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Abstract: In the present paper, we introduce the class S, (0(, L.y, A B, 5) of p - valent functions in

the unit disc U = {Z :|Z| <1}. We obtain coefficient estimate, distortion and closure theorems, radii

of close-to-convexity and ¢& - neighborhood for this class.
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l. Introduction And Definition

Let A, be the class of functions analytic in the open unit disc U = {Z :|z| < 1} of the form

z):zp+ian+pz”+p (11)
andlet A =A "
Let f (Z) and ¢ (Z) be analytic in U . Then we say that the function f (Z) is subordinate to g (Z) in
U, if there exists an analytic function W(Z)in U such that ‘W(Z)‘ < |Z| and f (Z) =g (W(Z)) denoted
by f (Z) <g (Z) If g (Z) is univalent inU , then the subordination is equivalent to f (0) =0 (0) and
f(U)cg(u).
For the functions f (Z) of the form (1.1) and g =z + ZerP , the hadamard product (or

convolution) of f and g is defined by

(f*g _Z +Zan+p n+p
A function f belonging to A, is said to be p-valently starlike of order £ if it satisfies
f'(z)
Re{ 7 (> (zeUv),
for someﬂ(O <p< p) . We denote by S; (/3) the subclass of A, consisting of functions which are p-

valently starlike of order # in U .
Recently, M.K. Aouf et. al. [1] introduced the operator R : Aj —> A as follows:

a,y _ (p+a+ﬂ_7+1) : Z( _lja y p-1
Ko7 (2)= (0 ) Zp_([l /2 () dt

F(p+a+ﬂ—7/+1)z°°:|: r(p+ﬂ+n) a z™P
( n+p

IL(p+p) S| T(p+a+pB+n—y+1)

1.2)
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(ﬂ>—p;a>7/—l;;/eD ypell ;ZeU).
From (1.2), it is easy to verify that

2(Re7 1 @) =(at f+ p-y +L)RGE @) —(a+ B-y +1) R £ (2). (L3

Remark:1.1. If we let =1, then this operator ER%J reduces to the operator introduced and studied by Liu
and Owa [2] and lel = Q/‘;’ introduced and studied by Jung et.al.[3]. For other choices of & and £ then the
operator R%’ s p reduces to the familiar other well- known integral operators introduced and discussed by various

authors [4, 5, 6, 7].

Let Tp (n) be the subclass of A, consisting of functions of the form

z):z"—iampzn+p (p=1). (1.4)
n=1

Motivated by the earlier investigations of Aouf [8], Darwish and Aouf [9], Magesh et. al. [10], Guney, H.O
and Sumer Eker.S [11] and Mahzoon [12], we investigate, in the present paper, the various properties and

characteristics of analytic p-valent functions belonging to the subclass S (a, L.y, A B, 5) .

Definition: 1.1. A function f eTp (n) is said to in the class S, (a, p£.v,AB A, 5) if it satisfies the

following differential condition:

ZF'(2) . p+[ pB+(A-B)(p-5)]

F(z) 1+ Bz ’ 9
where
F@)=(1-4)(Re, 1 @)+ 22(R5, 1 @) .
The condition (1.5) is equivalent to
zF'(z
F(z>)‘p
<1 (1.6)

where the parameters ¢, p, 0, A,  are constrained as follows:
a>y-3, f>—p,yell,0<6<p, - 1<B<A<] -1<B<0,0<A<land pel .

Il.  Coefficient Estimates
Theorem: 2.1. A function f (Z) defined by (1.4) isin S (a,ﬂ, 7, A B,ﬁ,é’) if it satisfies the following
inequality:

Z;:qﬁ(n,a,ﬂ,y)[n(l— B)+(A-B)(p-9J)]a,., <(A-B)(p-3)(1+A(p-1)), @.1)
C(p+a+pB-y+1)I(p+p+n)

h f y y =
where ¢, 5,7) C(p+B)T(p+a+p+n—y+1)
0<o<p,-1<B<A<] -1<B<0and 0<A<L1.

[1+A(n+p-1)] 2.2)
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Equality holds for the function f (Z) given by
f(Z):Zp_(p+a+ﬂ—7/+1)(A—B)(p—é)[lJr/I(p—1)}ZM.

