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Abstract: In this paper, the notions of pairwise §,-semi-open functions, pairwise &;-semi-closed functions,
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I.  Introduction
In 1968, the concept of &-open sets in topological spaces are introduced by
N. V. Velicko [7]. In 2005, §-open sets are introduced by S. Yuksel et al. [8] in ideal topological spaces. A triple
( X, 11, 12) where X is a non-empty set and t; and t, are topologies on X is called a bitopological space. In
1963, Kelly [4] initiated the systematic study of such spaces. The concept of ideals in topological spaces has
been introduced and studied by Kuratowski [5] and Vaidyanathasamy [6]. An ideal | on a topological space ( X,
) is a non-empty collection of subsets of X which satisfies (i) A € I and B c A implies B € | and (ii) A € | and
B € | implies AU B € I. An ideal bitopological space is a bitopological space ( X, 11, o) with an ideal | on X
and is denoted by (X,t1,75,1). For a subset A of Xandj=1,2
AG(1)={xeX:AnUe¢Ifor every U e (X, x)} is called the local function [5] of A with respect to I and
T;. We simply write AS instead of A%;(1) in case there is no chance for confusion. For every ideal bitopological
space
(X,11,72,1), there exists a topology T (1), finer than T;, generated by B(I, t;) =
{U—-1: Uerand le I}, but in general B(1, T;) is not always a topology [3]. Additionally, T - cl’(A) = AU A
is a Kuratowski closure operator [6] for
T (I). In this paper, the notions of &, -semi-open functions, pairwise 8;-semi-closed functions, pairwise 6,-
semi-homeomorphism and pairwise &7 -semi-homeomorphism are introducted and study some of its properties in
ideal bitopological spaces.

Il.  Preliminaries
Throughout this paper, (X, 11, T2, 1), (Y, 61,05, ) and ( Z, y1,v2, 1)
(or simply X, Y and Z) always mean ideal topological spaces on which no separation axioms are assumed. For a
subset A of a space (X, 1, 1o, |),
T; — int (A), T; — cl(A), ), Ty — int 5(A), T; — cl 5(A), (i,j) — sints, (A), and (i, j) — scls, (A) denote T; - interior,
T;-closure, T; - § -interior, t;-8-closure , (i, j)-8;-semi-interior and (i, )-6;-semi-closure of A respectively.
Definition 2.1. [1] A subset A of an ideal bitopological space (X, 11, 12, 1) is said to be (i, j)-6;-semi-open if
AC 1-cl'(t; — ints (A)).
Definition 2.2 [2] A function f: (X, 11, T2, | ) = (Y, 01, 02) is said to be p-8;-semi-continuous f~1 (V) is (i, j)-
§;-semi-open in ( X, 13, T, |) for each o; -open set V of (Y, o1, 62).
Lemma 2.3 [1] For a subset A © (X, 13, 12, 1), the following hold:
1 () —scls, X —A) =X — (i,j) — sints, (A)
2. (i,j) — sints (X — A) =X — (i,j) — scls, (A)

I11.  Pairwise 8;-semi-open and pairwise 8;-semi-closed functions
Definition 3.1. A function f: (X, 1y, 1, | )= (Y, 01, 02, | ) is called pairwise -8;-semi-open ( briefly p-§,-
semi-open) if for each t; — open set U of X, f(U) is (i,j)-8,-semi-open in Y.

Definition 3.2. A function f: (X, 1y, 1, | ) = (Y, 04, 02, | ) is called pairwise -8;-semi-closed (briefly p-6;-
semi-closed) if for each t; — closed set U of X, f(U) is (i,j)-6,-semi-closed in Y.

Example 3.3. Let X = {a, b, ¢} with topologies 1; = {¢, {a}, {a, b}, X},

©,={d,{a,c}, X} and let Y = {p, q, r} with topologies o, ={d, {q}, {r}, {q, r}, Y},
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o,={ &,{q}, {r},{q,r},{p,r}, Y} and an ideal [ = {q>, {p}}. Let f: (X, 1y, 12,1)
- (Y, 01, 0y, 1) be a function defined as f(a) = q,f(b) = rand f(c) = p. Then fisp — &;- semi - open and
p — &;- semi-closed.

