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I.  Introduction

The concept of Fuzzy sets was initially investigated by Zadeh [17] as a new way to represent vagueness
in everyday life . as a generalization of fuzzy sets introduced Zadeh [17], Atanassov [2], introduced the concept
of intuitionistic fuzzy sets . Recently, using the idea of intuitionistic fuzzy sets, In 2004 , Park [12] defined the
notion of intuitionistic fuzzy metric space with the help of continuous t-norm and continuous t-conorms. In 2006
, Turkoglu [16] proved Jungck’s [6] , common fixed point theorem in the setting of intuitionistic fuzzy metric
spaces for commuting mappings .Recently , in 2006 , Alaca et al. [1] using the idea of Intuitionistic fuzzy sets ,
defined the notion of intuitionistic fuzzy metric space with the help of continuoun t-norm and continuous t-
conorms as a generalization of fuzzy metric space due to Kramosil and Michalek [10] . Jungck and Rhoades [6]
gave more generalized concept weak compatibility then compatibility .Recently , many authors have studied
fixed point theorem in intuitionistic fuzzy metric spaces ([1] , [12] , [14,16]) . Recently , Rao, K.P.R. , Rao ,
K.R.K. and Rao , T.Ranga [13] introduced the concept of sequentially compact fuzzy metric space . Using this
concept , we introduce the notion sequentially compact intuitionistic fuzzy metric spaces and prove a
generalized common fixed point theorem for pairs of weakly compatible self mappings in this newly defined
space.

1. Preliminaries :-
Definition :-2[1] :

A binary operation *:[0,1]><[0,1]—>[0,1] is a continuous t-norm if it satisfies the following

Conditions:
1. * jsassociative and commutative ,
2. *is continuous ,

3. a*l=a forall ae[O,l] ,

4. a*b<c*d whenever a<c and b<d ,foreach a,b,c,d E[O,l].
Example :- Two typical examples of continuous t-norm are
a*b=ab and
a*b=min(a,b)
Definition 2[2] :
A binary operation O [0,1] X [0,1] - [0,1] is a continuous t-conorm if satisfies the following

Conditions:
1. ¢ isassociative and commutative,
2. O is continuous,

3. af0=a forall ae[O,l],

4. adb<cdd whenever a<c and b<d ,foreach a,b,c,d e [0,1].
Example :- Two typical examples of continuous t-conorm are
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adb =min(a+b,1) and
adb =max(a,b)
Definition 2[3] : A 5-tuple (X, M, N,*,0) is called a intuitionistic fuzzy metric space if X isan

arbitrary (non-empty) set, * is a continuous t-norm, ¢ is a continuous t-conorm
and M, N are fuzzy setson X% x [0, OO) ,satisfying the following conditions :

for each X,y,ze€ X and t,s>0,

i M(xy,t)+N(xyt)<1,
i. M(xy,0)=0
ii. M (X Y, t) lifandonlyif x=y ,
iv.  M(x,y,t)=M(y,xt),
v.  M(XYyt)*M(y,z,5)<M(xzt+s),
vi.  M(X,Y,.):[0,00) >[0,1] is left continuous,
vi. . limM (x,y,t)=1
viii. . N(x,y,0)=1,
ix.  N(x,y,t)=0ifandonlyif x=y ,
x. N(x,y,t)=N(y,xt),
xi.  N(XY,1)ON(y,z,5)=N(xzt+s),
Xii. N(X, y,.) [0,00) [0 1] is right continuous ,
xii.  liMN(xy,t)=0,

Then (M N ) is called intuitionistic fuzzy metric on X. The function M (X, y,t) and

N (X, y,t) denote the degree of nearness and the degree of non —nearness between

x and y with respect to t, respectively.

Definition 2[4]:  Let (X, M, N,*, 0) be an intuitionistic fuzzy metric space . Then a sequence {Xn}
in X s said to be Cauchy sequence if, forall t >0 and p>0,

imM (%%, t)=1 mN(x,,,x,t)=0.

n—o n+p’on? n—oo n+p?on?
Definition2[5]:  Let (X, M,N ,*,0) be an intuitionistic fuzzy metric space . Then a sequence {Xn}
in X is said to be convergent to a point X X ifforallt>0
limM (x,,x,t)=1 and limN (X, xt)=1.

N—o0
Since * and ¢ are continuous , the limit is uniquely determined from (v) and (xi),
respectively.

