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Abstract: In this paper, we determined that the alpha product, beta product and gamma product of two edge 

regular fuzzy graphs need not be edge regular and that if these operations of two fuzzy graphs are edge regular, 
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product of two fuzzy graphs to be edge regular fuzzy graph is determined.  
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I. Introduction 
Fuzzy graph theory was introduced by Azriel Rosenfeld in 1975 [11]. Mordeson. J. N and Peng. C. S 

introduced the concept of operations on fuzzy graphs [2]. The degree of a vertex in fuzzy graphs which are 

obtained from two given fuzzy graphs using the operations of alpha product, beta product and gamma product 

was discussed by Nagoor Gani. A and Fathima Kani. B [3]. Radha. K and Kumaravel. N introduced the concept 

of degree of an edge and total degree of an edge in fuzzy graphs [8]. We study about edge regular fuzzy graphs 

which are obtained from two given fuzzy graphs using the operations of alpha, beta and gamma product. In 

general, alpha, beta and gamma product of two edge regular fuzzy graphs 1G and 2G  need not be edge regular.  

In this paper, we find necessary and sufficient condition for alpha product, beta product and gamma product of 

two fuzzy graphs to be edge regular fuzzy graph. First we go through some basic concepts which can be found 

in [1] – [14]. 

A fuzzy subset of a set V is a mapping   from V  to [0, 1]. A fuzzy graph G is a pair of functions 

),(: G  where   is a fuzzy subset of a non-empty set V  and   is a symmetric fuzzy relation on , (i.e.) 

)()()( yxxy   for all Vyx , . The underlying crisp graph of ),(: G  is denoted by 

),(:* EVG where VVE  . Throughout this paper, ),(: 111 G  and ),(: 222 G  denote two fuzzy 

graphs with underlying crisp graphs ),(: 11

*

1 EVG  and ),(: 22

*

2 EVG with 2,1,  ipV ii
. Also )(* iG

ud
i

 

denotes the degree of iu  in 
*

iG  and )(* iG
ud

i

 denotes the degree of iu in
*

iG , where 
*

iG  is the complement 

of
*

iG .  

Let ),(: G  be a fuzzy graph on ),(:* EVG . The degree of a vertex u is 



vu

G uvud )()(  . 

The minimum degree of G is  VvvdG G  ),()(  and the maximum degree of G  is 

 VvvdG G  ),()( . The total degree of a vertex Vu is defined by  

)()()( uuvutd
vu

G  


. If each vertex in G has same degree k, then G is said to be a regular fuzzy graph 

or k  regular fuzzy graph. If each vertex in G has same total degree k, then G is said to be a totally regular 

fuzzy graph or k  totally regular fuzzy graph.   

The order and size of a fuzzy graph G are defined by 



Vu

uGO )()( 

 

and 



Euv

uvGS )()(  . 

Let ),(:* EVG be a graph and let uve   be an edge in
*G . Then the degree of an edge Euve  is 

defined by 2)()()( ***  vduduvd
GGG

. If each and every pair of distinct vertices is joined by an edge, 

then ),(:* EVG  is said to be complete graph.  
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Let ),(: G  be a fuzzy graph on ),(:* EVG . The degree of an edge uv  is 

)(2)()()( uvvduduvd GGG  . This is equivalent to )(uvdG = 


vw
Euw

uw)( + 


uw
Ewv

wv)( . The total 

degree of an edge Euv is defined by )()()()( uvvduduvtd GGG  . This is equivalent to 

)(uvtdG = 


vw
Euw

uw)( + 


uw
Ewv

wv)( + )(uv = )(uvdG + )(uv . The minimum edge degree and maximum 

edge degree of G

 

are  EuvuvdG GE  ),()(  and  EuvuvdG GE  ),()( . If each edge 

in G  has same degree k , then G  is said to be an edge regular fuzzy graph or k   edge regular fuzzy graph. If 

each edge in G  has same total degree k , then G  is said to be a totally edge regular fuzzy graph or k   totally 

edge regular fuzzy graph.  

