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Abstract: In this paper, we introduce the concept of zeroid in PO-ternary semirings. We study whether the
algebraic structure of (T, [ ]) may determine the order structure of (T, +) and vice-versa. Throughout this
chapter unless otherwise mentioned T is a po-ternary semiring in which (T, +) is a zeroid. The zeroid of a po-
ternary semiring is denoted by Z. We also study the properties of zeroid PO-ternary semirings and ordered
zeroid PO-ternary semirings. We prove that in a PO-ternary semiring every odd power of x is a zeroid if x is a
zeroid. We also prove that in a zeroid PO-ternary semiring which is also zero cube Po-ternary semiring, then T°
= {0}.

In section 2, the required preliminaries (concepts, examples and results) are presented.
In section 3, properties of PO-ternary semirings are discussed. We also discuss the examples of totally ordered
zeroid PO-ternary semirings.
Mathematics Subject Classification : 16Y30, 16Y99.
Key Words : PO-ternary semiring, zeroid, zero cube PO-ternary semiring, mono-ternary semi-ring , zero potent
ternary semiring,

I.  Introduction

Algebraic structures play a prominent role in mathematics with wide ranging applications in many
disciplines such as theoretical physics, computer sciences, control engineering, information sciences, coding
theory, topological spaces and the like. This provides sufficient motivation to researchers to review various
concepts and results.

The theory of ternary algebraic systems was studied by LEHMER [9] in 1932, but earlier such
structures were investigated and studied by PRUFER in 1924, BAER in 1929.

Generalizing the notion of ternary ring introduced by Lister [10], Dutta and Kar [6] introduced the
notion of ternary semiring. Ternary semiring arises naturally as follows, consider the ring of integers Z which
plays a vital role in the theory of ring. The subset Z+ of all positive integers of Z is an additive semigroup which
is closed under the ring product,i.e. Z+ is a semiring.

1.1 PRELIMINARIES

In this section, the required preliminaries (concepts, examples and results) are presented.
Definition 1.1.1: An element a in a PO-ternary semiring (T, +, [ ], <) is said to be left positive provided ax? > x
forevery xinT.
Definition 2.2.2: An element a in a PO-ternary semiring (T, +, [ ], <) is said to be lateral positive provided
xax = x forevery xin T.
Definition 2.2.3: An element a in a PO-ternary semiring (T, +, [ ], <) is said to be right positive provided
x’a = x for every x in T.
Definition 2.2.4: An element a in a PO-ternary semiring (T, +, [ ], <) is said to be two sided positive provided it
is both left as well as right positive.
Definition 2.2.5: An element a in a PO-ternary semiring (T, +, [ ], <) is said to be positive provided it is left,
lateral as well as right positive.
Definition 2.2.6: An element a in a PO-ternary semiring (T, +, [ ], <) is said to be left negative provided
ax* < x forevery xin T.
Definition 2.2.7: An element a in a PO-ternary semiring (T, +, [ ], <) is said to be lateral negative provided
xax < x for every xin T.
Definition 2.2.8: An element a in a PO-ternary semiring (T, +, [ ], <) is said to be right negative provided x’a
< xforeveryxinT.
Definition 2.2.9: An element a in a PO-ternary semiring (T, +, [ ], <) is said to be two sided negative provided
it is both left as well as right negative.
Definition 2.2.10: An element a in a PO-ternary semiring (T, +, [ ], <) is said to be negative provided it is left,
lateral as well as right nagative.
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NOTE 2.2.11: = is the dual of <.

Definition 2.2.12: Two distinct elements a, b in a PO-ternary semigroup (S, [ ], <) are said to form an
anomalous pair if a" < b"**and b” < a" ** for all odd n > 0 where a, b are positive (or) a" >b"**and b">a"**
for all odd n > 0 where a, b are negative.

DEFINITION 2.2.13: An element a different from the identity in a non-negatively ordered ternary semigroup
(T, [1, <) is said to be O-Archimedean if for every y in T there exists a odd natural number n such thaty <x".
DEFINITION 2.2.14: A non-negatively ordered ternary semigroup (T, [ ], <) is said to be
O-Archimedean if every one of its elements different from its identity (if exists) is O-Archimedean.
DEFINITION 2.2.15: Let a € T. The least element of the set {x € N: (there exists y € N) xax = yay, X # y} is
called the index of a and is denoted by m, where N is the set of natural numbers.

DEFINITION 2.2.16: The least element of the set {x € N: a(m + x)a = ama} is called the period of a and is
denoted by r.

