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On generalized n-derivation in prime near — rings
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Abstract: The main purpose of this paper is to show that zero symmetric prime left near-rings satisfying certain
identities are commutative rings . As a consequence of the results obtained ,we prove several commutativity
theorems about generalized n-derivatios for prime near-rings.

I.  Introduction
A right near — ring (resp.left near ring) is a set N together with two binary operations (+) and (.) such
that (i)(N,+) is a group (not necessarily abelian).(ii)(N,.) is a semi group.(iii)For all a,b,c € N ; we have (a+b).c =
a.c + b.c (resp. a.(b+c) = a.b + b.c . Through this paper, N will be a zero symmetric left near —ring (i.e., a left
near-ring N satisfying the property 0.x=0 for all x€ N). we will denote the product of any two elements x and y
in N ,i.e.; x.y by xy . The symbol Z will denote the multiplicative centre of N, that is Z={x e N | xy =
yx for all ye/NV . For any X,y € N the symbol [x,y]=xy-yx stands for multiplicative commutator of x and v,
while the symbol xoy will denote xy+yx . N is called a prime near-ring if XNy = {0} implies either x=0ory =
0 . A nonempty subset U of N is called semigroup left ideal (resp. semigroup right ideal ) if NUcCU
(resp.UNcU)and if U is both a semigroup left ideal and a semigroup right ideal, it will be called a semigroup
ideal. A normal subgroup (lI,+) of (N, +) is called a right ideal (resp. left ideal) of N if (x + i)y — xy € | for all
x,y € Nand i€ I(resp. xi € | for all i€l and xeN ). | is called ideal of N if it is both a left ideal as well as a right
ideal of N . For terminologies concerning near-rings , we refer to Pilz [11].
An additive endomorphism d :N —N is said to be a derivation of N if d(xy) = xd(y) + d(X)y , or equivalently ,
as noted in [5, lemma 4] that d(xy) = d(x)y + xd(y) for all x,y ¢N.
A map d:N X N X...X N —N is said to be permuting if the equation d(x;, x5, ..., X,)=A(Xr (1), X (2),» Xr(n)
n—times
holds for all x;,x,,...,x, € N and for every permutation = € S, where S, is the permutation group on
{1,2,...,n} .
Let n be a fixed positive integer . An n-additive(i.e.; additive in each argument) mapping d:N X N X...x N —N
n—times
is said to be n-derivation if the relations
d(x; %1%, e, X)) =A(Xq , Xg, e, X)X + 1 A1, X5, r, X))
d(xy , X%, e, 2,)=0(0; , X, e, X)X+, A(2y X5, 0, X))
2d(xg X, ey X X )=A(Xg L Xg, e, X)X, 2, A(Xg X5, 0, X))
hold for all x;,x;", x5, x5, ..., x,, x, € N. If in addition d is a permuting map then d is called a permuting n-
derivation of N . For terminologies concerning n-derivation of near-rings , we refer to [4]
An n-additive mapping f:N X N X...x N —N is called a right generalized n-derivation of N with associated n-
n—times
derivation d if the relations
fx; x1', %0, oy %)=F(21 L Xg, oo, )2+ 27 d(x, %5, .00, Xy)
oy ,2x0%5 o x))=F(x1 L X0, o, X)X+, (g %5, 0, X))

f(xy ,x,, ---;ann:):f(x1';xz; ...,xn')xn'+xn dx; , %, e, Xy )
hold for all xq,x; ', x5, %5, ..., X, x, € N. If in addition both f and d is a permuting maps then f is called a
permuting right generalized n-derivation of N associated permuting n-derivation d . An n-additive mapping
f.N XN X...x N—N is called a left generalized n-derivation of N with associated n-derivation d if the
n—times
relations f(x; x;', x5, ..., x,)=d(x; , X5, .., )% + %1 F(x1 ', %5, 000\ X))
f(xy , x5%, ""'xn,):d(xl ) Xy ey Xy )X 2 f(xy ,x, ,...,xn)

' ' ' (0 , Xy, e, X2 )=A (0, Xy, e, X)X 2, T, X0, 00, %)
hold for all x4, x; ', x5, %5, ..., X, x, € N. If in addition both f and d is a permuting maps then f is called a
permuting left generalized n-derivation of N with associated permuting n-derivation d . Lastly an n-additive
mapping d:N x N x...Xx N —N is called a generalized n-derivation of N with associated n-derivation d if it is

n—times

both a right generalized n-derivation as well as a left generalized n-derivation of N with associated n-derivation
d . If in addition both f and d are permuting maps then f is called a permuting generalized n-derivation of N with
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associated permuting n-derivation d . For terminologies concerning generalized n-derivation of near-rings, we
refer to [3].

Many authors studied the relationship between structure of near — ring N and the behaviour of special
mapping on N. There are several results in the existing literature which assert that prime near-ring with certain
constrained derivations have ring like behaviour . Recently several authors (see [2-10] for reference where
further references can be found) have investigated commutativity of near-rings satisfying certain identities.
Motivated by these results we shall consider generalized n-derivation on a near-ring N and show that prime
near-rings satisfying some identities involving generalized n-derivations and semigroup ideals or ideals are
commutative rings. In fact, our results generalize some known results proved in [3],[4] and [10] .