Theorem 3.4. A function f: (X, 1, 1, 1) = (Y, 01, 05, 1) is p-8;-semi-open if and only if for each x € X and
each neighborhood U of x, there exists V € (i,j)-8,SO(Y) containing f (x) such that V < f(U).

Proof: Suppose that f is p -8;-semi-open. For each x € X and each neighborhood U of x , there exists an open
set, Up such that x € Uy € U. Since f is p-§;-semi-open, V= f(U,) € (i,j) -6,SO(Y) and f(x) € V < f(U).
Conversely, let U be an t; — open set of X. For each x € U, there exists V, € (i,j)-6,SO(Y) such that f(x) €
V, € f(U).Therefore, we obtain f(U) = U{V,|x € U} and hence f(U) is (i,j)-8;-semi-open in Y, by Theorem
3.16 of [1]. This implies that f is p -8;- semi — open.

Theorem 3.5. A bijective function f: (X, 11,1, 1) = (Y, 01,0, |)is p-6;-semi-open if and only if for each
subset W € Y and each T; — closed set F of X containing f=1(W) there exists an (i, j)-8;-semi-closed set H € Y
containing W such that f~'(H) € F.

Proof:  Necessity: Suppose that f is a p-6;-semi-open function. Let W be any subset of Y and F is a ;- closed
subset of X containing f~*(W). Then X — F is T, —open and since f is p-5,-semi-open, f(X — F) is (i,j)-8,-semi-
open in Y. Hence H =Y — f(X — F) is p-§;-semi-closed in Y. f~1(W) € F implies that W € H. Moreover, we
obtain f1(H) = f~' (Y- f(X—F)) = f~1(Y) — f ' (f(X— F)) € X — (X — F) = F. Hence f "' (H) C F.

Sufficiency: Let U be any t;- open set of Xand W =Y — f(U). Then f~1(W) = f~1(Y — f(U)) = f71(Y) —
f1(f(U)) €X—Uand X—Uis ;- closed. By hypothesis, there exists an (i,j) -8, -semi-closed set Hof Y
containing W such that f~1(H) € X — U. Then we have f"1(H)nU = ¢ and Hn f(U) = ¢. Therefore we
obtain Y — f(U) 2 H 2 W = Y — f(U) and f(U) is (i, j)-6,-semi-open in Y. This shows that f is p -6,-semi-open.

Theorem 3.6. For a function f: (X, 1y, 15, 1) = (Y, 01, 02, 1), the following are equivalent:

1. f isp-8;-semi-open.

2. For every subset A of X, f[t; — int(A)] & (i,j) — sints, (f(A))

Proof: (1) - (2): Let f be p-6;-semi-open. Since t; — int(A) is t;-open in X,

f[t; —int(A)] is (i,j)-8;-semi-open in Y. Then we have (i, j) — sints, (f[t; — int(A)]) = f[t; —int(A)] € f(A).
This implies f[t; — int(A)] € (i,j) — sints (f(A)).

(2) » (1): Let A be an t;-open set in X. Then, f(A) = f[t; —int(A)] € (i,j) — sints, (f(A)) and so (i,j) —
Sintsl(f(A)) = f(A). Therefore f(A) is (i,j)-8,-semi-open in Y. Hence f is p-6;-semi-open.

Theorem 3.7. For a function f: (X, 1y, 12, 1) = (Y, 01, 03, 1), the following are equivalent:

1. f is p-8;-semi-closed.

2. For every subset A of X, (i,j) — scls, (f(A)) < f[t; — cl(A)].

Proof: Obvious from the Theorem 3.6 and Lemma 2.3.

Theorem 3.8. For any bijective function f: (X, 11, 1, 1) = (Y, 01, 0, 1), the following are equivalent:

1. f~1isp-§;-semi-continuous.

2. f is p-6;-semi-open.

3. f is p-6;-semi-closed.

Proof: (1) = (2): Let U be a t;-open set of X. Then, by assumption, (f~1)~1(U) = f(U) is p-&,-semi-open in Y.
Hence f is p-8;-semi-open.

