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l. Introduction and Preliminaries
Let Ap denotes the class of functions of the form:

f(z)=2P +Ya, 42"  (peN=123...) (1.1)
k=1
which are analytic and p -valent in the unit disk A = {Z IS C;|Z| < 1}.

Let g(z)e A, be of the form:

g(z)=z" +§1bp+kzp+k. (1.2)

A convolution (Hadamard product) of f(Z)e Ap of the form (1.1) with g(Z)e Ap of the form (1.2) is
defined by

(1+9)2)= 27+ £ 2, 0,02”* =(+ 1)2) @

This convolution generalizes several convolution operators such as:
Dziok Srivastava operator [5], involving a generalized hypergeometric function , F. :

q's:
HE (oD (2):= 27 (Fo o, 0ty 03 By BB 2) £ (2),

(A EECUE R AR R

b

which again generalizes Hohlov operator [7], involving Gaussian hypergeometric function , F; :
2 HP (o)) F(2) = 2P 5Fy oy, 03By 2)* F(2),

as well as Carlson and Shaffer operator [4], involving incomplete beta function:
Lp(al’Bl)f (z)= 2" ;Ri(ay, 1By 2)* £(2),

which further reduces to Ruschweyh derivative operator [12]:

p
D™PLf ()= — 2« f(2)
@)=t 10
if o, =n+p>0, B, =1 and D°f(2)= f(z).
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In addition, the convolution (1.3) reduces to the Salagean operator [13], if

(p+k)"
Do =| £27 | in=012..

and to a generalized Salagean operator [2], if

n
bosk = (%j ,5>0,n=0,12....
Further if

kY
Do :(ppT] ,(heC\{~plnez)

the convolution (1.3) reduces to the multiplier transformation, which is denoted as

_ *(p+k+A " +
Ip(n,k)f(z)—zp+z(WJ ap, 2"

The multiplier transformation has been studied by Aghalary et al. [1].
Further, the convolution (1.3) reduces to an integral operator involving fractional integral

operator D;* f(2), if

b — (p+l)k
Pk (p+A+1),
and hence ( )
S Op+A+1) .,
f =z D
(fxg)z)=2 1) >
where

pzr =0 s 5 50),
C(p+A+1)

Again, this convolution (1.3) reduces to the derivative operator involving fractional derivative
operator D2 if

b — (p+1)k
P (p—k““l)k
and hence, (
Fp—}\,-i'l) A
f =7+ 27 7p
(1+oe)=2 T2t
where D}zf = M 2P
F@—k+ﬂ

The fractional integral and fractional derivative operators of order A is defined by Owa [9] and
Srivastava and [14].

Recently, Patel and Mishra [10] defined a calculus operator Q(Zk’p) : A, = A, for afunction fe A, and for

areal number A(—co <A < p+1) by

INp+1-A
Q(Z”'p)f(z):(rp(p—Jrl))z"DZ‘f(z)
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® T(p+1-A)(p+k+1)
al(p+)r(p+k-a+1) P

kZp+k,ZEA.

A function f (Z)e Ap is said to be p -valently starlike of order o in A, if it satisfies the inequality

Re #® (2) >a(zeA0<a<p,peN)

f(z)

The class of all p -valent starlike functions of order o is denoted by S;(oc) and write S; (oc) = S*(oc).
On the other hand, a function f(z) € Ap is said to be p -valently convex of order o in A, if it satisfies the
inequality
zf (z
Re 1+,—() >a(zeA0<a<p;peN)

f (2)

The class of all p -valent convex functions of order o is denoted by K, (oc) and write Kl(a) = K(oc).

Furthermore, a function f(z) € Ap is said to be p -valently close-to-convex of order o in A, if it satisfies
the inequality

Re{zl‘pfl(z)}>a(zEA;0§a< p;peN)

The class of all p -valent close-to-convex functions of order o is denoted by CKp(OL). CKp(O)E CK

and denote CK,(0) =CK .
A function f € A, issaid to be in the class P(c) ifand only if

Re{f‘(z)}>a(26A;0§a< p;peN)

p

For two functions f and g analytic in A, we say that the function f is subordinate to g in A, and we

write f(z)-< g(z)’

if there exists a Schwarz function W, which is analytic in A, with W(O): 0 and |W(Z] <lforall zeA,

such that
f(z)=g(W(2)).(za)

Let P be the class of the functions y with normalization w(O) =1, which are convex and univalentin A and
satisfy the condition Re[y(z)] >0 for z€A.

