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I.  Introduction
Levine[8] introduced and investigated the concept of strong continuity in topological spaces. Sundaram
[10] introduced strongly g-continuous maps and perfectly g-continuous maps in topological spaces.In [10],
Sundaram introduced the concept of GO-compact space by using g-open covers.Antony Rex Rodrigo and
Mariappan[3] introduced the characterizations and properties of g#-closed sets in ideal topological spaces.In
this paper,we introduce the notion of T,g#—space,T,*g# -space, stronglyl «-continuous maps,perfectly I +-

continuous and I +-compactness in ideal topological spaces and obtain some of its properties.

An ideal I on a topological space ( X,7) is non-empty collection of subsets of X which satisfies
(lAelandBcA=>Beland(iilAelandB €= AUB € 1.Given a topological space ( X,t) with an
ideal I on X and if go(X) is the set of all subsets of X, a set operator (.)* :go(X) — $(X) ,called a local function
[4] of A with respect to T and I is defined as follows: for AC X, A*(I,t) ={x € X:UNA &I foreveryU €
7(X)} where ©(X) = {U € t: x € U}.We will make use of the basic facts about the local functions[1,Theorem
2.3] without mentioning it explicitly. A Kuratowski closure operator cl*(.) for a topology 7*(I, 7), called the *-
topology, finer than 7 is defined by cl*(4) = A U A*(I,7)[12].When there is no chance for confusion, we will
simply write A* for A*(I, ) and 7> for (I, 7). If I is an ideal on X, then ( X, ,I) is called an ideal space.

I1.  Preliminaries
Definition 2.1:A subset A of a topological space ( X, t ) isan a-open set [8]ifA < int(cl(int(A))).

Definition 2.2:A subset A of a topological space( X ,t) is called

(i)Generalized closed (briefly g-closed) [11] if cI(A) S U whenever A € U and U is open in X.
(if)a-generalized closed (briefly ag-closed) [2] if a-cl(A) €U whenever A € U and U is open in X.
(iii)g#-closed [6] ifcl(A) S U whenever A € U and U is ag-open in X.

Definition 2.3:A functionf:(X,t) — (Y,0) iscalled
(i)Strongly continuous [8] if £ =1 (V) is both open and closed in X for each subset Vin Y.
(ii)Perfectly continuous [13] if £~1(V') is both open and closed in X for each open set Vin Y.

Definition 2.4:A topological space X is called T; ,-space [7] if every g-closed set of X is closed in X.

Definition 2.5:A subset A of an ideal space ( X, 7,1) is said to be I #-closed [3] if A" < U whenever A S U
and U is ag-open in X.

Definition 2.6:A function f: (X, 7,1) - (¥, 0) is called I «-continuous [3] if the inverse image of every closed
setin Yis I «-closed in X.
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Definition 2.7:A function f:(X,7,I) - (Y,0,]) is called I #-irresolute [3] if the inverse image of every [ «-
closed setin Y is [ #-closed in X.

I11.  Separation Axioms In Ideal Topological Space
Definition 3.1:An ideal topological space ( X,z,I) is called a T; ,-space if every I «-closed set of X is
9

closed in X .

Definition 3.2: An ideal Topological space (X,t,I) iscalled aT,g-space if every I,-closed setof X is
closed in X .

Definition 3.3:An ideal Topological space (X,z,l) is called a T/, -space if every I -closed set of X
9
is I,# - closed in X.

Theorem 3.4: If X is T,gthen it is T, , but not conversely .
9

Proof Let Xbe aT,g —space and A be a I« -closed set in X. Since everyl « - closed set is I - closed
and X is Ty, Ais closed in X.Hence Xis T; , .
9

The converse need not be true as seen from the following example.

Example 3.5:Let X ={a,b,c,d}, t={9,X, {b},{c},{b,c},{b,c,d}}and I = {@,{a}}.Then
(X,t,1)isT; ,-space but not T,g -space.Since I #-closed sets of X are closed in X but the I -closed set {d} is
9

not closed in X.

Theorem 3.6:1f X is T, ,then it is lg*# but not conversely .
9
Proof.Let Xbe aT; , - space and A be a [, - closed set in X . Since X is T, , - space and every
g g

closed set is I # - closed . Hence X is T/, .The converse need not be true as seen from the
g
following example .

Example 3.7: Let X ={a,b,c} ,7={0,X,{a},{b},{a,b}} and [ ={@,{a}}.Then (X ,7,I)is T/ space but
9
not T; ,-space. Sincel «,Ij-closed sets of Xareg, X, {a},{c},{b,c},{a,c}andclosed sets of Xare
g
?,X,{c},{b,c},{a,c}.