(2) = (3): Let F be a t;-closed set of X. Then F€ is T;-open set in X. Since

f is p-8;-semi-open, f(F°¢) is (i,j)-8,-semi-open in Y. Hence f is p-6;-semi-closed.

(3) = (1): Let F be at;-closed set of X. Then by assumption f(F) is (i,j)-6;-semi-closed set in Y and we have
f(F) = (f~1)~1(F). Hence f~! is p-8;-semi-continuous.

IV.  Pairwise 8;-semi-homeomorphism and pairwise 8;-semi-homeomorphism
Definition 4.1. A bijective function f: (X, 1, 12, | ) = (Y, 01, 02, | ) is called pairwise -8;-semi-
homeomorphism (briefly (i, j)-8;-semi-homeomorphism) if both fand f= are is p-8,;-semi-continuous.

The family of all p-8;-semi-homeomorphisms of an ideal bitopological space (X, 11, T2, | ) onto itself is
denoted by (i, j) — S5 H(X, 14,75, D).

Theorem 4.2. Let f: (X, 11, ©, )= (Y, 01, 02, 1) be a bijective and p-8;-semi-continuous function. Then the
following are equivalent.
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1. f isp-8;-semi-open.

2. fis p-§;-semi-homeomorphism.

3. fis p-6;-semi-closed.

Proof: (1) = (2): Let V be t;-open set of X. Then, by assumption, f(V) is (i, j)-6,-semi-open in Y. But
f(V) = (F-H~1(V) and so (F~1)~1(V) is (i, j)-8;-semi-open in Y . This shows that =1 is p-&;-semi-continuous.
Hence f is p-6;-semi-homeomorophism.

(2) = (3): Let F be a T;-closed set in X. Then by assumption £~ is p-§;-semi-continuous and so (f~)~1(F) =
f(F) is (i, j)-8;-semi-closed in Y. Thus f is p-8;-semi-closed.

(3) = (1): Let V be a t;-open in X. Then V¢ is t;-closed in X. By assumption f(V¢) is (i, j)-8,-semi-closed in Y.
But f(V¢) = (f(V))€. This implies that (f(V))¢ is (i, j)-8,-semi-closed in Y and so f(V)is (i,j)-6,-semi-open in
Y

Hence f is p-§;-semi-open.

Definition 4.3. A bijective function f: (X, 11, 15, 1) = (Y, 01, 0y, 1) is called
pairwise - 8;-semi-homeomorphism (briefly p- 8;-semi-homeomorphism) iff both fandf~! are is p-5,-semi-
irresolute.
Remark 4.4. 1. The spaces ( X, 11, 1, I)and (Y, 01, 05, I) are p- §;-semi-
homeomorphic if there exists a p- 6;-semi- homeomorphism from
(X, 11, 12, 1) Onto (Y, o1, 02, 1).
2. The family of all p- 8;-semi- homeomorphisms of an ideal bitopological
space ( X, T, 1, 1) onto itself is denoted by p- S5 H(X).

Theorem 4.5. Ifthe bijective function f: (X, 11, 7o, I) = (Y, 04, 05, 1) isan

p- 8{-semi- homeomorphism, then (i, j) — scls, (f*(B) ) = ! ((i,j) — sclg, (B) ) for everyBC Y.

Proof. Since f is p- §;-semi- homeomorphism, then both fand f~! are p-§;-semi-irresolute. Let B is a subset
of Y. Since (i,j) — scls, (B) is (i, j)-6;-semi-closed in Y, f1 ((i,j) - SClsl(B)) is (i,j)-6;-semi-closed in X. But
(i,j) — scls, (f71(B)) is the smallest (i, j)-8;-semi-closed set containing f~*(B). (i,j) — scls, (f*(B) ) S

f-1 ((i,j) - scl5I(B)). Again, (i,j) — scls, (f7*(B)) is (i,j)-6;-semi-closed in X. Since f~* is p-6;-semi-
irresolute, f((i, j) — scls, (71 (B))) is (i,j)-8,-semi-closed in Y. Now

B= f(f1(B)) < f((i,j) — scls, (f1(B))).