Definition2[6]:  An intuitionistic fuzzy metric space (X M ,N,*, 0) is said to be complete if every
Cauchy sequence is convergent .
Definition2[7]:  Let A and B be mappings from an intuitionsitic fuzzy metric space (X M ,N,*, <>)
in to itself . The mappings A and B are said to be compatible if
limM (ABXn, BAXn,t) =1,

N—o0

limN (ABx,, BAX,,t)=0 forall t>0, whenever {X

N—o0

n} isa sequence in X
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Suchthat  lim Ax, =limBx =z forsome ze X .

n—o n—o

Definition2[8 ]: Self mappings A and B be mappings from an intuitionsitic fuzzy metric space
(X,M,N,*0) is said to be weakly compatible if they commute at their coin-

cidence point , that is AX = BX implies that ABXx = BAX for some X e X .
It is easy to see that if self mappings A and B of an intuitionsitic fuzzy metric space

( X,M,N,*, O) is compatible then they are weakly compatible.

Definition 2[9] : ( X,M,N,*, <>) is said to be sequentially compact intuitionistic fuzzy metric space
If every sequence in X has a convergent subsequence in it .
Let O be the set of all function ¢ , ¢' :[0,1]5 —)[0,1] such that

i ¢ ,¢' are non decreasing and non increasing in all coordinates respectively ,
ii. ¢(t1,t2,t3,t4,t5),¢' (tl,tz,t3,t4,t5) are continuous in t, and t; and
i, g(ttttt)>t,¢ (Lt t)<t forevery te[0,1).

I11.  Main Result:
Here afterwards , assume that (X, M,N ,*,0) be a sequentially compact intuitionistic fuzzy metric space

with t*t>t , s0s<s Vt,se[0,1]
Theorem3.1: Let P,Q,A/B,S and T be self mappings on (X,M,N,*,O) such that :
() P(X)=ST(X) and Q(X)c AB(X),

(i) P and AB arecontinuous or Q and ST are continuous ,
(i) AB=BA ST =TS,PB=BP,TQ=QT,

(iv)  The pairs (P, AB) and (Q, ST) are weakly compatible ,
(v)  Thereexists € (0,1) such that for every X,y € X and ¢t > 0
M (Px,Qy,qt) = min{M ( ABX,STy,t)*M (Px, ABx,t)*M(Qy, STy,t)*M (Px,STy,t)}
N (Px,Qy, qt) < max { N (ABx, STy, t)ON (Px, ABx,t)ON (Qy, STy, t)ON (P, STy,t)} ;
(vi) forall X,yeX,imM(x,y,t)=1limN(xy,t)=0;

If the pair of maps (P, AB) is reciprocal continuous and semi compatible mapsthen P, Q,S, T, Aand B
have a unique common fixed point in X.

Proof :- Let X, € X , from (1) there exist X, X, € X suchthat PX, =STx, and Qx, = ABX, .
Inductively , we can construct sequences {Xn} and {y } in X such that
n

PXon 2 = ST 01 = Yon
And

QX,,., =ABX, =Y, forn=123,..........
By using contractive condition (v) ,we obtain

M (PX,,, QX,,.;,Gt) > min {M (ABX,, STy, 1) *M (PXy, ABX, 1) * M (QXypg0 STy, 1) *M (PXy,, STXy, 1)}
N (PX,,, QX qt) < max{N (ABXy, STy, ) O N(PXypy, ABX,,, 1) O N(Qyp1, STy 1, t) ON (P, ST, 1)}

2n? 2n+11
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M (PXZn’QX2n+l’qt) 2 mln{M (y2n’y2n+1’t)*M (y2n+l’y2n’t)*M (y2n+2’y2n+l't)*M (y2n+1’y2n+l’t)}
N (PXyp Q1.1 G) < MAX{N (Y31, Yo r ) ON (Yonss Yo ) ON (Vaneos Yorear ) ON (Vniss Yoneas )}

M (PXZn'QX2n+1’qt) Z mln{M (y2n7y2n+l’t)*M (y2n+21y2n+1’t)}
N (PXZn’QX2n+1' qt) S maX{N (y2n1y2n+l’t)<>N (y2n+2’ y2n+l’t)}

The only t-norm * satisfying t*t >t forall t e [0,1] is the minimum t-norm , that is

a*b=min {a, b} forall a,be [0,1] and

and by the definition 2[2] of continuous t-conorm then
adb =max{a,b} forall a,b<[0,1] .
By the conditions ,we have

M (y2n+l’y2n+2’qt) 2 M (y2n’y2n+l’t)
N (Vania: Yansz O) S N (Yo Yoo )

Similarly we have

M (y2n+2’y2n+3’qt) 2 M (y2n+l1 y2n+2’t)
N (y2n+2 ’ y2n+3’ qt) < N (y2n+l’ y2n+2’t)

Thus , we have
(an yn+z’qt) M (yn, yml,t) forn=123,.......
(yn+l’ yn+2’qt) N (yn, yM,t) forn= 1,2,3,........

