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Abstract: The aim of this paper,  is study the non-homogeneous second order differential equation of the 

Heaviside step function with a bulge function. Elzaki transform, inverse Elzaki transform and Power series 

expansion are mentioned to obtain the solution of differential equation of the Heaviside step function with a 

bulge function. 
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I. Introduction 
Elzaki transform can be employed in not only solving the linear ordinary differential equations with 

constant coefficient but also can be used with ordinary differential equations with variable coefficients. In 
addition, Elzaki transforms of derivatives have been studied in numerous approaches to solve the ODEs. Ig. Cho 

and Hj. Kim [12] showed that the laplace transform of derivative can be expressed by an infinite series or 

Heaviside function. T. Lee and H. Kim [13] found the representation of energy equation by laplace transform. In 

this study, ELzaki transform is applied to the non-homogeneous second order differential equation with a bulge 

function involved the Heaviside step function. 

The technique that we used is ELzaki transform method which is based on Fourier transform, it 

introduced by Tarig Elzaki (2011) see [1, 2, 3, 4, 11]. Solution of these equations have a major role in the fields 

of science and engineering. 

 

Definition 1. 

Elzaki Transform [2]. Given a function 𝑓 𝑡  defined for all 𝑡 ≥ 0, as follow: 

       𝐸 𝑓 𝑡  , 𝑣 = 𝑇 𝑣 = 𝑣  𝑓 𝑡 𝑒−
𝑡

𝑣𝑑𝑡
𝑡

0
     ,    𝑣 ∈  𝑘1  , 𝑘2                                                                      (1) 

for all values of   𝑠 , for which the improper integral converges 
We have non-homogeneous differential equation with constant coefficients An equation of the form, 

        𝑎𝑛
𝑑𝑛𝑦

𝑑𝑥𝑛
+ 𝑎𝑛−1

𝑑𝑛−1𝑦

𝑑𝑥𝑛−1 + 𝑎𝑛−2
𝑑𝑛−2𝑦

𝑑𝑥𝑛−2 + ⋯+ 𝑎1
𝑑  𝑦

𝑑𝑥  + 𝑎0𝑦 = 𝑓(𝑥)                                                          (2) 

 

In this work, we study the non-homogeneous second order differential equation with a bulge function in the 

form   𝑦 ′′ + 𝑤2𝑦 = 𝑒−
 𝑡−𝑙 2

2     .  
 

Theorem 1: [1] 

             Let  uT  be ELzaki transform of       f t E f t T u    then: 

       (i)   
 

 0uf
u

uT
tfE              (ii)   

 
   00

2
fuf

u

uT
tfE   

 

Theorem 2: 

Elzaki transform of the bulge function 𝑒−
 𝑡−𝑙 2

2    is expressed by. 
 

      𝐸  𝑒−
 𝑡−𝑙 2

2  = 𝑒−
𝑙2

2  𝑣2 + 𝑙𝑣3 +  −1 + 𝑙2 𝑣4 +  −3𝑙 + 𝑙3 𝑣5                                                           (3) 

 

 Proof.  

The Taylor series expansion 𝑒𝑥  is of the form 

       𝑒−
 𝑡−𝑙 2

2 =  
𝑥𝑛

𝑛!
∞
𝑛=0 = 1 + 𝑥 +

𝑥2

2!
+

𝑥3

3!
+

𝑥4

4!
+ ⋯                                                                                (4) 
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Therefore, by substituting equation (4) with   𝑥 = −
 𝑡−𝑙 2

2
 , we obtain 

   𝑒−
 𝑡−𝑙 2

2 = 𝑒−
𝑙2

2 + 𝑒−
𝑙2

2 𝑙𝑡 + 𝑒−
𝑙2

2  −
1

2
+

𝑙2

2
 𝑡2 + 𝑒−

𝑙2

2  −
𝑙

2
+

𝑙3

6
 𝑡3                                                         (5) 

 

By taking Elzaki transform of equation (5) and using the fact that the Elzaki transform is linear, we find, 

      𝐸  𝑒−
 𝑡−𝑙 2

2  = 𝑒−
𝑙2

2  𝑣2 + 𝑙𝑣3 +  −1 + 𝑙2 𝑣4 +  −3𝑙 + 𝑙3 𝑣5                                                           (6) 

 

Heaviside step function of a bulge function of a piecewise continuous function is defined as: 

                                   𝑓 𝑡 =  𝑒
−
 𝑡−𝑙 2

2        ,     0 < 𝑡 < 𝛿
𝑎                 ,      𝑡 > 𝛿

  

Is expressed  by 

                𝑓 𝑡 = 𝑒−
 𝑡−𝑙 2

2 + 𝑎𝑢 𝑡 − 𝛿 − 𝑒−
 𝑡−𝑙 2

2 𝑢 𝑡 − 𝛿                                                                        (7) 

where 𝑎 , 𝛿 are constants. 