Il.  Preliminaries
The following lemmas are essential for developing the proofs of our main results
Lemma 2.1 [6] If U is non-zero semi group right ideal (resp, semi group left ideal) and x is an element of N
such that Ux = {0} (resp, xU = {0} ) thenx=0.
Lemma 2.2[6] Let N be a prime near-ring and U a nonzero semigroup ideal of N .If x,y € Nand xUy =
{0} thenx=0o0ry=0 .
Lemma 2.3[2] Let N be a prime near-ring . then d is permuting n-derivation of N if and only if
d(xq Xq,Xg, e, X,)=Xy d(X, Xy, o, X)) + d(Xq , X, o0, X)Xg
forall x, ,%;,%5,,...,X, EN.
Lemma 2.4[2] Let N be a near-ring and is a permuting n-derivation of N . Then for every x;,x;’,x,,, ..., X,,,y
EN,
D) x; d(xy', %9, o, %) + Ay, X0, e, X)X )Y =
xp d(x;, %0, 0, %)Y+ d(Xg X0, o, X)X Y
(i) (dCxq 52, ooy X )21 + 21 A1, X, 00, X))y =
d(x; ,xg, e, %)% Y+ 21 d(xq ', X5, o0, X,)Y
Remark 2.1 It can be easily shown that above lemmas 2.3 and 2.4 also hold if d is a nonzero n-derivation of
near-ring N .
Lemma 2.5 [4] Let d be an n-derivation of a near ring N , then d(Z,N,....N) S Z.
Lemma 2.6[4] Let N be a prime near ring , d a nonzero n-derivation of N, and U,U,,...,U, be anonzero
semigroup ideals of N .If d(U;,U,,...,U,) € Z, then N is a commutative ring .
Lemma 2.7 [4] Let N be a prime near ring ,d a nonzero n-derivation of N .and U;,U,,...,U, be a nonzero
semigroup ideals of N such that d([X,y],Us,...,uy) = O for all x,yeU; ,ue U,,...,u, €U, , then N is a commutative
ring .
Lemma 2.8[3]. fis aright generalized n-derivation of N with associated n-derivation d if and only if
F(X1x"1, X2, =, Xn) =X d (X1, X2, -+, Xn) +F(X1, X2, Xn) X1
F(X1,X2X 2+, Xn) X0 (X1,X 2, -+, Xn) +F(X1, X2, X )X 2

F(X1,X2, "+ XnX ) =Xnd (X2, X2, X n)HF(X1, X2, -, Xp)X
hold for all X; ,x'1 , X2, X'2,-* X5 ,X'n EN.
Lemma 2.9[3]. Let N be a near-ring admitting a right generalized n-derivation f with associated n-derivation d
of N . Then
(Fxy %0, o, X)X+ X1 A, X5, o0, X,))Y = T(2q , Xy, s x,)%,Y
+x1 d(xq ), Xy, e, XY
(Fxy 20, o, X)) +205 A2y , X5, o, 2,))Y=F (21 , X5, ...,xn)xg'y
+ %y d(x1 , X9, s XY

(Fxy 20, o, X)X, 2, A(Xy X, o, X, ) )Y=F (2 L Xg, oy X)X, y
+x, d(xg ,Xg, ey X%, )Y,
for all X1,X'1 X2, X2, Xn ,X Yy S\
Lemma 2.10[3]. Let N be a near-ring admitting a right generalized n-derivation f with associated n-derivation d
of N. Then,
(Xed(X'1, X2, Xn) H(X1, X2, -+, Xn) X'1)Y= Xed(X'1, X2, "+ Xn) YHF(X1, X2, -+, Xn) X'1Y
(X2d(X1,X'2,* Xn) (X1, Xz, Xn)X 2) y=X20 (X1,X 2, - Xn) Y+ (X1, X2, X)X 2

(Xnd (X1, Xz, X ) (X0, X2, Xn)Xn )Y=Xnl (X1, X2, X ) YHF(X1, X2, -+ X)X n VY

for all X1 ,X'1 X0, X9 Xn X 0 y eN.

Lemma 2.11[3]. f is a left generalized n-derivation of N with associated n-derivation d if and only if
f(Xlx’llXZI e an):le(X’llXZI e :Xn)+d(X11X21 e vxn) X’l
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f(XllXZX’ZI e IXH):XZf(XLX,Zl e lXﬂ)+d(X11X21 e yxﬂ)X’Z

F(X1,X2, -, XnX ) =X (X1, %o, X )+ (Xg, X2, -+, X0 )X
hold for all X; ,x'1 , X5, X2,+*, X5 ,X'n EN.
Lemma 2.12[3]. Let N be a near-ring admitting a left generalized n-derivation f with associated n-derivation d
of N. Then
Ay, xp, oo x)x + 0 (1, %0, 00, 2,))Y = d(xq , X5, ..'.,xn)xl'y
+x; T, %9, .0, %)Y,
Aoy, Xg, ooy X))+ (1,257, 0, 2,))y=0(x , X5, ...,xn)yfz'y
+ x, Ty, %5, .0, )Y,

(A 5 Xg, eeer %)%+, F(21 X0, o, 2, ) )Y=A (g , X, o, X)X, Y
+x, f(x1 , %0, 0 x,)Y,
for all x; ,x'1 X2, X'2,"*,Xn ,X'n ,Y EN
Lemma 2.13[3]. Let N be a near-ring admitting a left generalized n-derivation f with associated n-derivation d
of N. Then,
(X f(x'1, X2, + Xn)FA (X1, X2, +, Xn) X'1)Y= XeF(X'1, X2, - Xn)y+A (X1, X2, -+, Xn) X'1Y
(Xf(X,X"2, -+ Xn)FA (X1, X2, =+, Xn )X 2) Y=XoF (X1, X 2, -+ X ) Y+ (X1, X2, -, X )X 2Y

(Xnf(X1, X2, X'n)Fd (X1, Xz, Xn)Xn )Y=Xnf(X0, X2, - X n) Y+ (X1, X2, -+ X)X n VY

for all X; ,x"1 X2, X'2,**,Xn ,X'n, Y EN .

Lemma 2.14 [3]. Let N be prime near-ring admitting a generalized n-derivation f with associated n-derivation

of N, then f(ZN,...N)c Z.

Lemma 2.15 . Let N be a prime near-ring with nonzero generalized n-derivations f associated with nonzero n-

derivation d. Let x e N, Uy,U,, . . .,U, be nonzero semigroup ideals of N.

(i) IfFf(Uy, Uy, ..., Up)x={0},then x=0.

(i) If xf(Uy, Uy, .. ., U,) ={0},thenx=0.

Proof . (i) Given that f(Uy, Uy, .. ., U)x = {0},i.e.;

f(uy, Uy, ..., U)X =0, forallu; e U, up e Uy, . . ., Uy € Uy D

Putting ryu; in place of u; , where r; € N, in relation (1)we get f(ryus, Uy, . . ., U)X = 0. This yields that d(ry, U, . .