(p+p)[(1-B)+(A-B)(p-5)][L+2p]

Proof: Assume that the inequality (2.1) holds true and Iet|Z| =1 . Then we obtain

ZF'(z
o’
(o8 (A-B)(p-0)]-87F 7

F(z)
niqﬁ(n a,f.y)na,, 2

(A-B)(p-58)(1+A(P-D)+ Y 4(n,a, 4,7)[nB-(A-B)(p-5)]a,,,2"

n=1
<(A-B)(p-6)(L+A(p-D)
by hypothesis. Hence, by the maximum modulus theorem, we have f € S (a, LBy, AB A, 5). Conversely,

assume that f (Z) €S, (a,,B, 7, A B, 1, 5) , then in the view of (1.2) and (1.5), we get

zF'(z)
F(z) "
[pB+(A-B)(p-5)]- ZE((ZZ))
> #(na.f.y)na,,,z
B N o <1
(A—B)(IO—5)(1+l(p—1))+§¢(n,a,ﬂ,y)[nB_(A_B)(p_5)]an+pzn
Since Re(Z)S|Z| for all Z , we have
> 4(na.py)na,,,z

Re = <1

(A-B)(p-5)(1+A(p-1))+ D ¢(na B,7)[ nB-(A-B)(p-5)]a,,,z"
n=1
Choosing values of z on the real axis and letting z — 1" through real values, we obtain

> 4(nf.7)[n(1-B)+(A-B)(p=0)]a., < (A-B)(p—0)(1+4(p-)

The proof is completed.

Corollary: 2.1. Let the function f (Z) defined by (1.4) be in S, (a,ﬂ,;/, A, B,ﬂ,é’) . Then
.. (A-B)(p-8)(1+A(p-D)
""" [n(1-B)+(A-B)(p-3)|s(na.B.y)

for n>1 . Equality holds for the function f (Z) of the form
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(A-B)(p-5)[1+4(p-1)]

f(z)=2" [n(1-B)+(A-B)(p-5)]¢(na.p.7)

AL (2.3)

I1l.  Distortion Bounds
Theorem: 3.1. A function f (Z) defined by (1.4) isin S (a,ﬂ, 7, A B,Z,5). Then for |Z| =T, we have

p_(p+a+ﬂ—y+1)(A—B)(p—§)[1+i(p—1)]
(p+B)[(1-B)+(A-B)(p-5)][L+4p]
o, (Pra+p—y+1)(A-B)(p- S)[1+A(p-1)] o
(p+p)[(1-B)+ ( B)(p-5)][1+4p]
for z €U . The result is sharp.

Proof: Since f (Z) belongs to the class S, (a,ﬁ, v, A B4, 5), in view of Theorem 2.1, we obtain
(A+p)[(1-B)+(A-B)(p-5)][1+1p] ¢

(p+a+p-y+1) nzzl:a”pg
> 4(n.a.f.7)[n(1-B)+(A-B)(p-5)]a,., < (A-B)(p-0)[L+2(p-D)]
which is equiv;I:elnt to
ia . (p+a+p-y+1)(A-B)(p-5)[1+A(p-1)]
= " (A+p)[(1-B)+(A-B)(p-05)][1+4p]
Using (1.4) and (3.2), we obtain

F@) < |2+l Xan,
n=1

< rP4rfty a
n=1

(p+a+p-y+1)(A-B)(p-5)[1+A(p-1)] (ot
(8+p)[(1-B)+(A-B)(p-5)][L+4p]

rP< \f(z)\ < (3.1)

(3.2)

n+p

Similarly,
y (o) (p+a+pB-y+1)(A-B)(p-5)[1+A(p-1)] ot
) (B+p)[(1-B)+(A-B)(p-0)][1+2p]

This completes the proof of Theorem 3.1.

Theorem: 3.2. A function f (Z) defined by (1.4) isin S, (a,ﬂ, 7, A 8,1,5). Then for |Z| =T, we have
o (Pra+p—y+1)(A- B)(p-5)[1+A(p-1)|(p+1) "

(p+p)[(1-B)+(A-B)(p-5)][L+2p]

(p+a+pB-y+1)(A-B)(p-o)[1+A(p-1)](p+1) "
(p+A8)[(1-B)+(A-B)(p-0)][L+2p]
for z €U . The result is sharp.

Proof: Since f (Z) belongs to the class S, (a, £y, AB A, 5), in view of Theorem 2.1, we obtain

pr < \f'(z)\ < (3.3)

prety
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(8+p)[(1-B)+(A-B)(p-05)][1+2p] &

(p+a+pB-y+1)(p+1) Zn+p ep <

g¢(n,a,ﬂ,y)[n(1— B)+(A-B)(p-9)]a,., < (A-B)(p-5)[1+A(p-1)]
which is equivalent to
qi(mp)a _(p+a+p-y+1)(A-B)(p-3)[1+A(p-D](p+1)
"PT (B+p)(1-B)+(A-B)(p-5)][1+4p]

Using (1.4) and (3.4), we obtain

[£(2)] < Pl +[2" X (n+p)ay,
n=1

(3.4)

IA

prot+ rpi(n+ p)a,,,
n=1

4, (p+a+p-y+1)(A-B)(p-6)[1+A(p-D](p+1) o
(8+p)[(1-B)+(A-B)(p-05)][1+2p] |

<pr?
Similarly,

‘f'(z)‘ > oot (p+a+p-y+1)(A-B)(p-5)[1+A(p-D](p+1) o

(B+p)[(1-B)+(A-B)(p-35)][1+2p]

This completes the proof.