Remark 3.8:T; /, andT,g spaces are independent from the following example.
Example 3.9:.This is obvious from remark 2.4[3].

Theorem 3.10:1f a function f : (X,7,1) - (Y,0,]) iscontinuousand YisaT, , - space, then fis I -
g
irresolute.

Proof.Assume that f is continuous.Let G be any I +# - closed set in Y. Since Y isa T, , - space, then G is closed
g
in Y. Hence f*(G) is closed in X. But every closed set is 1,+-closed. Therefore fis I« - irresolute.

Theorem 3.11:1f a function f : (X,7,1) —» (Y,0,]) is continuous and Y isa T, , - space, then fis
g
strongly I+ -continuous.

Proof.Assume that f is continuous.Let G be any I +# - closed set in Y. Since Y isa T, , - space, then G is closed
Y
in Y. Hence f*(G) is closed in X. Therefore f isstrongly 1+ -continuous.

DOI: 10.9790/5728-11353741 www.iosrjournals.org 38 | Page



Strongly g*-Continuous and Perfectly g*-Continuous Maps in Ideal Topological Spaces

IV.  Strongly g’-Continuous And Perfectly g*-Continuous Maps In Ideal Topological Spaces

Definition 4.1:A function f : (X,7) — (Y,0,]) is said to be strongly I «-continuous if the inverse image
of every I # - closed set in Y is closed in X .

Remark 4.2:WhenY is T; , ,strongly I # - continuity coincides with continuity.
9

Theorem 4.3:1f a map f: (X,7) - (Y,o,/) from a topological space into an ideal topological space
is strongly I« - continuous then it is continuous but not conversely .

Proof.Assume that f is strongly I + - continuous. Let G be any open set in Y . Since every open set
is I, - open , G is I+ -open in Y. Since f is strongly I # - continuous , f~1(G) is open in X.
Therefore f is continuous.

The converse need not be true as seen from the following example .

Example 4.4: Let X =Y = {a, b, c} with the topologies 7 = { @, X,{a},{b},{a,b}},c = {0, X,{a},{a, b}}and
J =1{@,{b}}.Defineamap f: (X,t)—(Y,o,/)by f(a)=h, f(b)=a, f(c)=c then f is continuous. But f is not
strongly! + - continuous.Since f1({b})={a} is not closed inX ,where {b] is I # -closedin’Y.

Theorem 4.5:A function f: (X,t)—->(Y,o0,J) from a topological space (X,t) into an ideal
topological space (Y,o,]) is strongly I+ - continuous if and only if the inverse image of every I ¢
- closed set in Y is closed in X.

Proof.Assume that f is strongly I+ - continuous . Let Fbe any I+ - closed set in Y. Then FC is Iy# -
open in Y . Since f is strongly I # - continuous , f~'(F¢) is open in X.But fT'(F¢)= X -
f7Y(F),f~1(F)is closed in X. Converslyassume that the inverse image of every I+ - closed set in Y is
closed in X . Let G be any I +open in Y .Then G is I +-closed in Y. By assumption ,f~'(G®) is
closed set in X. But f~'(G) =X — f~'(G)and sof ' (G) is open in X .Therefore f is strongly I+ -
continuous .

Theorem 4.6:1f a function f : (X,7) - (Y,0,/) is strongly continuous, then it is strongly I # -
continuous but not conversely .

Proof.Let G be any I+ - open set in Y . Since f is strongly continuous , f71(G) is open in X (by
Definition ) . Hence f is strongly I« - continuous .
The converse need not be true as seen from the following example .

Example 4.7: Let X =Y = {a, b, c} with the topologies = {®,X,{a},{a,b},{a,c}}, 0 ={®,X,{a},{a, b}}
and J = {@,{b}}.Defineamap f: (X,7) - (Y,o,]/) byf(a)=a, f(b)=c, f(c)=b, then f is strongly continuous.
But f is not strongly continuous. Since for the set {a} in Y, f*({a})={a} is open but not closed in X.

Theorem 4.8:1f a map f: (X,7) - (Y,0,])is strongly I +- continuous and a map g:(Y,0,/) -
(Z,y)is I#-continuous,then the composition g o f : (X,t) - (Z,y) iscontinuous.

Proof .Let G be any open set in Z. Since g isl #-continuous , g (G)is I,+ -open in Y.Since f is
strongly 1,+-continuousf ~'g~'(G) is open in X .But f~'g7'(G) = (gof )~ (G ). Therefore gof is
continuous .