. UpugX + r1f(uy, Uy, . . ., U)X = 0, by hypothesis we have d(ry, Uy, . . ., Uy)usX = 0. Replacing u; again by u;s ,

where s € N in preceding relation we obtain d(ry, Uy, . . ., Uy)uisX = 0 ,i.e. ; d(ry, Uy, . . ., Up)uiNXx = {0}.But N is

prime near ring ,then either d(ry, U, . . ., Uy)u; = 0 or x = 0. Our claim is that d(ry, Uy, . . ., Uy)u; # 0 ,for some r; €

N, U €Uy, up e Uy, . . ., Uy € Uy . For otherwise if d(rg, U, ..., up)up =0 forallry e N, up e U, up e Uy, .. ., Up € Uy

,thend(r, Uy, ..., u)tu; =0, wheret e N, i.e.; d(ry, Uy, . . ., Uy)Nuy = {0} . As U;#£{0}, primeness of N yields

d(ry, U, ..., u)=0forallryeN,u; eUg, U e U, . . ., Uy €Uy 2

Now putting u,r, € Uy in place of u, ,where r, € N, in (2) and using it again we get u,d(ry, r, . . ., U,) = 0 .Now

replacing u, again by u,w , where w € N in preceding relation we obtain u,wd(ry, ro, . . ., Uy) = 0 ,i.e.; U;Nd(ry, 1,
. Up) = 0 .As Uy£{0}, primeness of N yields d(ry, fp, . . ., Up) = 0 forall ryr, € N, . . ., Uy € Uy, Preceding

inductively as before we conclude that d(ry, r2, . . ., ry) =0 for all ryr,,...,r, € N . This shows that d(N, N, . . ., N)

= {0}, leading to a contradiction as d is a nonzero n-derivation .Therefore , our claim is correct and now we

conclude thatx=0.

(i) It can be proved in a similar way .

Lemma 2.15 . Let N be a prime near-ring with nonzero n-derivation d. Let x e N, Ug,U,, . . .,U, be nonzero

semigroup ideals of N.

(i) Ifd(Uy, Uy, ..., U)x ={0},thenx=0.

(i) If xd(Uy, U, . . ., U,) ={0} , then x =0.

I1l.  Main Results

Recently Oznur Golbasi ([7],Theorem2.6) proved that if N is aprime near-ring with a nonzero
generalized derivation f such that f(N) < Z then (N,+) is an abelian group . Moreover if N is 2-torsion free , then
N is a commutative ring. Mohammad Ashraf and Mohammad Aslam Siddeeque show that "2-torsion free
restriction "in the above resultused by Oznur Gélbasi is superfluous . Mohammad Ashraf and Mohammad
Aslam Siddeeque ([3] , Theorem 3.1) proved that if N is a prime near-ring with a nonzero generalized n-
derivation f with associated n-derivation d of N such that f(N,N,...,N) € Z then N is a commutative ring . We
have extended this result in the setting of generalized n-derivation and semigroup ideals in near rings by proving
the following theorem.
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Theorem 3.1. Let N be a prime near-ring admitting a nonzero left generalized n-derivation f with associated n-
derivationd of N . Let Uy, Uy, . . .,U, be nonzero semigroups right ideals of N. If f(Uy, Uy, ..., Uy) € Z, then N
is a commutative ring .

Proof . Forallu,u; € Uy, U,€ U,, .. ., u,€ Un we get

f(usuy ) Uy, ..., Up) =d(Ug, Up, .« .o Up) Uy + Usf(uy’, Up, ..., Up) €Z ©) ,

Now commuting equation (3) with the element u; we have (d(ug, U, . . ., Up)uy + Usf(uy, Uy .. Up)) Up =
ur(d(uy, U, . . ., Up)uy + Uusf(uy ', Uy, .. ., Uy)), by lemma 2.12 we get d(uy, Uy, . . ., Up) uy Uy + usf(uy’, U, . . .,
Un) Uy= Us d(Uy, U, - . ., Un) u; + ’ , ,
Ususf(uy , Uy, - . ., Uy)) , by hypothesis we get d(ui Uy, . . ., Uy) u; Up = uid(ug,uy, . . ., Up) ug , replacingu; by
u; y, where y €N, in previous relation and using it again we get d(uy, Uy, . . ., Up)u; (Uy Y- yuiy-0 for all
U, u; € Uy, UE Uy, . . ., Us€ Un , y €N, then we have d(uy, Uy, . . ., Un)Us(uy y- yu;,-0 . By using lemma 2.2

,we conclude that for each u; €Ul either u; € Z or d(uy,uy,...,uy) = 0, but using lemma 2.5 lastly we get
d(ug,Uy,...,.uy) € Z for all u;eUs ,uze Uy,...,uneUy , i.e., d(Uy,U,,...,Uy) € Z . Now by using lemma 2.6 we find that
N is commutative ring .

Corollary 3.1 ([3]theorem 3.1) Let N be a prime near-ring admitting a nonzero generalized n-derivation f with
associated n-derivationd of N. If f(N, N, ..., N) € Z, then N is a commutative ring .

Corollary 3.2 ([4] ,Theorem 3.3) Let N be a prime near-ring , Uy, U, . . .,U, be nonzero semigroup right ideals
of N and let d be a nonzero n-derivation of N. If d(Uy, U,, . . ., Uy) € Z, then N is a commutative ring .
Corollary 3.3.([2]theorem 3.2) Let N be a prime near-ring admitting a nonzero permuting n-derivation d . If
d(N, N, ...,N) € Z,then N isa commutative ring .

In the year 2014 , Mohammad Ashraf and Mohammad Aslam Siddeeque ([4] , Theorem 3.1) proved that if N
is a prime near-ring with no nonzero divisors of zero and Uy, Uy, . . .,U,, are nonzero semigroup right ideals of N
which admits a nonzero n-derivation d such that d(u; u'y, U, . . ., Uy) = d(u'y Uy, Uy, .. ., Uy) foralluy u'y €Uy
,Uxe Uy,...,Un €Up, then N is commutative ring. We have extended this result in the setting of left generalized n-
derivation and ug, u'; belong to different semigroup ideals by proving the following theorem :
theorem 3.2 . Let N be a prime near-ring admitting a nonzero left generalized n-derivation f with associated n-

derivationd of N . Let U, V,U,, .. .,U, be nonzero semigroup left ideals of N. If f(uv, u,, ..., u,) = f(vu, u,, ..