Definition 1.1 A function f € Ap is said to be in the class Sp(g,b, m;\y), if and only if
1 Z(f * g)m+l(z)
+—q| ——= | —-m), =< Z), 1.5

with p>m, me N, ={0,1,2...}, beC\{0},
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where (f % g)(z) denotes the r™ derivative of (f *g) and is given by

r — pl —r < (p+k)’ +K—r
(F=0) (Z)_(p—r)!zp *E prkory e w2 re N, (L6)

It is observe that for —1<B < A<1, Sp(g,b,m; A, B):: Sp[g,b,m;

1+Azj
1+ Bz

zP ; zP
We note that S| ——1-0,01,-1 =S3(a). S, T

-1,0;:2a —1,—1] is the class studied by

Patil and Thakare [11].

7P
The class Sp —_—
1—

b, m;l,—l} is introduced by Altintag and Srivastava [3]. Also the class
z
zP o o _ . i .
Sp 13 1, p—2;4| 2—— |A—|1—— |B¢, B | is studied by Giiney and Eker [6] for negative
—Z Y p
coefficients.
In this paper, we obtain Fekete-Szegd inequality, Integral representation and structural formula are also obtained

for the classes Sp(g,b, m;\u) and Sp(g,b,m; A, B).

Il.  Fekete-Szego inequality for the class S (g b,m; A, B)
Theorem 2.1 Let g € A, be of the form (1.2) with p>m, —1<B<A<1 meN, = {01.2..},
beC\{ },lf f( ) p(g,b,m,A,B),then
(A-B)bl(p—m+2)p-m+1)
2(p+1)p+2),..
1A B0-BTp-m 20 s13,
| (p+1pEs(p-m+2)
20b(A-B)p-m+1)p+2)b,.,,
(p+1p2,(p-m+2) |

2
2, —¢al,|< 1)

The estimate (21) is sharp.

Proof. Since f (Z)e Sp(g, b,m; A B), we have

" 1{ A(f + g™ (2 )]_(p_m)}: 1+ Aw(z)

b (f*g) ( ) 1+BW(Z)

where W(z)= Y. W, z* is a bounded analytic function satisfying the condition w(0)=0
k=1

and |Z|<1for ZeA, or

Bz (f + )" (2)-[(A-B)+B(p-m)]  + )" (2)w(2) @2
=(p—mXf *g)"(z)-2(f xg)""(2).

Writing corresponding series expansions in (2.2), we get
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{B( plz"™" +Bz(p+k)'ap+k pik Zp+k—m_[(A_B)b+B(p_m)].

p—m-— 1)' kl(p+k m-— 1)'

{(p Z p+k)lap+k p+k Zp+km}}(wlz+wzzz+...)
k=

(p+k-m)
_| pzP (p—m)p+k) e
= b p
{(p—m—l)I kz; (p+k-m) Ao D2

_{ p!Zp m + (p+k)|a'p+k p+k Zp+k_m
(

p-m-1) & (p+k-m-1)

or,

{—(('2 ?n))tl)p 2 P ;‘ﬂ?m;;w [Bk —(A—B)p]zP*™ }(wlz w27+
= (p+k)a

=2k

= (p+k-m)

p+k D+k Zp+k—m

Equating the coefficient of zP ™ and zP"™"2 on both sides, we obtain
~(A-Bhp! o (PrD)
p+1~p+1
(p—m) (p+1-m})

_(A-Bp(p+1-m)

or,

ap,y = (2.3)
P (p+1)bp+1 .
and
(A= 1 2 2) b
(A B)bp!W2 " (p+ )Iap+1 p+1 [B—(A— B)b]Wl - (p+ )lap+2 p+2
(p—m) (p+1-m) (p+2-m)
_—(A-B)p+2-m)p+1-m){B—(A-B) W2 W2}
Qpyp = (2.4)
2(p+2)p+1)bp,
Now, for any complex number £, we write
‘ap+2 _Qasﬂ = (2.5)

§<Asxp+zmxp+1m>{[B<AB>b]wfwz}_g{<A—B>b<p+1-m>Wl}2

2(p+2)(p+1)bp+2 (p+1)bp+1
_ (A—B)|b|(p+2—m)(p+1—m)‘W —fwz‘ 25
2(p +2)p+1)b,.. 2o '
where
(A8 8lp- e 2ps1h 1 20ABIp- MNPy

(p+1)b2,1(p—m+2)

From the result of Keogh and Merker [8], it is known that for any complex number & ,

‘WZ —gwf‘ < max L, ¢},
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and the estimate is sharp for the functions fy(z)=2z" and f(z)=2z"*"" for [¢|>1 and [¢] <1 respectively.
From (2.5), it follows that
(A-B)bj(p+2-m)p+1-m

2(p+2)p+1)b,,,

2
‘ap+2 - é’apﬂ <

) mex i)

where & is given by (2.6).

