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Intersections and Pullbacks

Ms. P. Vijayalakshmi and Dr. P. Alphonse Rajendran

Abstract: Ever since fuzzy sets were introduced by Lotfi Zadeh in the year 1965 [1], many algebraic structures
were introduced by many authors. One such structure is fuzzy groups introduced in [2]and [3]. In [4] the
authors introduced a novel definition of fuzzy group homomorphism between any two fuzzy groups and gave
element wise characterization of some special morphisms in the category of fuzzy groups.

In this article we prove the existence of the intersection of a family of fuzzy subgroups, and also study some
properties of pullbacks.
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I. Introduction
Definition 1.1: Let (X, &) be a fuzzy group and { (u;, &): (X;, p;) = (X, 1)} e be a
family of fuzzy subgroups (X, £). Then a strong fuzzy group homomorphism (U, e): (X", ') —> (X, 1)
is called an intersection of the family if
(i). for each i € 1, there exists morphisms (&, £,): (X', ') —>(X,, ;) such that
U, )=o), 6)
(i). (h,»): (Y, 7)—> (X, u) isany fuzzy group homomorphism such that (h,y) = (u;, &) (h;, v;)
for morphisms (h,,7,): (Y,7)—>(X,, 4 ) for each iel, then there exists a unique morphism
k 8): (Y,n) » X,p) suchthat (h,y)=(u,a)(k,o).

Theorem 1.3: The category of fuzzy groups ¥ has intersections.

Proof. We have to prove that the intersection of every set of sub objects of (X, z) in & exists. Let
{U;,;): (X, 1) > (X, 1)}, beany set of sub objects of (X, ) in .

Then by definition each (ui o# ) is a monomorphism and hence u,: X; = X isinjective [3].

Let X' = N;qu; (X;) S X [Since each u;(X;) is asub group of X isomorphic to the group X; ].

Suppose X' = ¢ (empty set ). Then there is a unique morphism ( to be also denoted as ¢ ) from X' in to any
another set.

Hence in this case it is clear that (@, @) : (¢, @) — (X, w) is the intersection of the family.

So let us assume that X' = N u; (X;) # 0.
We define z': X'—>[0,1] by z'(X) = u(x) forall x € X'.
u

In other words u' = <

Hence (ix:, i,xy) s (X', 1) = (X, 1) is a fuzzy subgroup of (X, ).
Moreover since each U, : X, — X is injective, if Y € X'= N;g u; (X;) then there exists a unique x; € X;

such that y = u;(x;) forall iel.
Hence we have a well defined function,

vii X'(= Nigu; (X)) = X; definedas & (y)=X; ify = u(X;) foreachi€ I. Clearlyeach 9 : X'—> X, is
a homomorphism of groups. Finally, we define 3, : ' (X") — 4 (X,) as follows.
If yeX'and y = u;(x;) for aunique X, € X;, then define S, (1£'(Y))=24(X,).
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Then for each ielandye X, S/ (Y)=(X) where y=U,(X,)= 249 (y), by definition , Hence
L= w9 sothat (4, 5,): (X", 1')—>(X,, ) is ahomomorphism of fuzzy groups.
Claim. (iy.,1,xy) (X', ") = (X, 1) is the intersection of the given set of sub objects.
Step 1. Forally € X, if y=u; (x;), X € X; foreach i€, then U3 (y) =u; (X;)=y=iy.(Y)
sothat U, & = i.. Further
o, f.u' (Y)=a; 1, (X;) (by definition of £, ify = u(x))
=y (x;) [since (U; , ;) (X, 14 ) —> (X, i) isa fuzzy group homomorphism ]
=p@y) [y=w)]
1) [u=ulX]
andso a; B, =1,y -

Thus (iy., 1,xy ) (X", ') —>(X, p) satisfies condition(i) of definition 1.1.