4 Uy forallueU veV,use Uy,...,u, €Uy, then N is commutative ring .

Proof . We have f(uv, Uy, ..., uy)) =f(vu, uy, ..., u,) forallueU veV,ue U,,...,upeU,, , hence we have
f(uv-wvu, Uy ..., U)=0. 4

Putting vu for uin (4) we get f(v(uv —wvu), U, . .., u,) = 0 , hence we get

d(v, Uy, . . ., Uu)(uv —vu) + vf (uv - vu, Uy, . . ., Uy) = 0, using (4) again we find

d(v, U, ..., u)(uv—-vu) =0 ,i.e.; d(v, Uy, .. ., u)uv =d(v, Uy, . .., U,)vu Replacing u by ur ,where r ¢ N we get

d(v, Uy, ..., Uy urv=d(v, Uy, ..., uy)vur =d(v, Uy, . . ., Uy)uvr , hence we have d(v, uy, . .., Un)u[v,r]=0 .i.e;

d(v, uy . .., up)U[v, r]={0}. By lemma 2.2 , we conclude that for each veV either d(v,u,,...,u;,) =0 or v e Z but

using lemma 2.5 lastly we get d(v,Us,...,u) € Z for all veV ,uxe U,,...,u, €U, , i.e., d(V,U,,...,U,) € Z . Now by
using lemma 2.6 we find that N is commutative ring .

Corolary 3.4. Let N be a prime near-ring admitting a nonzero left generalized n-derivation f with associated n-
derivation d of N. Let U, Uy, . . .,U, be nonzero semigroup left ideals of N. If f(u; u'y, Uy, .. ., Uy) = fu's ug, Uy, .
. Up) forall ug v’y €Uy, Upe Uy,...,up €Uy, then N is commutative ring .

Corollary 3.5 Let N be a prime near-ring admitting a nonzero left generalized n-derivation f with associated n-
derivation d of N . If f(X; x';, X2, . . ., Xn) = (X1 X¢, X, . . ., Xp) for all X; x'1 ,X,....X, €N, then N is
commutative ring .

Corollary 3.6 Let N be a prime near-ring admitting a nonzero left generalized derivation f with associated
derivation d of N . Let U be nonzero left semigroup ideal of N. If f(x; x';) = f(x'y X;) forall x; x'; €U ;then N
is commutative ring .

Corollary 3.7 Let N be a prime near-ring admitting a nonzero left generalized derivation f with associated
derivation d of N . Let U and V be nonzero semigroup left ideals of N. If f(uv) = f(vu) forallueUandv eV,
then N is commutative ring .

Corollary 3.8 Let N be a prime near-ring admitting a nonzero left generalized derivation f with associated
derivation d of N .If f(x; x'1) = f(x'; x;) forall x; x'; €N, then N is commutative ring .

Recently Ahmed A.M.Kamal and Khalid H.AL-Shaalan([10],proposition4.2) proved that if a prime near-ring N
admitting a nonzero generalized derivation f associated with the zero derivation and generalized n-derivation g
such that f(u)g(v) = g(v)f(u) for all u €U and v €V , where U and V are nonzero semigroup ideals of N. Then N
is commutative ring. We have extended this result in the setting of generalized n-derivation and semigroup
ideals in near rings by proving the following theorem

Theorem 3.3 Let N be a prime near-ring with a nonzero generalized n-derivation associated with the zero n-
derivation and generalized n-derivation g . Let U, V,U,, . . .,U, be nonzero semigroup ideals of N. If [f(U, Uy, ..
2 Un), gV, Uy, .., U] =0, then N is commutative ring .
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Proof . For all v eV, ug,u €U, uze U,,...,us €U, , we have f(u uy, Uy, . . ., Uy) 9(V, Uz, . . ., Un) = g(V, Uy, . . ., Upn)f(uuy
, Uz, ..., Up). It follows that f(u, uy, . . ., Uy) UiQ(V, Uy, .. ., Uy) = g(V, Uy, ..., Un)f(u, Uy, ..., u)) u=1(u, uy, .. .,
Un) g(v, Uy, . . ., Uy) Uy, replacing u; by u;x ,where x € N, we get f(u, Uy, . . ., Uy) UsXg(V, Uy, . . ., Uy) = f(u, Uy, . .
o Un) g(v, Ug, ..o Up) UpX = F(U, Uy, . . .y Up) UG(V, Uy, - . ., U)X, thus f(u, Uy, . . ., Ug) Ui(Xg(V, Uy, . . ., Up) _ g(v,
Uy, . . ., Up)X) = 0, so we get f(u, Uy, .. ., uy) U (Xg(V, Uy, .. ., Uy) _ g(v, Uy . .., Uy)X) = 0 by lemma 2.2 we get
either f(u, uz, . .., Uuy) =0 or (xg(V, Uz, . .., Uy) _ g(V, Uz, ..., Us)X) = 0.

Assume f(u, uy, . . ., uy) = 0 for all u eU,uze U,,...,u, €U, . (5)

Putting ryu for u ,where rie N, in (5) we get f(ry, Uy, . . ., up)u = 0. Now replacing u by tu ,where te N , in

previous relation we get f(ry, Up, . . ., Untu =10, i.e; f(ry, Uy, . . ., Uy)NU = {0}.But U# {0} and N is prime near
ring , we conclude that

f(ry, Ug ..., Uy) =0 (6)

Now putting r, U, € U, in place of u, , where re N, in (5) and proceeding as above we get f(ry, 1, .. ., Uy) = 0.
Proceeding inductively as before we conclude that f(ry, r, .. ., ry) =0 for all ry, rp, . . ., 1y € N, this shows that
f(N, N, ..., N) ={0}, leading to a contradiction as f is a nonzero generalized derivation .

Now we conclude that (xg(Vv, Uz, . . ., Us) _ g(V, Uy, . . ., Up)X) = 0 ,i.e; g(V, Uy, . . ., Uy) € Z for all v eV,uze

Uy,...,Un €U, therefore g(V, U,, ..., Uy) € Z, by theorem 3.1 we find that N is commutative ring .

Corollary 3.9 . Let N be a prime near-ring with a nonzero generalized n-derivation f associated with the zero

n-derivation and generalized n-derivation g. Let U;,U,, . . .,U, be nonzero semigroup ideals of N. If [f(U;, U, . .

o Un),g(Ug, Us, .., Up)] =0, then N is commutative ring .

Corollary 3.10. ([10]Proposition 4.2) Let N be a prime near-ring with a nonzero generalized derivation f

associated with the zero derivation and generalized n-derivation g such that f(u)g(v) = g(v)f(u) for all u €U and v

€V , where U and V are nonzero semigroup ideals of N. Then N is commutative ring .