Theorem 4.9:1f a map f : (X,7) - (Y,0,])is strongly I - continuous and a map g:(Y,0,/) -
(Z,y,K) is strongly I #-continuous, then the composition go f : (X,7) - (Z,y,K) is strongly I +-
continuous.

(i.e)Composition of two strongly /,«- continuous functions is strongly I +- continuous.
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Proof.Let G be any [ «+-open set in Z. Since g is strongly / #-continuous .9 1(G)is openin Y. Since f is
strongly I #-continuous and every open set is I +-open, f~'g~'(G) is open in X .But f~'g7'(G) =
(g of )71 (G).Therefore g of is strongly I,#- continuous .

Theorem 4.11:1f a map f : (X,7,1) > (Y,0,]) isl;+- continuous and a map g:(Y,o0,/)—
(Z ,y,K ) is strongly Ig#-continuous, then the compositiongo f : (X,7,1) > (Z,y,K)is Ig#-irresolute.

Proof.Let G be any I +-open set in Z. Since g is strongly I «-continuous .9 1(G)is openinY.Since f is
I#-continuous, f~'g~'(G ) is I +-open in X .But f~'g~'(G) = (gof )" (G). Therefore g of isl +-
irresolute.

Theorem 4.12:1f amap f: ( X,t)—>(Y,0,])is stronglyl,«- continuous and a map g: (Y,o,]) -
(Z,y,K)is Ig#-irresolute, then the compositiongeof : (X,7,1) - (Z,y,K) is continuous.

Proof.Let G be any open set in Z. Since g is I «-irresolute and every open set is I +-open g l(G)is
I,+-open in Y. Since f is stronglyl +-continuous, f~'g~'(G) isopen in X . But f~'g7'(G)=
(g of )~' (G ).Therefore g of is continuous.

Definition 4.13:. A map f: (X,7) — (¥, 0,]) is said to be perfectly I +-continuous if the inverse image of every
I,+-open setin (Y,q,]) isboth open and closed in (X, 7).

Theorem 4.14:. A map f:(X,7) = (Y,0,]) from a topological space (X, t) into an ideal topological space
(Y, 0,]) is perfectly I +-continuous then it is strongly I +-continuous but not conversely.

Proof. Assume that f is perfectly I «-continuous. Let G be any I +-open setin (Y, g, ]).Since f is perfectly I «-
continuous , f~1(G) is open in (X, 7). Therefore f is strongly 1,#-continuous.
The converse of the above theorem need not be true as seen from the following example.

Example4.15:LetX =Y = {a, b, c} with the topologies 7 = {@, X,{a},{a, b},{a,c}} and 0 = {0, X, {a},{a, b}}
and J = {®,{b}} .Define a map f: (X,7) - (Y,0,]) as the identity map. Then f is strongly I «-continuous but
not perfectly /,«-continuous.For the /,«-open set {a} of Y.f~t({a}) = {a} which is open but not closed in X.

Theorem 4.16: A map f:(X,7) = (Y,0,]) from a topological space (X, t) into an ideal topological space
(Y,0,]) is perfectly I +-continuous ifff~1(G) is both open and closed in (X,7) for every I,+-open set in

Y,o,)).

Proof. Assume that f is perfectly I «-continuous. Let F be any I «-closed set in (Y, g,/).Since f is perfectly
1+-continuous , £~ (F¢) is both open and closed in (X, 7).But f~'(F°) =X — f~!(F) andso f~'(F) is both
open and closed in (X, 7).Conversely assume that the inverse image of every [ «-closed is both open and
closed in (X,7).Let G be any I #-open set in (Y,0,]).Then G¢ is I #-closed set in (Y,0,]).By assumption
f£71(G¢) is both open and closed in (X, 7). But f~1(G¢) = X — f~1(G) andso f~1(G) is both open and closed
in (X, 7).Therefore f is perfectly / «-continuous.

Remark 4.17:From the above observations we have the following implications.
V. g*-Compactness in Ideal Topological Space
Deinition 5.1:A collection {A;; i € I} of I +-open sets in an ideal topological space (X, 7, 1) is called a I, +-open

cover of a subset B in Xif B € U;¢; 4;.