 

Theorem 3: 

Elzaki transform of   𝑒−
 𝑡−𝑙 2

2 𝑢 𝑡 − 𝛿   is expressed by 

𝐸  𝑒−
 𝑡−𝑙 2

2 𝑢 𝑡 − 𝛿  = 𝐴𝑒
−𝛿

𝑉 𝑣2 + 𝐴𝑙𝑒
−𝛿

𝑉  𝑣3 + 𝛿𝑣2 + 𝐴𝐵𝑒
−𝛿

𝑉  2𝑣4 + 2𝛿𝑣3 + 𝛿2𝑣2 + 𝐴𝐶𝑒
−𝛿

𝑉  6𝑣5 + 6𝛿𝑣4 +

3𝛿2𝑣3+𝛿3𝑣2                                                                                                                                           (8) 

Where    𝐴 = 𝑒−
𝑙2

2    ,  𝐵 =  −
1

2
+

𝑙2

2
     ,   𝐶 =  −

1

2
+

𝑙3

6
   . 

 

Proof   

From equation (4) and the Heaviside step function, we have 

𝑒−
 𝑡−𝑙 2

2 𝑢 𝑡 − 𝛿 = 𝑒−
𝑙2

2 𝑢 𝑡 − 𝛿 + 𝑒−
𝑙2

2 𝑙𝑡𝑢 𝑡 − 𝛿 + 𝑒−
𝑙2

2  −
1

2
+

𝑙2

2
 𝑡2𝑢 𝑡 − 𝛿 + 𝑒−

𝑙2

2  −
1

2
+

𝑙3

6
 𝑡3𝑢 𝑡 − 𝛿                                                                                                     

                                                                                                                                                                   (9) 

Therefore, by taking Elzaki transform to equation (9), we get, 

𝐸  𝑒−
 𝑡−𝑙 2

2 𝑢 𝑡 − 𝛿  = 𝐴𝐸 𝑢 𝑡 − 𝛿  + 𝐴𝑙𝐸 𝑡𝑢 𝑡 − 𝛿  + 𝐴𝐵𝐸 𝑡2𝑢 𝑡 − 𝛿  + 𝐴𝐶𝐸 𝑡3𝑢 𝑡 − 𝛿       

       = 𝐴𝑒
−𝛿

𝑉 𝑣2 + 𝐴𝑙𝑒
−𝛿

𝑉  𝑣3 + 𝛿𝑣2 + 𝐴𝐵𝑒
−𝛿

𝑉  2𝑣4 + 2𝛿𝑣3 + 𝛿2𝑣2 + 𝐴𝐶𝑒
−𝛿

𝑉  6𝑣5 + 6𝛿𝑣4 + 3𝛿2𝑣3 +
𝛿3𝑣2   (=𝑘)                                                                                                                                           (10) 

 

II. Main Result 
Theorem 4: 
Elzaki transform of  Heaviside step function of a bulge function of a piecewise continuous function , 

𝑓 𝑡 =  𝑒
−
 𝑡−𝑙 2

2        ,     0 < 𝑡 < 𝛿
𝑎                 ,      𝑡 > 𝛿

  

can be expressed by. 

                                𝑀 + 𝑎𝑒
−𝛿

𝑉 𝑣2 + 𝐾                                                                                                   (11) 

where 𝑎 , 𝛿 are constants. 

 

Proof.  

By taking the Elzaki transform to equation (7) and theorem 2 and 3, we have, 

 

𝐸 𝑓 𝑡  = 𝐸  𝑒−
 𝑡−𝑙 2

2  + 𝐸   𝑎 − 𝑒−
 𝑡−𝑙 2

2  𝑢 𝑡 − 𝛿   

= 𝐸  𝑒−
 𝑡−𝑙 2

2  + 𝐸 𝑎𝑢 𝑡 − 𝛿  − 𝐸  𝑒−
 𝑡−𝑙 2

2 𝑢 𝑡 − 𝛿   

 