Corollary 3.11. Let N be a prime near-ring with a nonzero generalized n-derivation f associated with the zero

n-derivation and generalized n-derivation g. If [f(N, N,..., N), g(N, N, ..., N)]=0, then N is commutative

ring .

Corollary 3.12. Let N be a prime near-ring with a nonzero generalized derivation f associated with the zero

derivation and generalized n-derivation g such that [f(N),g(N)] = 0. Then N is commutative ring .

Theorem 3.4. Let N be a prime near-ring admitting a generalized n-derivation f with associated n-derivation d

of N, and U, U,,...,U, be a nonzero semigroup left ideals of N, such that d(Z,U,,---,U;) #{0} and t eN. If [f(U,,

Uy ..., Uy, t]=0,thente Z.

Proof . Since d(Z,U,,---,U,) = {0}, then there exist ze Z,ue U,,...,u, €U, all being nonzero such that

d(z,u,,---,u,) # 0. Furthermore , by lemma 2.5 we get d(z,u,,---,u,) € Z. By hypothesis we get f(zuy,us,,---,u)t =

t f(zuy,u,,---,u,) for all uge Uy, using lemma 2.12 we get d(z,up,---,Uy) Ust + zf(ug,Up,---,up)t = td(z,uz,---,u,) Uy +

tzf(uy,u,,--+,Uy,) . Since both d(z,u,,---,uy) and z are element of Z , using hypothesis in previous equation takes the

form d(z,u,,---,up)[us, t] =0 i.e; d(z,uy,---,uy)N[uy, t] =0  primeness of N and d d(z,u,,---,uy) =0 Yields [uy,

t] =0 , we conclude that tu;= u;t Now replacing u; by uir ,where r € N, in preceding relation and using it again

we get uft, r] =0,i.e.; Uy[t, r] =0 ,by lemma 2.1 we conclude [t,r]=0forallreN ,i.e,;

te Z.

Corollary 3.13 .([4] theorem 3.12 ) Let N be a prime near-ring admitting a generalized n-derivation f with

associated n-derivation d of N such that d(Z,N,---,N) #={0} and t eN. If [f(N, N,...,N),t]=0,thente Z.

Corollary 3.14. Let N be a prime near-ring admitting a generalized derivation f with associated derivation d of

N such that d(Z) #{0}, let U be a nonzero semigroup ideal of N and t eN. If [f(U) ,t] =0, thente Z.

Corollary 3.15.([8] Theorem 3.5). Let N be a prime near-ring admitting a generalized derivation f with

associated derivation d of N such that d(Z) #{0} and t eN. If [f(N) ,t] =0, thente Z.

Theorem 3.5. Let N be a prime near-ring admitting a generalized n-derivation f with associated n-derivation d

of N and UyU,,....,U, be a nonzero semigroup left ideals such that d(zZ, U, . . . U, #{0} . If

g:N X N X...Xx N — N is a map such that [f(Uy, U,, .. ., Up), g(Uyg, Uy, .. ., Uy)] = {0} then g(U;, U, .. ., U,) S
n—times

Z

Proof . Taking g(Uy, U,, . . ., Uy) instead of tin Theorem 3.4 ,we get required result .

Theorem 3.6. Let N be a prime near-ring admitting a generalized n-derivation f with associated n-derivation d

of N and U;,U,,...,U, be a nonzero semigroup left ideals such that d(Z, U,, . . ., U,) #{0} . If g is a nonzero

generalized n-derivation of N such that [f(Uy, Uy, . .., Up), g(Uy, Uy, . . ., Uy)] = {0}, then N is a commutative

ring.

Proof . By Theorem 3.5, we get g(U;, Uy, . . ., Uy) € Z, by theorem 3.1 we conclude that N is commutative

ring .

Theorem 3.7. Let f and g be generalized n-derivations of prime near-ring N with associated nonzero n-

derivations d and h of N respectively such that f(x1,X2,- -, X0 )N(Y1,Y2,"**,Yn) = —0(X1, X2, * - Xn)A(Y1, Y2, -, Yn) Tor all
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X1,Y1 € U Xz, V€ Uy, ..., Xn, Yn € Un, where Uy,U,,...,U, be a nonzero ideals . Then (N,+) is an abelian
group.
Proof. Forall X3,y1 € Uy,X2 Y2€ Us, ..., Xn, Yo € Un we have ,

(X1, %2, Xn)N (Y1, Y2, . ¥n) = —9(Xe, X2, Xn)A(Y1, Y2, -+, Yn). We substitute y;+y’; for y;, where y;' € Uy, in
preceding relation thereby obtaining ,

(X1, X2, X)) (Y1+Y 1, Y2, 4, Yn) + (X, X2, -+, Xn)d(Y1+y L, Y2, +,¥n) = 0 ; hence we get
f(Xl,Xz,"',Xn)h(yl,yz,"',yn)+f(X1,X2,'",Xn)h(yll,yz,"',yn) + g(Xl!XZ!'“vxn)d(y17y27'"7yn) +
g(X1, X2, Xn)d(Y'1,Y2, -+, ¥n) = 0 ; that is

f(Xllle e ,Xn)h(yl,yz, e ,yn)+f(X1,X2, et lXﬂ)h(y,11y21 ot :yn) - f(X11X21 e vXn)h(yl!yZ! e vyn) 'f(X17X27 o '7Xn)h(y'1vy27 e 1yn)
=0; thuswe get

f(Xllle a ',Xn)(h(yl,yz, “' ,yn) + h(y’l,yg,' a ,yn) - h(ylvyZI' a vyl'l) - h(y’lvyZ!' ) 'vyn)) =0, hence f(X17X27' ' '7Xn)h(y1 + y'l -
Vit yY'1,Y2,+,Yn) = 0. Now using lemma 2.15 we get

h(yr +y'1- Y1+ y1Y2¥n) = 0 thatis h((y1, y'1),Y2,--.ya) =0, replacing (y1 , y'1) by y'1 (y1,y's) in previous
relation and used it again we get h(y's, Ya,---,¥n) (Y1, 1) = 0, by lemma 2.16 we conclude that (y; , y1) =0
Jge;yr+yi=y1+y forally, yi'€ Uy . Now let X,y € N then ux , uy € U; for all u € Ui, so we have ux+uy
= uy + ux, hence ux + uy -ux - uy = 0, i.e; u(x+y-x-y)= 0 for all u € Uy, that is U; (x+y-x-y)= 0 ,by
lemma 2.1 we conclude x+y-x-y = 0, then (N ,+ ) is an abelain group .