Step 2. Suppose (h,y):(Y,n)— (X, u) isany fuzzy group homomorphism such that

(h,7)=(u; ,e; )(h; ,y;) for fuzzy group homomorphisms (h,,7; ):(Y,7)—>(X,, &),
define (k,0):(Y,n)—> (X", 1") as follows.
If yeY, then h(y)=u, h, (y) [sinceh=u;h;]
eu; (X;) forall i[since h, (y)eX; ]
Hence h(y) € Nic,ui(Xj) = X' e (3)
Sowe definek: Y — X' as K(y) = h(y).
Thenforall yeY, iy,. k(y) =iy h(y)= h(y).
Thus iy. K =h . (A).
Againif y €Y, thenby (3) h(y)e X"
Hence 'h(y) € 4/ (X") = uh(y) € /' (X'), since p'=pul X".
So we define 6:7(Y) —> 4' (X") as dn(y) = th(y).
Clearly & is well defined for

Ny =102 =>yn(y)=rny,)
= ph(y,) = h(y,) [since yn=wuh]
= i (y;) = on(y,).
Now forall yeY, ' k(y)=uk(y) [since u'=pul X']
= 1h(y) [ by definition of k ]
= on(y) [by definition of 5.
Then x'k=0on , sothat (k,8):(Y,n) - (X, ) isa fuzzy group homomorphism.
Finally for ally € Y, 1,,x,017(Y) = on7(y)
= ph(y) = yn(y) (since uh=yn)
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=10 =7 .
Further since i,. and i, are injective, we conclude that (k,&) is unique.

Thus we have proved (ii) of definition 1.1.
Hence (iy.,1,xy):(X", 4')—>(X, ) isan intersection of the given set of sub objects.

Remark 1.4: Asinany category we can prove that any two intersections of a given family of fuzzy subgroups
are isomorphic fuzzy subgroups. Hence we can talk of " the " intersection of a family of fuzzy subgroups.

Moreover if  (iy ,i,x,)1(X;,14)—>(X,u) are fuzzy subgroups where iy and i, ., arethe
respective inclusions , then the intersection of the family will be taken as (i ,1 x4 )1 (X", ") —>(X, ut)

where X' = N, X; [ intersection of sets ] and ' is the restriction of 4.
Next we define pullbacks in the category of fuzzy groups and investigate some of its properties

Il. Pullbacks

Definition 2.1: Given two fuzzy group homomorphisms (f,,c ):(X,, 24 )— (X, u)and
(f,,a,):(X,, 1, ) > (X, u)afuzzy group (P,8) is called a pull back (cartesian square/fibre product )
of (f,,,) and (f,,x,) if

(i) there exist fuzzy group homomorphism(g,,/,):(P,6)—(X,, ) and

(92.5,):(P,0)—>(X,, 1, ) such that (f,, e, )(9,,8,)=(f,,a,)(9,,5,) and

(ii) if there exist fuzzy group homomorphism (k;,6:):(Q,&) » (X, ,u;) and (k,,8,):(Q,¢&) » (X3, u3)
such that (f,,e,)(k,,0,)=(f,,,)(K,,5,) then there exists a unique fuzzy group homomorphism

(h,¥):(Q,8) — (P,6) such that (g,,/,)(h,y) = (k, ) and(g,, 5, )(h,y) = (K;,6,)

(G; {} 'U':z .152}
Ch.yl
(ky.81) (P.g) (gz.Bz) Xz ,u2)
(g1.81) (f2.,a2)
Xy ,m0) (fy.0q) X .pm)

Remark 2.2: As usual, we can prove that if the pull back of a pair of fuzzy group homomorphisms exists, then
any two such pull backs are isomorphic fuzzy groups.

Example 2.3: Let S, ={p,,0,,0,,7,,7,,T5} be the symmetric group of degree three where p, =
id,p; =(123),p,= (132),7,=023),1,=(13)and 13 = (1,2)

Let (X, )= (S;, 1) bethe fuzzy group with p(po) =1, u(p) = p(p;) = € and

u(m) = p(ry) = p(r3) = € With0 < 6, < 6, < 1

Let (Xy,0)=(Z,, 1) where 1 (0)=1, 1,(2) =t , sy =14 (3)=t, with0 < t, <t; <1:

Let H={p,,7,} bethesubgroupof S, and (X,,z,)=(H,,) where 1,=u/H .