2.3 PROPERTIES OF PO-TERNARY SEMIRINGS IN WHICH (T, +) IS A ZEROID

In this section, we introduce the structure of zeroid PO-ternary semiring and its properties are studied.
DEFINITION 2.3.1: The set Z of PO-ternary semiring T is said to be zeroid of T provided
Z={a€eT:a+tb=borb+a=bforsomeb e T} The zeroid Z is also denoted by Z(T).
DEFINITION 2.3.2: A PO-ternary semiring T is said to be zero cube PO-ternary semiring provided a* = 0 for
allainT.
DEFINITION 2.3.3 : A ternary semiring (T , +, . ) is said to be mono-ternary semi-ring if either
a+tb=ab’ora+bh=a’h,va,beT.
EXAMPLE 2.3.4: Let T = {0, x, y} be a PO-ternary semiring with respect to addition, ternary multiplication
and ordering such that x <y < 0 and the operations defined as follows:

+x[y[o [ X]Y]0

x| 0/0]0
Tl
y olololo0
olololo

Then T is a PO-ternary semiring in which (T, +) is a zeroed.
EXAMPLE 2.3.5: Let T = {0, x, y} be a PO-ternary semiring with respect to addition, ternary multiplication
and ordering such that x <y < 0 and the operations defined as follows:

+[x]y[o0 ARIRAR
NI ylolo]0
olololo 0/0[0|O0

Then T is a PO-ternary semiring in which (T, +) is a zeroed.
EXAMPLE 2.3.6: Let T = {0, x, y} be a PO-ternary semiring with respect to addition, ternary multiplication
and ordering such that x < y < 0 and the operations defined as follows:

+x]ylo | X|Y]0
Ty To x| 0[0]0

yl0l0|0
yiylylo o[ol0]0
o[ol0]0

Then T is a PO-ternary semiring in which (T, +) is a zeroed.
EXAMPLE 2.3.7: Let T = {0, X, y} be a PO-ternary semiring with respect to addition, ternary multiplication
and ordering such that x <y < 0 and the operations defined as follows:

+x|y|O AR BARY
0l0l0
x| ylyly 5151
y
yiyx,x ololo]0
Oly|x]|0

Then T is a PO-ternary semiring in which (T, +) is a zeroed.

EXAMPLE 2.3.8: Let T = {0, X, y, z} be a PO-ternary semiring with respect to addition, ternary multiplication
and ordering such that x <y <z < 0 and the operations defined as follows:
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O|O|O|O| N
o|o|o|o| o

oO|0o|0|0o|x<

ONI X | +
O|O|O|X | X
Oo|lo|0|0oIx<
O|O|0|O| N
o|o|o|o| o
ON < | X

o|o|o|of X

Then T is a PO-ternary semiring in which (T, +) is a zeroed.
EXAMPLE 2.3.9: Let T = {0, X, y, z} be a PO-ternary semiring with respect to addition, ternary multiplication
and ordering such that x <y <z < 0 and the operations defined as follows:

+Hx|ylz]|O | Xx]y|z|0
x| y|0[0]0 x[0]0|0]0
yl0l0]0]0 y|0/0|0]|0
Zlololol 0 z|0]0]0|0
ololololo 0/]0|0]0]|0

Then T is a PO-ternary semiring in which (T, +) is a zeroed.
EXAMPLE 2.3.10: Let T = {0, x, y, z} be a PO-ternary semiring with respect to addition, ternary multiplication
and ordering such that x < y <z < 0 and the operations defined as follows:

+Hx|ylz]|O0 | x]y|z|0
5 ToTolo x| 0]0][0]0
JIoTol o]0 ylololo|o
5o oo zl0]0[0]0O
z olojolo]oO
olojolo0]0O

Then T is a PO-ternary semiring in which (T, +) is a zeroed.
EXAMPLE 2.3.11: Let T = {0, x, y, z} be a PO-ternary semiring with respect to addition, ternary multiplication
and ordering such that x < y <z < 0 and the operations defined as follows:

+x|y|z|O0 ARIRARANY

z[|0]0|0]|0
z|z|z|z]|0 ololololo
0{0j0|0]|0

Then T is a PO-ternary semiring in which (T, +) is a zeroed.
EXAMPLE 2.3.12: Let T = {a, b, c} be a PO-ternary semiring with respect to addition, ternary multiplication [
] and ordering suchthata<b<a+a<a+b<b+a<b+b<cand the operations defined as follows:

+ 1 a b ata a+b b+a b+b c
a a+a a+b c c c c c
b b+a b+b c c c c c

a+a c c c c c c c
c c c c c c c c

Then (T, +, [ ], <) is a PO-ternary semiring in which (T, +) is a zeroed. Since (T, +, [ ]) is a mono ternary
semiring and (T, +) is not commutative.