M (yn' yn+l’ Z ( n? >/n-¢—l’%)Z M (yn—Z’ yn—l’%Zj

and

And hence M (Y, Yy.q,t) >1 as n—oo for t >0

and N (¥, Yo t) >0 as n—oo for t >0

for such €>0 and t >0 ,we can choose N, € N such that
M (¥, Ypsst) >1—€ forall n>ny

N (Y, Ypuist) <1—€ forall n>n,
For m,ne N ,we suppose M >N .then we have

M (Y Y ) = M (Yo Youts Yoy )M (Yauss Youos Y ) 5o M (Yot Yoo Yo
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>(1-e)*(I-e)*nnnnn. *(1-€)(m—n)times
> (1— e)

and for m,n € N ,we suppose m < n .then we have

N(yn,ym,t)gN(yn,yn+1,%n_n)<>N(yn+l,yn+2,%n_n)<> ......... ON(ym_l,ym,%n_n)
<(1-€)0(1-€) 0 0(1-€)(m—n)times
<(1-¢)

And hence {yn} is a Cauchy sequence in X.

Since (X,I\/I,*) and (X,N,O) is complete , {yn} converges to some point Ze€ X . Also its

subsequences converges to the same point i.e. Zze€ X .

ie., {QXZM} —Z and {STXZM} 7 (1)
{PX,,} >z and {ABX, } >z @)
Since the pair (P, AB) is reciprocally continuous mapping then we have
lim PABx,, = Pz
and n_m

lim ABPx,,, = ABz

n—oo

and lim ABPx,,, = ABz .

nN—oo

And semi compatibility of (P, AB) gives

lim ABPx,, — ABz

N—o0

Therefore Pz=ABz.
We claim Pz=ABz=1z.

Stepl:- Put X=z and Y =X,,,, gives in condition (v),
M (Pz,Qx,,,,,qt) > min{M (ABz,STX,,;,t)*M (Pz, ABZ,t)*M (QX,,,;, STX,,..,,t)*M (Pz,STx,,, )}

N (Pz,Qx,,.;,qt) < max{N (ABz,STX,,.;,t)ON(Pz, ABz,t)0 N(Qx,,,,, STX
taking N — oo and using equation (i) , we get

M (Pz,z,qt) > min{M (z,2,t)*M (Pz,z,t)*M (z,z,t)*M(Pz,z,t)}

t)ON(Pz,5Tx,,,,t)}

2n+1? 2n+11

N (Pz,z,qt) < max{N (z,2,t)ON(Pz, z,t)ON(z,z,t)()N(Pz,z,t)}

i.e

M (Pz,z,qt) > M (Pz,z,t)
Then we get,

Pz=z.
Therefore

ABz=Pz=z. ... 3)

and

N (Pz,z,qt)<N(Pzz,t)
Then we get,

Pz=1z.

Therefore
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ABz=Pz=z. ... @)

Step 2:- Putting X=Bz and y =X,,,, in condition (v) , we get
M (PBz,QX,,.;,qt) > min{M (ABBzZ,STx,,,,,t)*M (PBz, ABBZ,)*M (QX,,1, STXy.0,t)* M (PBZ,STx,, ;. t)}

N(PBz,Qx2n+l,qt)£max{N(ABBz,STxZMl,t)ON(PBz,ABBz,t)<>N(QXZM,STxZM,t)ON(PBZ,STXZM,t)}
As BP=PB,AB=BA,
S0 we have
P(Bz)=B(Pz)=Bz
and
(AB)(Bz)=(BA)(Bz)=B(ABz)=Bz
Taking N — oo and using (i) , we get
M (Bz,z,qt)> min{M (Bz,z,t)*M (Bz,Bz,t)*M (z,2,t)*M (Bz, z,t)}

N(Bz,z,qt)< max{N (Bz,z,t)ON(Bz, Bz,t)<>N(z,z,t)ON(Bz,z,t)}

i.e.
M (Bz,z,qt) > M (Bz,z,t)
then we get
Bz=z
and also we have
ABz =z
= Az=12
Therefore , Az=Bz=Pz=z ... 5)
and
N (Bz,z,qt)<N(Bzz,t)
then we get
Bz=z
and also we have
ABz =z
= Az=12
Therefore , Az=Bz=Pz=z ... 6)

Step-3:- As P(X) c ST (X) , there exists U € X such that
z=Pz=STu
Putting X=X, and Yy =U in(v) , we get

M (PX,,,Qu, qt) > min{M (ABX,,,STu,t)*M (Px,,, ABX,,,t)*M (Qu,STu,t)*M (Px,,,STu,t)}
N (Px,,,Qu,qt) < max{N (ABX,,,, STu,t)ON(PX,,, ABX,,,t)ON(Qu, STu,t) O N(Px,,, STu,t)}
Taking N — oo and using (1) and (2) , we get