(i,) — scls, B) € () — scls, (F(CL, ) — sels, (1 B)))) = £((, ) — sclg, (£ (B))). This implies

£ () — scls, (8)) € £ (£(G, i) — sels, (F(B)))) = () — scly, (£7(B)). Thus £ ( (i, ) — scl, (B)) €
(i,) — scly, (£ (B)). Hence (i, 1) — scls, (F~1()) = £ (i, )) — scly, (B)).

Corollary 4.6. If f: (X, 1, 1, I) = (Y, 01, 03, 1) isan p- &;-semi-homeomorphism, then

(i,§) — scls, (E(B) ) = £((i,}) — scly, (B) ) for every BS X.

Proof. Obvious from the Lemma 2.3 and Theorem 4.5
Corollary 4.7. If f: ( X, 11, 12, 1) = (Y, 01, 02, 1) isa p - §;-semi-homeomorphism then f((i,j) — scls, (B)) =

((i,j) — sclg, (f(B)) ) for every B < X.
Proof: For any set B € X,
(1,)) —sints; (B) = ((i,j) — scls f{(B))*.
f((i, j) — sints (B) ): £((Gi,J) — scls, f((BE))©).
= (f((i,)) — scl5, (B)))*
Then by corollary 4.6, we see that,
(G — sints, (8)) = () = sely, (1B))
= (.9 - sinty, ((B)))-

Theorem 4.8 If f:(X, 1y, 15, )= (Y,01, 02, 1) and g:(Y,01, 05 1) -

(Z, y1, y2 1) are p- &;-semi-homeomorphism then the composition gB f :

(X,w, 2, )= (Z, v, 72, 1) isalso p- &;-semi-homeomorphism.

Proof: Let U be (i,j)-8,- semi-open in Z. Since f and g are p- §;-semi-homeomorphisms, f~1(g~1(U)) =
(eBH~1(U)is (i,j)-6,- semi-open in X. This implies that gB f is (i, j)-6,- semi-irresolute. Again, let G be an
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(i,j)-8;- semi-open in X. Since f is p- §;-semi-homeomorphism, (f~1)"1(G) = f (G) is (i, )-5,- semi-open in Y.
Since g is p- §;-semi-homeomorphism, (g=1)"1(f(G)) = g(f(G)) = (@B f ) (G) = ((gB H™H1(G) is (i,))-8;-
semi-open in Z. This implies that (gB f)~! is (i,j) - §,- semi-irresolute. Since f and g are p- §; -semi-
homeomorphisms, f and g are bijective and so gB f is bijective. Hence gB f is p- 8;-semi-homeomorphism.

Theorem 4.9. The set p- S5 H(X) is a group under composition of functions.
Proof: Let f, g € p- S5 H(X). Then fB g € p- S5 H(X) by Theorem 4.8. Since f is bijective, f~1 € p- S5, HX).
This completes the proof.

Theorem 4.10. If f:(X, 1y, 1 1) = (Y, 01, 02, ) isan p- §;-semi-homeomorphism. Then f induces an
isomorphism from the group p- S5 H(X) onto the group p- S5 H(Y).
Proof: Let f € p- S5 H(X). Then define amap y, : p- S5 H(X) — p- S5 H(Y)
by x,(h) = fBhBf~" for every h € p- S5 H(X). Let hy, h, € p- S5 H(X). Then y.(hyBhy) =fB(h;Bh, )Bf 7' =
fB(h,Bf'1BfBh,) Bf!

=(fBh,Bf H)B(fBh,Bf™1)

= Xf(hl)B Xf(hZ)
Since Xf(f‘lB h Bf) = h, y,is onto. Now, y,(h) = I implies fBhBf 1= I. That implies h =I. This proves that X
is one-one. This shows y, is an isomorphism.

Theorem 4.11. p- &;-semi-homeomorphism is an equivalence relation in the collection of all ideal bitopological
spaces,
Proof: Reflexive and Symmetric properties are obvious and Transitive property follows from Theorem 4.8.
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