EXAMPLE 2.3.13: Let T = {a, b, ¢, d} be a PO-ternary semiring with respect to addition, ternary
multiplication [ ] and ordering such thata <a + a <c <b <a+ b <d and the operations defined as follows:
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+a +b

+[1]

+a

a
ata |[c
c c
b d
d
d

o000 |0

a+b
d d

Then (T, +, [], <) is a PO-ternary semiring in which (T, +) is a zeroed. Since (T, +) is commutative.
EXAMPLE 2.3.14: Let T = {a, b} be a PO-ternary semiring with respect to addition, ternary multiplication [ ]
and ordering such that a + a <a < b and the operations defined as follows:

ojlo|olaQ|v (T
olo|olo|o|ala

a
d
d
d
d
d
d

o000 |0 |

+[1] a+a a b
a+a a+a a+a b
a a+a a+a b
b b b b

Then (T, +, [], <) is a PO-ternary semiring in which (T, +) is a zeroed. Since (T, +) is commutative.
Theorem 2.3.15: Let (T, +, [], <) be a zero-cube PO-ternary semiring with additive identity 0. If (T, +) is
a zeroid then T° = {0}.
Proof : Since (T, +) isa zeroid x +y =y ory + x = y. Since T is a zero - cube PO-ternary semiring x> = 0, y* = 0,
forallx,yeT.
Nowx+y=y=(Xx+y)=y’=2x2+y’=y*=x2+0=0=xy*=0,
X+y=y=2yX+y) =y =2yX+y =y =2y +0=0=y*x =0,
X+y=y=>yx+y)y =y’ =syxy+y =y = yxy+0=0=yxy =0,
Ify+x=y then(y+x)y’ =y’ y +xy’ =y*=2 0+ xy? = 0= xy* = 0,
y+x=y, thenyy(y +x) =y’ =2y’ +yx =y’ =2 0+yx =0 = yx = 0,
Alsoy+x=vy, theny(y +X)y=y’=y* +yxy =y’=0+yxy =0 = yxy = 0.
Therefore xy? = yxy = y*x = 0 and hence T* = {0}.
THEOREM 2.3.16: Let (T, +, [ ], <) be a PO-ternary semiring. If x € Z, where Z is the zeroid of PO-
ternary semiring, then every odd power of x is a zeroid.
Proof: Let x € Z. Then by definition there exists some y in T such that
X+y=yory+x=y---(1)
=>xX+Y) =Xy =2 +xy=xy =2 x> +s=s, where Xy =s € T = x® is zeroed.
From (1) X*(x +y) =x*y = xX° + x*y = x*y = x* + s* = 5!, where x*y = s’ T = x° is zeroed.
Continuing in this way, every odd power of x is in Z.
THEOREM 2.3.17: Let (T, +, ¢, <) be a PO-ternary semiring and (T, +) be commutative. Then (Z, +) isa
subsemigroup of (T, +).
Proof: Letx,y € Z. X € Z = there exists some pin T suchthatx +p=porp+x=p
y € Z = there exists some g in T such thaty + g=qorqgq+y=q.
Now(x+p)+(y+q)=p+q=Kx+y)+(p+q)=p+q(Since (T, +) is commutative)
=>(XX+y)+s=s,wherep+q=s= (x+Y) €Z Therefore Z is a subsemigroup of (T, +).
2.4: ADDITIVELY ZEROPOTENT PO-TERNARY SEMIRING
DEFINITION 2.4.1: A PO-ternary semiring T is said to be a zero potent ternary semiring (or simple called
zp-ternary semiring) if 0 e Tand 2T ={a+a:a€T}=0.

We define order relation < on T hya < b ifand only if b € (T + &) U {a}, then it is easy to see that
< is a partial order on T which compatible with two operations defined on T. That is < is an ordering of the
ternary semiring T. Clearly, O is a greatest element of T.

THEOREM 2.4.2: Let T be a PO-ternary semiring and |T| > 2, then an element a € T, a #0, is maximal

in T{0} ifand only if T + a =0.
Proof : Suppose a € T and a # 0 is maximal in T0}. To show T + a = 0. Letc € T + a then
c=b+aforsomeb e T. Supposec # 0. Thenc € (T +a) U {a}. Which impliesa <c. Since, a is maximal
in T{0},a=c. Thereforea=c=b+a=b+c=b+(b+c)=2b+c=0+c=0,which is a contradiction.
Thereforec =0. Hence T +a=0.