A fuzzy Graph G is said to be strong, if )()()( yxxy   for all Exy . A fuzzy Graph G is 

said to be complete, if )()()( yxxy   for all Vyx , .      

 

Definition [3]: Let ),(*

2

*

1

* EVGGG 


be the alpha product of two graphs 
*

1G and
*

2G , where 

21 VVV   and 222112121 ,:),)(,{( EvuvuvvuuE   )(or  22111 , vuEvu  )(or   

222111 , EvuEvu    )(or }, 222111 EvuEvu  . Then the alpha product of two fuzzy graphs 1G  and 

2G  is a fuzzy graph ),(: 21212121 

 GGGGG  defined by 

 Vuuuuuu  ),(),()(),)(( 2122112121 


 and  

 























2221112221111

2221112222111

2211122111

2221122211

212121

,),()()(

,),()()(

,),()(

,),()(

)),)(,)(((

EvuEvuifvuvu

EvuEvuifvuvu

vuEvuifuvu

Evuvuifvuu

vvuu












. 

 

Definition [4]: Let ),(*

2

*

1

* EVGGG 


be the beta product of two graphs 
*

1G and
*

2G , where 21 VVV   

and 2221112121 ,:),)(,{( EvuEvuvvuuE   )(or  222111 , EvuEvu  )(or   

}, 222111 EvuEvu  . Then the beta product of two fuzzy graphs 1G  and 2G  is a fuzzy graph 

),(: 21212121 

 GGGGG  defined by 

 Vuuuuuu  ),(),()(),)(( 2122112121 


 and  

 

















2221112221111

2221112222111

222111222111

212121

,),()()(

,),()()(

,),()(

)),)(,)(((

EvuEvuifvuvu

EvuEvuifvuvu

EvuEvuifvuvu

vvuu










. 

 

Definition [4]: Let ),(*

2

*

1

* EVGGG 


be the gamma product of two graphs 
*

1G and
*

2G , where 

21 VVV   and 222112121 ,:),)(,{( EvuvuvvuuE   )(or  22111 , vuEvu   )(or   

222111 , EvuEvu  )(or 222111 , EvuEvu  )(or }, 222111 EvuEvu  . Then the gamma product 

of two fuzzy graphs 1G  and 2G  is a fuzzy graph ),(: 21212121 

 GGGGG  defined by 

 Vuuuuuu  ),(),()(),)(( 2122112121 


 and  
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
























222111222111

2221112221111

2221112222111

2211122111

2221122211

212121

,),()(

,),()()(

,),()()(

,),()(

,),()(

)),)(,)(((

EvuEvuifvuvu

EvuEvuifvuvu

EvuEvuifvuvu

vuEvuifuvu

Evuvuifvuu

vvuu














. 

 

II. Edge Regular Properties of Alpha Product of Two Fuzzy Graphs 
Remark 2.1: 

 If ),(: 111 G  and ),(: 222 G  be two edge regular fuzzy graphs, then 21 GG

 is need not be 

edge regular fuzzy graph.  

 

Example 2.2: 

Consider the two fuzzy graphs ),(: 111 G  and ),(: 222 G . 

 

 Here both 1G  and 2G are edge regular fuzzy graphs of edge degree 0.4 and 0.3. In 21 GG

 , 

)),)(,(( 212121
vuuud GG


  

= 2.4 and )),)(,(( 212121
uvuud GG


 = 2.5. Hence 21 GG


 is not an edge regular 

fuzzy graph.  

 

Remark 2.3: 

 If 21 GG

 is an edge regular fuzzy graph, then ),(: 111 G  (or) ),(: 222 G  need not be edge 

regular fuzzy graph.  

 

Example 2.4: 

Consider the two fuzzy graphs ),(: 111 G  and ),(: 222 G . 
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Here 21 GG

 is 3 – edge regular fuzzy graph. But 2G is not an edge regular fuzzy graph. 