Corollary 3.16([3]Theorem 3.15 ). Let f and g be generalized n-derivations of prime near-ring N with
associated nonzero n-derivations d and h of N respectively such that f(xy,X,--,Xo)h(Y1,Y2, " \¥n) = —

(X1, X2, Xn)d (Y1, Y2, -+, Yn) Tor all Xg, Xo . X0 ,Y1, Y2, - -+, » Yo € N. Then (N,+) is an abelian group.
Corollary 3.17( [2]Theorem 3.4). Let d and h be apermutting n-derivations of prime near-ring N such that
d(X1, X2, Xn)N (Y1, Y2, Yn) = —N(X1, Xz, Xn)d(Y1,Y2, -+ Yn) fOr all Xo, X2 Xn Y1, Y2, . .., , Yo € N. Then (N,+) is

an abelian group.

Recently Oznur Goélbasi ([8], Theorem 3.2) showed that if f is a generalized derivation of a prime near-ring N
with associated nonzero derivation d such thatf f([x , y]) = =[x, y] for all X,y € N, then N is a commutative ring
Mohammad Ashraf and Mohammad Aslam Siddeeque ([3],Theorem 3.3 ) extended this result in the setting of
left generalized n-derivations in prime near-rings by proving that if N is a prime near-ring admitting a nonzero
left generalized n-derivation f with associated n-derivation d of N such that f([X; x'1], Xz, . . ., Xn) = x[X1, X'1],
for all x'1, X; . ,Xz,...,Xn€ N, then N is commutative ring. We have extended these results in the setting of left
generalized n-derivations and semigroup ideals in prime near-rings by establishing the following theorem.
Theorem 3.8 Let N be a prime near-ring admitting a nonzero left generalized n-derivation f with associated n-

derivation d of N. Let Uy, Uy, . . .,U, be nonzero semigroup ideals of N. If f([uy, u'1], Uz, . . ., Uy) = F[uy u'e],
for all u;  u'; €Uy ,uze Uy,...,u, €Uy, then N is commutative ring.

Proof . Since f(Juy, u'1], Uy, . . ., Uy) = F[uy u's], forall u; u'y €U;,use Uy,...,u, €U, Replacing u'; by uu’y in
preceding relation and using it again we get d(uy, Uy, . . ., Up) [u; u'1]=0,i.e.;

d(ug, Ug, . . ., Up)upu'y=d(uy, Uy, . . ., Up)u'y Us )

Replacing u'; by u'sr, where re N, in relation (7) and using it again we get d(uy, Uz, .. ., Uy) u'y [ug r]= 0 i.e;
d(ug, Up, . . ., Uy) Ug [ug r] = {0} , By using lemma 2.1 ,we conclude that for each u;eU; either u; € Z or

d(ug,U,,...,u;) = 0, but using lemma 2.5 lastly we get d(uy,Us,...,.uy) € Z for all u;eU; ,ue Uy,...,u, €U, , i.e.,
d(Uy,Us,...,U,) € Z . Now by using lemma 2.6 we find that N is commutative ring .

Corollary 3.18 ( [3] Theorem 3.3.). Let N be a prime near-ring admitting a nonzero left generalized n-
derivation f with associated n-derivation d of N. If f([X; x'1], X2, . . ., Xn) = E[X1, x"1], forallx'y, X; Xo,...Xpe N
, then N is commutative ring.

Theorem 3.9 Let N be a prime near-ring admitting a nonzero left generalized n-derivation f with associated n-
derivation d of N. Let Uy, U,, . . .,U, be nonzero semigroup ideals of N. If f (uyo u'y, Up, ..., Uuy) = 0, forallug,
u'; €Up ,use Uy,...,U, €U, , then N is commutative ring.

Proof . We have f (upou'y, Uy, .. ., Uy) = 0, forall uy, u'; €Uy ,uze U,,...,uy €U,. Substituting uy u'; for u’y we
obtain f(u(ue u'), Uz, . . ., Uy) = 0, i.e;d(Uy, Uy, ..., Up) (Ugou'y) + uf((Urou'y, Uy .., U) = 0 . By
hypothesis we get d(ug, Uy, . . ., Uy) (Ureu’y) = 0, i.e; d(ug, U . . ., Uy) Ugu'y = - d(Ug, Uy, . . ., Uy) u'tUg
8

Putting u’;z for u';, where ze N, in (8) we have d(uy, Uy, . . ., Uy) Ugu'1Z = - d(uy, Uy, . . ., Uy) u'1zug,and using (8)
again we get( -d(ug, Uy, . . ., Up)u'y U1)Zz = - d(ug, Uy, . . ., Up) u'1zUy that is d(ug, Uy, . . ., Up)u'1(-ug)z + d(ug, Uy, . .
. Up) u'1zu; =0 . Now replacing u; by -uy in preceding relation we have d(-ug, Uy, . . ., Uy) u'1UsZ + d(-Ug, Uy, . . .,
Un) u'12(-up) =0 ,i.e.; d(-ug, Uy, . . ., Up) u'1[usZ,z u;] = 0 ,that is d(-uy, Uy, . . ., Up) Us[usz,z uy] = 0 .For each fixed
u; €U; lemma 2.2 yields either u; € Z or d(-ug, U, . . ., Uy) = 0 . If the first case holds then by lemma 2.5 we
conclude that d(uy, Uy, . . ., uy) € Z and second case implies - d(ug, U, . . ., Uy) = 0 that is0 = d(uy, Uy, . . ., Up) € Z.
Combining the both case we get d(uy, Uy, . . ., Uy) € Z for all uy €Uy ,uxe Uy,...,uneU, ,ie; d(Ug, Uy, ..., Uy) €2,
,thus by lemma 2.6 we find that N is commutative ring.
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Corollary 3.18([3] Theorem 3.4). Let N be a prime near-ring admitting a nonzero left generalized n-derivation f
with associated n-derivation d of . If f(xey, 15, ..., 1) = 0, forall x,y, ry ... ryeN, then N is commutative
ring.

