78)
(79)
(80)
(82)

(83)

(84)
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Now from equations(55)and(56)and equations (81)-(84)one can obtain the functions fis, fos, fs3 and fz3 as
given in theorem (3.1)

Moreover, from equations(81 — 84), (55) — (62)it follows that v is given by(42)Conversely, if fi3, fo3, fs3
and f,3 are given by (43 — 46), it follows by straight forward computation that the 1 —forms

©y = fordx + foody + fi3dt,1 < o <6 satisfy the structure equations of an (n,&) 3-dim. P.S.P if z5, =

v(z0.20, 2y e, 24 2,).

This completes proof of theorem. It is worth mentioning that other types of evolution equations in higher
dimensions shall be considered in other papers as well as the associated Backlund transformation equations,
conservation laws and the associated linear systems.

IVV. Conclusion
In this paper, we extended the notion of P.S.P to higher dimensions i.e. 3-dim plane of constant
sectional curvature-1 imbedded in R® and we studied the change in the results and properties.
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