M (z,Qu,qt)> min{M (z,2,t)*M(z,2,t)*M (Qu,z,t)*M(z, z,t)}

N (z,Qu,qt) < max{N (z,2,t)0N(z,2,t)0N(Qu,z,t)ON(z, z,t)}

i.e.
M (z,Qu,qt)>M (z,Qu,t)

Then we get
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Qu=z

Hence STu=z=Qu
M (STu,STQu,t)> M (STu,Qu,%) ~1

i.e

STu=STQu
=17=STz
and
N(z,Qu,qt) <N (z,Qu,t)
Then we get,
Qu=z
Hence STu=z=Qu ............ 7
N (STu,STQu,t)< N (STu,Qu,%) -0
i.e
STu=STQu
=z=STz . ... (8)
Step-4 :- Putting X=X, and Yy = Z in equation (v) , we get

M (Px,,,Qz,qt) > min{M (ABX,,,STz,t)*M (PX,,, ABX,,,t)*M (Qz,STz,t)*M (PXZH,STz,t)}

N(Px2n,Qz,qt)£max{N (ABX,,,STz,t)ON(PX,,, ABX,,,t)ON(Qz,STz,t) O N(Px,,,STz,t)}
Taking N — oo and using (2) and step-3, we get

M (z,Qz,qt) > min{M (z,Qz,t)*M (z,2,t)*M (Qz,Qz,t)*M (z,Qz,t)}
N(z,Qz,qt) < max{N (z,Qz,t)0N(z, z,t)ON(Qz,Qz,t)ON(z,Qz,t)}

i.e.
M (z,Qz,qt)>M(z,Qz,t)
Then we get,
Qz=z
So z=Qz=STz ... 9)
and
N(z,Qz,qt)<N(z,Qz,t)
Then we get
Qz=z
So z=Qz=STz . ... (10)
Step-5 :- Putting X=X,, and Yy =Tz in (v), we get

M (Px,,,QTz,qt)> min{M (ABX,,,STTzZ,t)*M (PX,,, ABX,,,t)*M (QTz,STTz,t)*M (PxZH,STTz,t)}
N (PX,,,QTz,qt) < max{N (ABX,,,STTz,t)0N(Px,,, ABX,,,t) O N(QTz,STTz,t)O N(Px,,, STTz,t)}

As AT =TQ and ST =TS we have
QTz=TQz =Tz and
ST(Tz)=T(STz)=TQz=Tz
Taking N — oo we get,
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M (z,Tz,qt)> min{M (z,Tz,t)*M (z,2,t)*M (Tz,Tz,t)*M (z,Tz,t)}
N(z,Tz,qt)< max{N (2,Tz,t)0N(z,2,t)0 N(Tz,Tz,t)ON(z,Tz,t)}
ie. M(z,Tz,qt)>M(z,Tzt)

then we get,
Tz=1z
Now STz=Tz=z
=S71=12
Hence Sz2=Tz=Qz=z7 ............ (1)

Using (5) and (11) we get
Az=Bz=Pz=Qz=Tz=Sz=1z2

And
N(z,Tz,qt)<N(z,Tz,t)
then we get,
Tz=z
Now STz=Tz=z
=Sz2=12
Hence Sz2=Tz=Qz=z ............. (12)

Combining (5) and (12) , we get
Az=Bz=Pz=Qz=Tz=Sz=z
Hence, z isthe common fixed point A, B,S,T,Pand Q .

Uniqueness :-
Let u be another common fixed point of A,B,S,T,PandQ.

Then Au=Bu=Pu=Qu=Su=Tu=u.
Put X=12Z and y=u in (V) , we ge

M (Pz,Qu,qt) > min{M (ABz,STu,t)*M (Pz, ABz,t)*M (Qu,STu,t)*M (Pz,STu,t)}
N (Pz,Qu,qt) < max{N (ABz,STu,t)ON(Pz, ABz,t)0N(Qu, STu,t)¢ N(Pz,STu,t)}

Taking N — oo , we get
M (z,u,qt) = min{M (z,u,t)*M(z,2,t)*M (u,u,t)*M (z,u,t)}

N (z,u,qt) <max{N(z,u,t)ON(z,z,t)ON(u,u,t)ON(z,u,t)}

i.e.
M (z,u,qt)>M (z,u,t)
then we get,
z=U
And
N(z,u,qt)<N(zu,t)
then we get,

Z=U
Therefore  Z is the unique common fixed point of self maps A, B, S, T, P and Q. Hence proved
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