Conversely, suppose that T + a = 0. To show a is maximal in T\{0}. Suppose b € T\{0} such that a
<b. Thenb € (T + a) u {a}. Which implies that b € {0, a}. Therefore either b =0 or b =a. Butb # 0.
Therefore a = b. Hence a is maximal in T\{0}.
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NOTE 2.4.3: In the remaining part of the section, we will assume that T =T + T.
LEMMA 2.4.4: Let T be a PO-ternary semiring and |T| > 2. Then T has no minimal elements.

Proof: Suppose 0 #a € T. Thena=b +c, forsomeb,c € T. Since T=T + T. Consequently,b <a. Ifb=a,

thena=a+c=a+2c=a+0=0, acontradiction. Therefore T has no minimal elements.

COROLLARY 2.4.5: If T is an additively zero potent PO-ternary semiring with T = T + T then either

|T| =1 or T is infinite.

DEFINITION 2.4.6: An element a of a PO-ternary semiring T is said to be bi-absorbing if it is absorbing for

both the operations. i.e.,a+b=b +a=abc =bac =bca=a, foreveryb,ce Tanda <h,a <c. Ifsuchan

element exists, it will be denoted by the symbol 0( = 07).

THEOREM 2.4.7: In a PO-ternary semiring T, the only idempotent element is the

bi-absorbing element 0.

Proof : Suppose that b < b® for someb € T.

Nowb=c+d forsomec,d e Tandb < b*=bbb=h(c+d)b =hcb + bdb.

Since ¢ < b, d < b we have bcd <bbd, bed < beb.

Now 0 < 2bcd = bed + bed < bbd + beb and 0 = bbd + beb.

Finally, 0 = bbObb = bb(bbd + bcb)bb = bbd + bch = b. Therefore b = 0.

Thus, 0 is the only idempotent element of T.

THEOREM 2.4.8: Let T be a PO-ternary Semiring. If a“=a' for somea€ Tand1 <k <1, k, | are odd

natural numbers, then a* = 0.

Proof : There are positive integers m, n such that m(l - k) = 2k + 2n.

Now if b = a“* ", where k + n is a odd positive integer, then b = a‘a" = a'a" = a“a" ka” = a'a' ka" = afa"a"a"

....... — aka"Mg" = gka?2ngn = g3+ 30 = 3 Then by theorem 2.4.7, b = 0 and hence a* = a' = a*a"™ = a*a"™a"™*
= a*a"™ = aka®*2" = a*h? = 0. Therefore a* = 0.

THEOREM 2.4.9: Let T be a PO-ternary semiring and a, b € T, k, | = 1 be such that a“=a' +b where

k, | are odd natural numbers. Then a?* =0. Moreover if 2k <1, then a“ = 0.

Proof: We have a”+ a'b = a'(a'+ b) = a'a* =a"™* = a“"' = aka' = (@' + b)a' = a® + ba'. Comsequently, a* = a“a®
=@ +b)a +b)y=a’+ab+ba +b>=a’+ba +ba +b’>=0. If 2k < I, then a* = 0 implies that a' = 0 and
hence a“ =a' +b =o0.

DEFINITION 2.4.10: The elements x, y in a PO-ternary semiring T are said to be incomparable if neither x <y
nor y <x holds.

THEOREM 2.4.11: If a € T is non-nilpotent element. Then a, a% &, ..... are pair wise incomparable.
Proof : Suppose that a € T is a non-nilpotent element. Then a" # 0 for all odd n € N U {0} (here &° = a). Ifa" =
a', for some 1 < k < | then by theorem 2.4.8, a = 0, which is a contradiction. If a' < a", fork, | > 1 then a“ = a'
+ b, for some b € T. By theorem 2.4.9, a? = 0 which is a contradiction. Therefore a, a°, &, ..... are pair wise
incomparable.

THEOREM 2.4.12: Let T be a PO-ternary semiring and a, b € T such that ababa = a, thena = 0.

Proof : Suppose that ababa = a , then (aba)b(aba)b(aba) = (ababa)b(ababa) = aba. Hence by theorem 2.4.7,
aba = 0. Consequently, a = ababa = Oba = 0. Suppose a = ababa + ¢ then aba = (ababa + c)ba = abababa +
cba. Hence by theorem 2.4.9, aba=0. Thusa=0.

1. Conclusion

In this paper mainly we studied about concepts in PO-ternary semirings and some special type of
PO-ternary semirings.
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