The conclusion of Theorem 3.8 remain valid if we replace the product [u; u';] by

use u'y . Infact, we obtain the following results .

theorem 3.10 Let N be a prime near-ring admitting a nonzero left generalized n-derivation f with associated n-
derivation d of N. Let Uy, U,, . . .,U, be nonzero semigroup ideals of N. If f (uyeu'y, U, .. ., Un) = & (Upou'y,
for all u; , u'; €Uy ,upe Uy,...,us €Uy, then N is a commutative ring.

Proof . We have f (ujou'y, Uy, ..., Uy) = £ ujou’y, forallu; u'y €Uy ,uze Uy,...,uneU,. Substituting uy u’y for u'y
we obtain f(ui(uy e u'y), U, . . ., Up) = F Ug(Urou'y), i.e;d(Ug, Uy, .. ., Up) (Urou'y) + usf((Ugou'y, Uy, .. Uy) =
% uyuy o u'y) . By hypothesis we get d(uy, Uy, . . ., Un) (Uzeu’y) = 0, ie.; d(ug, Uy, . . ., Up) Usu'y = - d(Ug, Uy, . . .,
un) u';u; which is identical with the relation (8) in theorem 3.9 .Now arguing in the same way in the theorem we
conclude that N is a commutative ring.

Corollary 3.19 ([3] Theorem 3.5) Let N be a prime near-ring admitting a nonzero left generalized n-derivation f
with associated n-derivation d of N.. If f(xey, rp, ..., 1) = + (Xoy), forall x,y, ry ..., r,eN, then Nisa
commutative ring.

Theorem 3.11 Let N be a prime near-ring admitting a nonzero left generalized n-derivation f with associated

n-derivation d of N. Let Uy, Uy, . . .,U, be nonzero semigroup ideals of N. If f([u;  u's], Uz, . . ., Uy) = £(ugou’y),
for all u , u'; €Uy ,Upe Uy,...,un €Uy, then N is commutative ring.

Proof . we have f([u; u'4], Uy, . . ., Uy) = £(upou’y) . Substituting u; v’y for u’; we obtain f(u; [uy u's], U, . . ., Uy)
=+ uy(upou'y), i.e;d(ug, Uy ..., Up) [ur, 1] + uf(fug, u's], Uz, . .., Un) = F uyuge u'y) . By hypothesis we get
d(ug, Uy, . . ., Up) [ug, ui] =0, i.e; d(ug, Uy, .. ., Uy) Ugu'y = d(ug, Uy, . . ., Uy) u'iUg Which is identical with the

relation (7) .Now arguing in the same way in the Theorem 3.8 we conclude that N is a commutative ring.
Corollary 3.20(]3] Theorem 3.6) Let N be a prime near-ring admitting a nonzero left generalized n-derivation f
with associated n-derivation d of N.. If f([x, y], r2, .. ., 1) = + (Xoy), forall x,y, r, ..., 1y eN, then Nis a
commutative ring.

Theorem 3.12 . Let N be a prime near-ring admitting a nonzero left generalized n-derivation f with associated
n-derivation d of N. Let Uy, Uy, .. .,U, be nonzero semigroup ideals of N. If f( (ujou’y), Uy, ..., Uy) = F[us, u'q],
for all u;  u'; €Uy ,Uze Uy,...,u, €Uy, then N is commutative ring.

Proof . We have f (ugou'y, Uy, ..., Uy) = £ [ug, uq], forall uy v’y €Uy Uz U,,...,u, €Uy, Substituting u; v’y for
u'; we obtain f(uy(upo u'y), Uy, . . ., Up) = £ usfug, u's], ie.; d(ug, Uy, . . ., Up) (Ureu'y) + usf((uge u'y, Uy, .. ., Un)
= + u;fur, u';]. By hypothesis we get d(uy, Uy, . . ., Uy) (Uge u's) =0, i.e.; d(ug, Uy, ..., Uy) Ugu'y = - d(ug, Uy, .. .,
un) u';u; which is identical with (8) .Now arguing in the same way in the theorem 8.9 we conclude that N is a
commutative ring.

Corollary 3.21(]3] Theorem 3.7) Let N be a prime near-ring admitting a nonzero left generalized n-derivation f
with associated n-derivation d of N. If f((Xoy), ra, ..., 1) = £[x, V], forall x,y, ra, ..., r,eN, then Nis a
commutative ring.

Theorem 3.13 Let N be a prime near-ring admitting a nonzero generalized n-derivation f with associated n-
derivation d of N. Let Uy, U,, . . .,U, be nonzero ideals of N. If f( [uy, u's], Up, .. ., Uy) € Z , forall u; u'y €U; ,Uxe
Uy,...,Un €U, , then N is commutative ring.

Proof . We have

f([ur, u'1],uy,...,u,) € Z for all uy, u'1€Us ,U € Uy,...,Up €U, . 9)

(1) If Z= {0} then d(Juy , u'1],Us,...,u,) = 0 for all u;, u'1€Us ,U e Uy,...,U, €U, .

By lemma 2.7 , we conclude that N is a commutative ring .

(2) If Z# {0}, replacing u;' by zu;" in (9) where z € Z , we get f([uy, z u1']Uz,...,uy) = f(z[uy, U'1],Uz,...,Un) € Z
for all ug, u'y€Uq U 26 U,,...,u, €U, ,z € Z. That is mean f(z[u,, u'1],us,...,us) r = rf(z[u;, u'1],us,...,u,) for all ug,
u'1eU; U e Uy,...,UneU, zeZ,reN. Byusing lemma 2.12 we get

d(z,uz,...,un)[ ug, w'1]r + zf([uy, u'1],Uz,...,Un)r = rd(z,Us,...,un)[ Ur, u's] + rzf([uy, u'1],uz,...,Un)

Using (9) the previous equation implies

[ d(Z,Uz,...,Un)[ U, u’l] ,r] =0 for all Uy, u'1€Uq U e Uy,...,UuneU, zeZ,reN

Accordingly , 0 = [ d(z,uz,...,un)[ Uz, u'1], r] = d(z,uz,...,u))[[ Uy, 4], r] for all r e N. Then we get
td(z,uy,...,un)[[ Uy, u'1],r]=0forall t e N, so by lemma 2.5 we get

for all u;, u'1€U; ,use Us,...,upeU, ,z€Z, r eN

d(z,uz,...,un)N[Jug, u'],r =0 9)
Primeness of N yields either d(Z,U,,...,U,)=0 or [[u;,u’1],r]=0forall u;,u’;€U; reN.
Assume that [[u;, u's],r]=0forall uy,u’1eU; reN (10)