Consider the following diagram, where
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(P,6) > (Xa2.112)
l (f2.22)
(X1.4) > (X, 1)
(120 )

(f,,a,) is a strong monomorphism. Then the above square is a pull back if and only if
(P,H):(fl,al)fl(xz,,uz)
Proof. Since (f,,a,) isa strong monomorphism (f,,cr, )™ (X, ,x,) exists. Then from the definitions
of inverse images and pull backs, it immediately follows that (P,£) is a pull back if and only if

(P1‘9):(f1’a1)_l(xzuu2)

(P.6) » (Huz)
(i by )
(Z4,11) [.ﬂzx t' (5'3,;1_‘)

Let (f,,0):(Z,,14)—>(S;, 1) be the fuzzy group homomorphism defined as
AO)= i) =p D)= iB) = 15 (D) =1 = ay(t1), a1 (t;) = &
Let P=f"(H)=Z, Then (P,0)=(Z,,,)is the inverse image of (f,,c;) and hence the pull

back of (f,,c;) andand (i ,i 4 (H) ) . The next proof shows that finite intersection can be characterized

via pull backs.
Proposition 2.4: Consider the following commutative diagram

(P.6) > (X3, 1)
l (f2.x2)
(X1, 41) > (X, 1)
(fiall

Where (f,,a,) and (f,,,) are strong monomorphism. Then the above square is a pullback if and only if
(P,0) isthe intersections of (X, z4) and (X, , 1, ).

Proof. Since (f,,a;) and (f,,,) are strong monomorphism (X,,z,) and (X, , 1, ) are fuzzy
subgroups of (X, £), Therefore from the definitions of pullbacks and intersections it follows that (P, 8) is a
pull back iff (P,8) isan intersection of (X;,z4) and (X,,u,).

Example 2.5: Let(S;, 1) be the fuzzy group. Let H,={p,,7,} and H,={p,,7,} be two groups of
Ss. Then (H,, ) and (H,, 1, ) are fuzzy subgroups of (S, , £) where £, and g, are restrictions of
4 to H; and H, Let (H,,z,) be the fuzzy subgroup of (S,, ) where Hy = {p,} and p, is the

restriction of u. Then ( Hy, o ) isthe intersection of (H,, £4) and (H,, £,) [up to isomorphism] so that
the following diagram is a pullback, with respect to the inclusion fuzzy group homomorphism.
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(H.:.:#.:.:I > (HJ:J'E‘EJ)
(Hl El au’l j > (53 E) ,u)
Properties 2.6: Let us see some properties of Pullbacks. Consider the pullback diagram
(82:5.)
-
(p.6) (X2, )
(g..5,) (f1.0)
[:Xl'- .l‘u:l)I [:X' #}

B

(fi-)

(). If (f,, e, ) isamonomorphism then (g, , S, ) isalso a monomorphism

(ii). If (f,, ) isaretraction then (g,,/3,) isalsoa retraction
(iii). If (f,, e, ) isan isomorphism then (g, ,/3,) isalso an isomorphism

(iv). If (f,, ;) isanequalizer thensois (g,,/5,)

Proof (i).

(Q.%) (g2.B2) (k2 ,82)

(ky.681) u (k2,87 )

(g1.B1) (ky.81) P.0) (g2.B2) (X2 .12 )
—
(g91.81) (f2,a2)
(Xy.p9) (f1,@y) X .p0)

Suppose that (f,, ;) isamonomorphism...................oeoviiiiiiin. (1

Since the given square is a pull back, we have

(fo o) (9,.8)=(F,,0,)(9,.5,) oo ®))

Suppose there exists fuzzy groups homomorphism(k;, ;) , (ky, 8, ): (Q,&) - (P, 6)

SUCh that (gz,ﬁz)(kl,Sl ) = (gz,ﬁz)(kz,az) ......................................... (3)
Then

(fi,a)[(g1,B1) (k1,61)] = (f2, a2)(g2, B2)(kq, 8, ) using (2)
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=(f2,a)[(g2,B2) (ky, 8, )] using (3)........ A)

=(f1,a1) [(91,B1) (kz,8; )] using (2)
ThIS Imp|IeS (gl’ﬁl) (k1,61 ) = (gl,ﬁl)(kz,sz) ................................. (4)
[Since (f,, ;) isamonomorphism]
Since the given square is a pull back, and (A) is true there exists a unique fuzzy group homomorphism
(h,7):(Q,&)—>(P, @) such that (9,4, )(h,y)=(9,,5 )k, 6 ) and
(gzyﬂg)(hay):(gz1,32)(k2152) -------------------------------- %)
However from (3) and (4), it follows that (h,y) = (k;,6,) and (h,y)=(k,,05,) both satisfy (5).
Therefore by uniqueness (K, ,0;, )= (K,,9,)
Thus (g5, B;) is a monomorphism.