V. Closure Theorems
Theorem: 4.1. Let the functions

f(z)=2"->a,,, 2" (an.p; 20) (4.1)
n=1
be in the class Sg (a,ﬂ,y, A, B,ﬁ,é’) for every j=1,2,3,---,m. Then the function h(Z)defined by
z)=>c,f,(2) (c; 20) (42)
=

is also in the same class S, (a,ﬁ,jf, A, B,/1,5) , where

e, =1 (4.3)
j=1

Proof: By means of the definition of h(Z) we can write

=2"- Z[ZCJaer J] : (44)

n=1\ j=1
Now, since fj (Z)ES; (a,ﬁ,;/, A, B,/1,5) for every j=1,2,3,---,m, we obtain
i¢(n,a,ﬂ,7/)[n(1— B)+(A-B)(p—95)]a,.,; < (A-B)(p—5)(1+A(p-1)), (45)

forevery j=1,2,3,---,m,, by virtue of Theorem 2.1. Consequently, with the aid of (4.5) we can see that

S (na.)a-8)(A-8)(p-0)] S
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3o {Solnapn-8)-(A-B)(p-0), |

j=1

A

_(chj(A— B)(p-5)(1+A(p-1))=(A-B)(p-5)(1+A(p-1))
=1
This proves that the function h(Z) belongs to the class S, (a, LBy, AB A, 5).

Theorem: 4.2. Let
_ b
f) (z)=z (4.6)
and

() (ARO[ A(p-Y] @)
n+p I:n(l—B)+(A—B)(p—§)]¢(n,a,ﬁ,y) '

for -1<B<A<1 —-1<B<0,0<5< pand ¢(n,a,f,y)is defined by (2.2). Then f (z) isin the

class S (a, p£.v,AB A, 5) if and only if it can be expressed in the form

f(z)=>¢oo s (2) (¢p 20) (4.8)
n=0
and
D Cp =1 (4.9)
n=0

Proof: Assume that

3 e % (A-B)(p-d)[1+4(p-1)] o
F(2)=2 6w T (2) =2 —nZ_l[n(l_B)+(A_B)(p_5)}¢(n’a’ﬂ’y)§n+pZ (4.0)

Then we get
§¢(n,a,ﬁ,7)[n(l— B)+(A-B)(p-7)]
) (A-B)(p-5)[1+4(p-1)] .
[n(1-B)+(A-B)(p-3)]4(na.fiy) ™"

<(A-B)(p-o)[1+1(p-1)].
By virtue of Theorem 2.1 this shows that f (Z) is in the class S (a,ﬂ,}/, A, 8,1,5).

Conversely, assume that f (Z) belongs to the class S, (a, LBy, AB A, 5). Again, by virtue of Theorem
2.1, we have

L (A-B)(P-0)(1+A(-D)
""" [n(@1-B)+(A-B)(p-5)|¢(n.a.B.¥)

Next, setting

[n(1-B)+(A-B)(p-5)]é(na.B.7) .
(A-B)(p-0)(1+A(p-1)) P
and é’p :1_Z§n+p'
n=1
we have the representation (4.8). This completes the proof of the theorem.

V. Inclusion And Neighborhood Results
In this section, we prove certain relationship for functions belonging to the class

§n+p =
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Sy (@, B,7,A B, ,8) and also, we determine the neighborhood properties of functions belonging to the
subclass S (p,@, B,7,A B, A,6).
Following the works of Goodman [13], Ruschweyh [14] and Altintas et. al. [15, 16], we define the (n, 8)—

neighborhood of a function f €T (n) by

Nn’E(f)z{g eT,(n):9(z)= mep z™" and Z N+p)|an,, = b,|<e } (5.1)
n=1
In particular, for the function e(z) (p el] )

n+p n+p
Nn’g(e)z{g eT,(n):g(z)= mep z™" and Z (n+p) } (5.2)

A function f eTp (n) defined by (1.4) is said to be in the class S, (p,a,ﬂ,}/, A, B,i,é‘) if there

n+p

exists a function h eSP a, By, A B,ﬂ,é‘)such that

‘L—L‘< p—p (zeU,0<p<p). (5.3)
h(z)

Theorem: 5.1. Let
:(p+a+,8—7+1)(A— B)(p—é)[1+ﬁ(p—1)](p+1).
(B+p)[(1-B)+(A-B)(p-5)][L+4p]

Then S;(a,ﬂ,j/, A, B,i,é’)g N, . (e) (5.5)
Proof: Let f €S, (a,,B, 7, A B,/I,é') . Then in view of assertion (2.1) of Theorem 2.1, we have
(ﬂ+p)[(l—B)+(A—B)(p—5)][1+ﬂp]ia .