Definition 5.2:An ideal topological space (X,t,1) is I #-compact if every I #-open cover of X has a finite
subcoverof X.
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Definition 5.3: A subset B of an ideal topological space (X, 7, )is called I +-compact relative to X ,if for every
collection {A;;i € I} of I «-open subsets of X such that B S U;¢; 4; ,there exist a finite subset I, of I such that

Definition 5.4:A subset B of an ideal topological space (X, 7, I)is called I #-compact if B is I «-compact as the
subspace of X.

Theorem 5.5: A 1 #-closed subset of I +-compact space is /,4-compact relative to X.

Proof.Let A be a I «-closed subset of I +-compact space X.Then A¢ is I 4-open in X.Let S be a I #-open cover
of A'in X.Then ,S along with A° form a I «-open cover of X.Since X is I «#-compact ,it has a finite subcover,
say {G, G, G ... ... ..... G, }.If this subcover contains A¢,we discard it.Otherwise leave the subcover as it is. Thus
we have obtained a finite subcover of A and so A is I +-compact relative to X.

Theorem 5.6:A I «-continuous image of a  +-compact space is compact.

Proof.Let f: (X,7,I) - (Y,0) be a I +-continuous map from a I «-compact space X onto a topological space
Y.Let {A;;i € I} be an open cover of Y.Then {f~1(4,);i €I} isa 1,+-open cover of X.Since X is I, #-compact,

it has a finite subcover say {f ' (4;), f 71 (4,) ... cc. ... f71(A,)}.Since fis onto, {41, 4, A3 ........... A, } is an
open cover of Y and so Y is compact..

Theorem 5.7:1f f:(X,7) - (Y,0,]) is strongly I +-continuous map from a compact space X onto an ideal
topological space ,thenY is I #-compact.

Proof.Let {A;;i € I} bean I +-open cover of Y. Then {f~1(4,);i € I} is a open cover of X, Since fis strongly
I #-continuous.SinceX is compact, it has a finite sub cover say {14, fF1(Ay) v fT1(A,)} and since
fisonto {4y, A; A3 ... ... ..... A, }is a finite subcover of Y. Therefore Y is I #+-compact..

Theorem 5.8:1f f: (X,7) - (Y, 0,]) is perfectly I «-continuous map from a compact space X onto an ideal
topological space Y, thenY is I «-compact

Proof.It follows from theorem 5.7.

Theorem5.9: Let (X, t,1) be an ideal space. If A is an I,-closed subset of X,then A is I-compact.[5, Theorem
2.17]

Corollary 5.11:Let (X,7,1) be an ideal space. If A is an I -closed subset of X, then A is I-compact.

Acknowledgement
We thank the referees for their suggestions to improvement of this paper.

References
[1]. D.Jankovic and T.R.Hamlett, New topologies from old via ideals, Amer.Math.Monthly 97(1990), no 4,295-310.
[2]. H.Maki,R.Devi and K.Balachandran, Associated topologies of generalized a-closed sets and a-generalized closed sets,
Mem.Fac.Sci., Kochi Univ., Ser.A.Math., 15, 51-63(1994).
[3]. J.Antony Rex Rodrigo and P.Mariappan, g*-closed sets in ideal topological spaces, International Journal of Mathematical Archive-

5(10),2014, 225-231.

[4]. K.Kuratowski, Topology, Vol. 1, Acadamic Press, New york, 1966

[5]. M.Navaneethakrishnan and J.Paulraj Joseph, g-closed sets in ideal topological spaces, Acta. Math.Hungar.119(2008), 365-371.

[6]. M.K.R.S.Veerakumar, g*-closed sets in topological spaces, Mem.Fac.Sci., Kochi Univ., Ser.A.Math.,24(2003),1-13.

[71. N.Levine, Generalized closed sets in topology, Rend.Circ.Math.Palermo, 19(1970), 89-96.

[8]. .N.Levine, Strong continuity in topological spaces, Amer. Math. Monthly, 67(1960), 269.

[9]. O.Njastad, On some classes of nearly open sets, Pacific J.Math.15(1965), 961-970.

[10]. P.Sundaram, Studies on generalizations of continuous maps in topological spaces, Ph.D Thesis Bharathiar University,
Coimbatore(1991).

[11]. R.Devi, Studies on generalizations of closed maps and homeomorphisms in topological spaces, Ph.D Thesis Bharathiar University,
Coimbatore(1994).

[12]. R.Vaidyanathaswamy, Set topology, Chelsea Publishing Company, 1946.

[13].  T.Noiri, Strong form of continuity in topological spaces, Rend.Circ.Math.Palermo, (1986),107-113.

DOI: 10.9790/5728-11353741 www.iosrjournals.org 41 | Page