Proof (ii): Let (f;,ay ) :(X;,u;) = (X, p) bearetraction. Then there exists a fuzzy group homomaorphism
(k,0):(X, 1) >(Xq,14) suchthat (f;,a )(k,6) = Iy 4y o (6)
Now (k,8)(f, ,@5):(Xy, 4 )—> (X, 24 ) issuch that
(fi a)l (k, 6)(f2, ax)] = [ (f1, @) (k, D] (f2, 2)
= 1(X,,u) (f,,a,)
= (f,,a7)

= (fz » @ ) I(lellz)
Since the given square is a pullback, there exists a unique fuzzy group

homomorphism  (h,y ) : (Xy,p4; ) = (P, 8)suchthat (g;,B, )(h,v) = Iy, 4,
Therefore (g, , 3, ) isaretraction with right inverse (h,y)

Proof(iii): (f,, ;) isanisomorphism = (f,, ;) is both a coretraction and retraction.

= (f,, ;) is a monomorphism and a retraction [since
every coretraction is a monomorphism]
= (9,,/,) isamonomorphism and a retraction by (i) & (ii)

=1(9,,/,) is anisomorphism

Proof (iv): Let (f,, ¢, ) bean equalizer of (py,6;) and
(p2,52):(X,M) d (M,.Q) .............. (1)

(1: 7) . (s,t)
/ ¥ "
was) ¥ \‘

(.6) (g:;.8) (X2,u2) (p.8) fr.y) (M)

: —— >
(81:/31)& (fr.2) (2.6, fr.00))
_ (2.8)
Xy w) (@) (Xp) (»,.6) (M. Q)

Since the given square is a pullback, we have
AT [CTY A IS [(- PRV N 2)
From the definitions of an equalizer,
we have (p1,61) (fl,al ) = (pZ,SZ)(ﬁ,al) .............................. (3)

Claim. (9,,/,) isthe equalizer for(py, 8;) (fy, ;) and (p,, 8,)(f2, @3)
By repeated application of the associative law, we have
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[(P1,61)(f2, az)] (92.B:) = (p1,81 )(fi, a1 )(g1,B1) by(2)
= (pz ’52)(f11a1)(911ﬂ1) by (3)
=[(02,8)(fa, @2)1(g2,82) by (2)eeeeeeiiinnne. (A)

This shows condition (1) of the definition of an equalizer [4] is satisfied
Suppose there exists (S,t): (Q,&)—>(X,, &, ) such that

(P, 8,)(F,.0, )(S, 1) =Py 8,) (F5 1 @ )(S1t) coveeeoeeeeeerere @)

By the Universal Mapping Property of the equalizer [4] (f,,c;) there exists a unique fuzzy group
homomorphism

(w,w): (Q,8) - (X;,puy) suchthat (f, ) (U, @)=(F,,,)(S,t) covvvvieiien. %)
Since the square is a pull back (5) implies that there exists a unique Fuzzy group homomorphism
(h,»):(Q,&)—>(P,6) suchthat (9,,5,)(N,7)=(S,t) e (B)

From (A) or (B) we conclude that (g, , 3, is the equalizer for (p; ,61) (fy @, ) and (p;,8,) (fy , @y ).
This completes the proof.

Remark 2.7: By symmetry it follows that if (f, , @, ) is a monomorphism (retraction/isomorphism) then so is
(g1 ,ﬂl) . The next proposition shows that monomorphisms can be characterized via pullbacks.
Proposition 2.8: A fuzzy group homomorphism (f,):(X, z)— (Y,7) is a monomorphism if and only

if the diagram below is a pullback diagram.

—

Iox,u (f.a)

Xz (f.@ &, n)

Proof. Let (f,a) be a monomorphism. Clearly condition (i) in the definition of pullback is true.
Suppose there exists (9,,/4,) and (Q,,/5,): (P,0) > (X, 1) such that
(f.)(9:.8)=(f.2)(9,.5,) .