 =  𝑒−
𝑙2

2  𝑣2 + 𝑙𝑣3 +  −1 + 𝑙2 𝑣4 +  −3𝑙 + 𝑙3 𝑣5 + 𝑎𝑒
−𝛿

𝑉 𝑣2 − 𝐴𝑒
−𝛿

𝑉 𝑣2 −𝐴𝑙𝑒
−𝛿

𝑉  𝑣3 + 𝛿𝑣2 − 𝐴𝐵𝑒
−𝛿

𝑉  2𝑣4 +
2𝛿𝑣3+𝛿2𝑣2−𝐴𝐶𝑒−𝛿𝑉6𝑣5+6𝛿𝑣4+3𝛿2𝑣3+𝛿3𝑣2  =𝑀+𝑎𝑒−𝛿𝑉𝑣2+𝐾                                                                                          

                                                                                                                                                                  (12) 
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Where  𝑀 = 𝑒−
𝑙2

2  𝑣2 + 𝑙𝑣3 +  −1 + 𝑙2 𝑣4 +  −3𝑙 + 𝑙3 𝑣5    ,    

 𝐾 = 𝐴𝑒
−𝛿

𝑉 𝑣2 + 𝐴𝑙𝑒
−𝛿

𝑉  𝑣3 + 𝛿𝑣2 + 𝐴𝐵𝑒
−𝛿

𝑉  2𝑣4 + 2𝛿𝑣3 + 𝛿2𝑣2 + 𝐴𝐶𝑒
−𝛿

𝑉  6𝑣5 + 6𝛿𝑣4 + 3𝛿2𝑣3 + 𝛿3𝑣2 . 
 

Theorem 5: 

The solution of the non-homogeneous differential equation with constant coefficients, where, 

𝑓 𝑡 =  𝑒
−
 𝑡−𝑙 2

2        ,     0 < 𝑡 < 𝛿
𝑎                 ,      𝑡 > 𝛿

  

And    𝑦 0 = 𝑤0   ,  𝑦 ′ 0 = 𝑤1 , is expressed by:  

  𝑦 𝑡 = 𝑤0 cos𝑤𝑡 +
𝑤1

𝑤
sin𝑤𝑡 + 𝑒

−𝑙2

2  1 + 𝑙𝑡 −
𝑡2

2
+

𝑡2𝑙2

2
−

𝑙𝑡3

3
+

𝑙3𝑡3

6
 + 𝑎 × 𝐻𝑒𝑎𝑣𝑖𝑠𝑖𝑑𝑒  𝑡 − 𝛿 + 𝐿−1 𝑘                                                                                

                                                                                                                                                                     (13) 

 Where  𝑎 ,𝑤  , 𝑤0  and 𝑤1  are constant . 

 

Proof.  

By taking Elzaki transform of the non-homogeneous differential equation with constant coefficients and the 

Heaviside step function and theorem 3, we obtain:        

  
𝐸 𝑦   𝑡  

𝑣2 −𝑤0 − 𝑣𝑤1 + 𝑤2𝐸 𝑦 𝑡  = 𝐸 𝐻𝑒𝑎𝑣𝑖𝑠𝑖𝑑𝑒 𝑠𝑡𝑒𝑝 𝑓𝑢𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑓 𝑡   

Or 

              𝐸 𝑦(𝑡) =
𝑤0𝑣

2

1+𝑤 2𝑣2 +
𝑤1𝑣

3

1+𝑤 2𝑣3 + 𝑀 +
𝑎𝑒−𝛿𝑠

𝑠
+ 𝐾                                                                             (14) 

By taking the  inverse Elzaki transform to equation (14) we obtain the solution of the non-homogeneous 

differential equation with the Heaviside step function as: 

 𝑦 𝑡 = 𝑤0 cos𝑤𝑡 +
𝑤1

𝑤
sin𝑤𝑡 + 𝑒

−𝑙2

2  1 + 𝑙𝑡 −
𝑡2

2
+

𝑡2𝑙2

2
−

𝑙𝑡3

3
+

𝑙3𝑡3

6
 + 𝑎 × 𝐻𝑒𝑎𝑣𝑖𝑠𝑖𝑑𝑒  𝑡 − 𝛿 + 𝐿−1 𝑘                                                                                           

                                                                                                                                                                      (15) 

 

III. Conclusion 
In this work, we solve the non-homogeneous second order differential equation of the Heaviside step 

function with a bulge function  by  elzaki transform and in this work, we found that This technique is useful to 

solve  the non-homogeneous second order differential equation with a bulge function involved the Heaviside 

step function.  
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