(p+a+p-y+1) L

> 4(n.5.7)[n(1-B)+(A-B)(p~0) ., < (A-B)(p-0)[1+4(p-D)].

n=.

- Za < p+a+ﬂ y+1)(A-B)(p-5)[1+A(p-1)]

B+p)[(1-B)+(A-B)(p-5)][L+4p]

Applying assertion (2.1) of Theorem 2.1 in conjunction with (5.6), we obtain
(8+p)[(1-B)+(A-B)(p-5)][L+4p]
<(A-B o)1+ A(p-1
(p+a+p-y+1) Zaw )(p=3)[1+A(p-D],

(p+1)(B+p)[(1-B)+(A- B)(p—é”)][lM

(5.4)

(5.6)

PS8, < (p+1)(A-B)(p-3)[i+ A(p-D)].

(p+a+p-y+1) )
Hence, i(n_i_ p)a - ( p+a+ﬂ—7/+1)(A— B)(p—é‘)[l+ﬂ(p—1)](p+1) _
2 e S o) [(-B)+ (A= B)(p-2) J i 4]

which by virtue of (5.2) establishes the inclusion relation (5.5).

Theorem: 5.2. Let
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&
PP (5.7)

(B+p)[(1-B)+(A-B)(p-9)][L+4p]
(B+p)[(1-B)+(A-B)(p-5)|[1+Ap]-(p+a+B-y+1)(A-B)(p-5)[1+A(p-1)]

Then N, ,(h)=S:(p.a.B.7,ABA4,6). (5.8)
Proof: Suppose that f € N, , (h) , we can find from (5.1) that
Y (n+p)a,., - b.,l<e
n=1
which readily implies the following coefficient inequality,
- £
a —-b < . nell (5.9)
) L

Next, since f €S; (a,,B, 7, A B,/L,é') in the view of (5.6), we have
ib <(p+a+,6’—y+l)(A—B)(p—5)[1+/1(p—1)].
S (B+p)(1-B)+(A-B)(p-5) |1+ 2p]

Using (5.9), (5.10) together with (5.3), we get the required assertion.

(5.10)

VI.  Radii Of Close-To-Convexity, Starlikeness And Convexity
Theorem: 6.1. Let f €S, ( a, By, A B, 4, 5) . Then f is p-valently close-to-convex of order

77(0£77< p) in |Z|<R1,Where

[n<18>+<AB)(p6>J¢<n,a,ﬂ,y>(p-nﬂi

(A-B)(p-5)(1+A(p-1)) n+p

R, =inf { (6.1)
and ¢(n,cx, B, 7)is defined by (2.2).
Theorem: 6.2. Let f €S ( a, By, A B, 4, 5) . Then f is p-valently starlike of order 77 (0 <n< p) in

|Z|< R,, where

(6.2)

[n<1—8>+<A—B><p—a‘)]«ﬁ(n,a,ﬂ,y)( - H

R, = inf
" { (A—B)(p—-0)(L+ A(p-1)) N+ p—7
and ¢(n,cx, B,y )is defined by (2.2).

Theorem: 6.3. Let f €S, ( a, By, A B, 4, 5) .Then f isp-valently convex of order 7 (O <n< p) in

|Z| <R;, where
1
- [n(l—B)+(A—B)(p—5)}¢(n,a,ﬂ,7){ p(P-7) J 63
o (A-B)(p-5)(1+A(p-1)) (n+p)(n+p-7)
In order to establish the required results in Theorems 6.1, 6.2 and 6.3, it is sufficient to show that

f!
Zp(zl)—pﬁp—n for |Z|<R1,
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zf'(z
T(Z))—pSp—n for |Z|<R2 and
1+zf_(z) —p|l<p-n for |z|<R,,

')

respectively.

Remark 6.1: The results in Theorems 6.1, 6.2 and 6.3 are sharp with the extremal function f given by (2.3).

Furthermore, taking 77 = 0 in Theorems 6.1, 6.2 and 6.3, we obtain radius of close-to-convexity, starlikeness
and convexity respectively.
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