Then (9,,0,)=1(9,,05,)[ since (f,a) is a monomorphism]........ 1)

Thus we have(d,,5,)=(9,,5,):(P,0)—>(X,x) such that Ik .y (91,B1) = (g1,B:)and
Ik, uy (92.82) =(92.52)

Moreover this (g, , /3,) is unique, since Iy, = identity. Thus the above diagram is a pullback.
Conversely,

if the above diagram is a pullback and (9,,8) .(9,,8,) :(P,8)—>(X, 1) such that

(f,)(9,,6)= (f,2)(9,,5,). Then there exists a unique (h,y): (P,0)—(X, ) such that
1(X,,u) (h,7) =(9,,,) and 1()(,/,1) (h,7)=(9,,8,). Hence (9;,5)=(",r)=(9,.5,) sothat

(f,«) isamonomorphism.

Proposition 2.9: Consider the following commutative diagram, where the right rectangle Il is a pullback.
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) (F&) V) (fom) | (Zas)
(P1.1,) (kl,c'il) I (k:,5:) II (ks,c?_:)
(4.m) (&:é) B.m,) (g:ugi) C.ny)

Then the outer rectangle is a pullback if and only if the left rectangle | is a pullback.

Proof. Assume that | isa pullback. Now
(Ky,05)(f,,0,)(f,, ) =(9,,5,)(K,,0,)(f,, ;) [since Ilis a pullback]

=(9,,5,)(9;,8,) (K, ,5,) [since | isapullback ]
and hence the outer rectangle is commutative.
Suppose there exists  fuzzy group homomorphisms such that (p;,t):(W,&)—(Z,4;) and
(p2,ty) :(W,8) = (A,n;) such that
(k3’63)(p11t1):(gzaﬁz)(gl,ﬂl)(pz,tz) .............. (1)

= (9,,8,)[(9:, 8)(p, . t,)]
Then there exists a unique (h,,7,) :(W,&)—> (Y, u,) such that (f,,e,)(h,»)=(p,,t;) and

(K, ,0,) (N, 7)=(9,, ) (P50 ,) e (2), Since rectangle Il is a pullback.
Now rectangle | is a pullback, equation (2) implies that there exists a unique fuzzy group homomorphism

(hy,7,) 1 W, &) (X, 1g) such that (f, e )(h,,7,)=(h,7) and (k;,5,)(h,,7,)=(p, .t;)

Now (fy, ;) (fy,00)(h, .7, )=(f5, 0, )(hy, 1) [by (3)]
= (P, ) [by (2]

Therefore the outer rectangle is a pullback.

Conversely,

Let us assume that the outer rectangle is a pullback. By hypothesis the right hand triangle Il is a pullback.
We have to prove that the | isa pullback. By hypothesis

(91, 8K, 6 )= (K, , 8, )(fL ) (4)
Suppose there exists a fuzzy group homomorphism(qy , v, ) : (M, Q) > (Y,i)  and (qz,v, ) : (M, Q) -
(A;m;)  suchthat (kz /0, )(ql ,l//1)=(gl By ) (qz W ) JE—— (5)

Then (Ky,05)[(f,,,)(0,v1)]=(9,, B, )(K,, 5, )(0y . 11)

[ since Ilis a pullback]

= (82,B2)(g1,B1)(g2,W2) [by (5)]

= [(82,B2) (81, BI(82, W2) oo, (6)
Since outer rectangle is a pull back, there exists a unique fuzzy group homomorphism (h,y) : (M,Q) - (X, )
such that (f;, ap)(fy, a)(h,v) = (f2,02)(q1, Y1) v (A)
(K, 0) (N, 7)=(0y s, ) e, (B)

Since the rectangle 11 is a pullback and both (f,,cr)(h,7) and(q;,v, ): (M, Q) - (Y,n) satisfy the
condition ( f,,e, )[(f,, )(h,»)]=(f,,«,)(q,,w,) by the Universal Mapping Property we have

(f0)(N,7)= (0 W) oo ©)
From (B) and (C) it follows that the rectangle I is also a pullback.
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