1. Integral Representation For The Classes S,(g,b,m;y) And S (g,b,m; A B)
Theorem 3.1 Let g(Z)e Ap of the form (1.2) then a function f € Sp be in the class
Sp(g,b, m; \u) if and only if there exist a Schwarz function W(Z) such that

z
(f*g)"(z)=2""exp jwdt. (3.1)
0
In particular, if f e Sp(g,b, m; A, B) then

g (A=BRpl,
(f+g)"(2)=exp (p_m);{l {Bt(lszzi)}Q( )}

dt (3.2)

(A-B)
where |Q(z) <1 and (f *g)"(z)=z""exp Ilog(l— Bxz )ATBb du(x), (33)
where p(x) is the probability measure on X = {X x| = 1}.
Proof. Since f € Ap is said to be in the class Sp(g,b, m;\|1), if and only if

Sl
, b{—(f*g)m(z)J (v )} v(2)

(f*9)"(z) (p-m) _ biy(w()-1}

(fxg)"(@) 2 z
On integrating with respect to Z , we get

z
(f * g)m(z) =7 p—m exp det
0
Again, from the definition of the class S o (g, b,m; A, B)

or,

i |
ou-{o (420
e R

where

Let
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w-1

Bw—{B+(A_B»}

(p—m)

= Q(z) then|Q(z) <1.

Finally we can write

:1—{B+(A‘E”b}3&)

(p—m)
(1-BQ(z))

(f*qwue)_(p—m{l—{8+%2_i§}Q@;M

(f+9)"(2) 2(1-8Q(2))

Integrating with respect to Z , we get
A-B)hb
o )}Q&ﬂ

1_{8
) ) z|: (p—m)
mgkf*g)(?ﬁ—(p—ml t1- BQ())

or,

therefore, we get (3.2).
For obtaining the third representation let X = {X : |X| = 1} then, we have

w-1 =xz,xe X,zeA
BW—{B+(A_B)b}
(p-m)
and then we conclude that
A—B)bX
(129" @) _(,_pl2_(p=m)
(f+g)"(2) z 1-Bxz

Again integrating with respect to Z , we get

|og(f*9)m(z) (A_E,B)b (1-Bxz)

zPm

(fxg)"(2)=2""exp jlog(l— sz)(Tdy(x)

where (x) is the probability measure on X = {X x| = 1}.

IV.  Structural Formula For The Classes Sp(g,b, m;\y) And Sp(g,b, m; A, B)

Theorem 4.1 Let g(z) e A, of the form (1.2) then a function f € Sp(g,b, m; ) if and only if
there exist a Schwarz function W(Z) such that

f(z)= g(z)={i(p+1—_m)kzp*"}*{wzpexpjwdt . (4.1)

k=0 (p +1)k p! 0
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Alsolet T e Sp(g,b,m; A, B) then

g, (A=Bp|y.
T e L

(4.2)
where p>m,—~1<B<A<l,meN;=1{0,12...},beC\{0}|Q(z) <1.Als0

te)rote)=| SO b | oM o fogt- ) et o

k=0 (p +1)k

where M(X) is the probability measure on X = {X : |X| =1}.

Proof. Let f e Sp(g,b, m;\p). Then from the definition of the class Sp(g,b, m;\u) we have

)™ @) 2yl
12 AE9 ) o o)

where y € P and |W(Z] <1lin A with W(O)Z 0= \V(O)—l. Therefore

(f+9)"(z) _(p—m) _ blwW(z)-1}

(fxg)'(2) 2 z
Thus log (f zg_): (2) = j‘b{‘//(WEZ))_l} dt
or, M = exp j’ biy (w(z))-1} dt
" ° t

Therefore from (1.6) we obtain

* S p+1 7Pk = (p_m)lzpexpj.b{l//(w(z))_l}dt
=0 p+1 m ! 5

and our assertion (4.1) follows immediately.
Again, from (3.2) and (1.6) we obtain

g

(p+1-m), ~ TR )

i (p+1), +k_(p—m)! n

which gives assertion (4.2). Similarly

f(z)*g(z)* Zﬁ 2P = w " exp Ilog(l— sz)@ du(x)

which gives assertion (4.3),where },L(X) is the probability measure on X = {X : |X| = 1}.
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