Replacing u’; by u;u’y in (10) yields
[[u1, upu4], r]1= 0 and therefore [ui[u;,u’s],r]1=0,hence [u;, u')][us, r]=0forall us;,u’1€U; reN, sowe
get
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[uy, us]N[ug, r]=0forall u;,u’1€U; reN . (11)

Primeness of N implies that either [u;, u’;] = 0forall u;, u'1€Us, or u; e Z for all uy €U, . If [uy, u's] = 0 for all
Uz, u';eU; then we get d([uyg, u'y],Up,...,uy) = 0 for all uy, u'1€U; ,uxe U,,...,u €U, and by lemma 2.7 we get the
required result , now assume that u; € Z for all u; €U, , then by lemma 2.5 we obtain that d(U;,U,,...,.U)) S Z .
Now by using lemma 2.6 we find that N is commutative ring .

On the other hand , if d(Z,U,,...,U,) = 0 ,then d(d([u;, u'1],Uz,...,Un),Uz,...,Us) = O for all uy, u'1€Uy ,uze U,,...,U,
€U, , replace uy- by u; u'; in the previous equation we get

0 = d(d([ug,ugu'1],Uz,...,Un),Uz,...,Un) = d(d(uq[ug,u’],Uz,...,Un) Uz, Un) = d(d(Ug,Up,..., U)[ Uy ,u's] + ugd([uy ,
u'] Uz, Up), Uz, Un) = d(d(Ug,Up,...,Uun)[ Uz, u'1], Uz,...,Uq) + d(usd([ug, u's] ,Uz,...,Un) ,Uz,...,Un) = d(d(Ug,Uy,...,uy),
UgyeoUn)[ Uz, u'1] + d(ug,Up,...,un)d([us , u'1], Uz,...,Un) +d(Ug,Uz,...,Uun)d(Jus , u'1],Uz,...,Uy) + Uy d(d([uy ,
u'1],U,...,Up),Uz,...,Us)) , hence we get for all uy, u'1€U; ,Uze U,,...,u, €Uy

d(d(ug,Us,...,Up),Uz,...,Up)[Ug,u'1] + 2d(Uy,Uy,...,Us)d([Ug,u'1],Uz,...,Un) = O 12)

Replace u; by [Xg,y1] in (12) ,where x3,y1€U;, we get 2d([X1,Y1],Uz,...,Un)d([[X1,Y1],U1'], Uz,...,Us) = O for all xq,ys,
Us'eUs ,Uze Uy,...,u €U, , but N is 2-torsion free so we obtain d([X1,y1],Uz,...,Un)d([[X1,Y1], Ui'], Ua,...,un) = O for all
X1,Y1, Ur'eUq ,uze Uy,...,un €U

From(9) we get d([X1,Y1],Uz,...,un)NA([[X1,Y1], U1'], Ug,...,us) =0, primeness of N yields

either d([Xs,y1],uz,...,Us) = 0 for all  Xg,y1€U; ,uxe Uy,...,u, €U, and by lemma 2.7 we conclude that N is
commutative ring .

or d([[X1,y1], u1],Uz,...,us) = 0 for all X3,y1, Us'€Us,UxeU,,...,u, €U, , hence 0 = d(([Xg,Y1] U1'- Us' [X3,Y1]) 5 Uzye..yUn)
= d([Xg,y1] U1’ Uz,...,Un) - d(Us' [Xg,Y1],Uzse0Un) =[X1,Y11d (U1’ Uz, Un)+ d([X1,Y1],Uz,,Un) Ur'- (U1'd([X1,Y1],Uz;...,Un)
+ d(ug', Ug,...,un)[ X3,¥1] ) , using(9) in the last equation yields for all X;,y;, Ui'eU; ,Uxe Uy,...,Un €U, .

[Xllyl]d(ul'l Uz,...,un) ):d(ulll Uz,...,Un)[ leyl] (13)

Let XpVo,t €Uy , then t[x;,y2] €U;, hence we can taking t[X,Y,] instead of u;' in (13) to get
[X1,y11d(t[X2,Y2], Uz, .., Un) ) = d(t[X2,Y2], Ua,...,Un)[X1,Y1] , hence [Xo,Y2]d(t[X2,Y2], Uz,...,Un) = d(t[X2,Y2], Uz,...,Un)
[X2,Y2], therefore

[X2, Y21 (A(t,Uz,.... Un) X2 Yo+ [XaY2Itd([Xa,Y2l, Uzveooilin) = A(tUz, .. Un) X, Yol” + td([X2,Y2] o Ua,e.Un) [X21Ye]  Using
(12)and(8) implies

d([X2,Y2],Uz,..,Un) [X2,Y2]t= d([X2,Y2], Uz, ... Un)t[X2,Y2] , SO We have

d([x2,Y2],Uz,...,Un) [[X2,y2],t 1=0 . i.e; d([X2Y2],Uz,...,un)N[[X2,Y2],t] = {0} for all teU;. Primeness of N yields
that d([X2,Y2],Uz,...,Un)=0 or [[X2,Y],t] = 0 for all t €U, , if d([X2,Y2],U2,...,Us) = O then by lemma 2.7 we conclude
that N is commutative ring .

Now , when [[X,,Y-],t]=0 for all te U; , Replacing y, by X,y, in previous equation yields

[[X2, X2¥2], t 1 = O and therefore [Xz[ X2 Y], t] =0, hence [Xz,¥2][X2, t]=0 for all Xy, ,t €U;, sowe get [x,,
Vo] Ug [X2, t]1=0,by lemma 2.1 we get [X,, yo] = 0 for all X,,y, €U; so we have d([X2,Y:],uUz,...,uU,)=0 then by
lemma 2.7 we find that N is commutative ring .

Corollary 3.22([3] Theorem 3.8) Let N be a prime near-ring admitting n-derivation f with associated n-
derivation d of N. If f([x, y], ro, .. ., rn) € Z, forall x,y, r,, ..., ry €N, then N is a commutative ring or
d(Z,N,..,.N) ={0}.
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