 

Theorem 2.5 [10]: 

 Let G: (, ) be a fuzzy graph on G
*
: (V, E) with G

*
 is k – regular. Then  is constant if and only if G is 

both regular and edge regular. 

 

Theorem 2.6[9]: 

 Let ),(: 111 G  and ),(: 222 G  be two fuzzy graphs.  

Suppose that 21    and 12   . Then for any Evvuu ),)(,( 2121 , 

(1). When 22211 , Evuvu  , 

)),)(,(( 212121
vuuud GG


 = )2)()()(()( 22122 *

2
*
212

 vdududvud
GGGG + *

2 21
1 2 2( )( ( ) ( )),G GG

d u d u d v
 

(2). When 11122 , Evuvu  , 

)),)(,(( 212121
uvuud GG


 = )2)()()(()( 11211 *

1
*

121
 vdududvud

GGGG + ))()()(( 112 11
*
2

vdudud GGG
 ,

 

(3). When 222111 , EvuEvu  , 

)),)(,(( 212121
vvuud GG


 = )( 111

vudG + )](1)[( 12 *
12

udud
GG  + )](1)[( 12 *

12
vdvd

GG  + )()( 12 1
*
2

udud GG   

                                           
)()( 12 1

*
2

vdvd GG
  and 

(4). When 222111 , EvuEvu  , 

)),)(,(( 212121
vvuud GG


 = )( 222

vudG + )](1)[( 21 *
21

udud
GG  + )](1)[( 21 *

21
vdvd

GG  + )()( 21 2
*

1

udud GG   

                                           
)()( 21 2

*
1

vdvd GG
 . 

 

Theorem 2.7[9]:  

 Let ),(: 111 G  and ),(: 222 G  be two fuzzy graphs. 

If 21    and 1  
is a constant function with 11 )( cu   for all 1Vu , then for any Evvuu ),)(,( 2121 , 

(a). When 22211 , Evuvu  , 

)),)(,(( 212121
vuuud GG


 = 11221 2)1)())(()(( *

1
*
2

*
2

cudvdudc
GGG


 

                                             + )2)()()(( 221 *
2

*
21

 vdudud
GGG ,

 

(b). When 11122 , Evuvu  , 

)),)(,(( 212121
uvuud GG


 = ))()(2)(()( 112111 *

1
*

1
*
21

vdududcvud
GGGG 

 

                                             
+ ))()()(( 112 11

*
2

vdudud GGG
 , 
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(c). When 222111 , EvuEvu  , 

)),)(,(( 212121
vvuud GG


 = )( 111

vudG + ))(1)(( 121 *
1

*
2

ududc
GG

 + ))(1)(( 121 *
1

*
2

vdvdc
GG


 

                                              
+ )()( 21 *

21
udud

GG
+ )()( 21 *

21
vdvd

GG
 and 

(d). When 222111 , EvuEvu  , 

)),)(,(( 212121
vvuud GG


 = )( 11

udG + )( 11
vdG + ))(1)(( 121 *

1
*
2

ududc
GG

 + ))(1)(( 121 *
1

*
2

vdvdc
GG


 

                                             
+ )()( 21 *

21
udud

GG
+ )()( 21 *

21
vdvd

GG
– 12c . 

 

Theorem 2.8: 

 Let ),(: 111 G  and ),(: 222 G  be two fuzzy graphs and let ),(: 111 EVG
 and ),(: 222 EVG

 

be complete graphs.   

Suppose that 21    and 12   . Then for any Evvuu ),)(,( 2121 , 

(1). When 22211 , Evuvu  , )),)(,(( 212121
vuuud GG


 = )(2)( 122 12

udvud GG   and 

(2). When 11122 , Evuvu  , )),)(,(( 212121
uvuud GG


 = )()(2 112 12

vudud GG  . 

Proof:  

By definition, for any Evvuu )),)(,(( 2121 , 




 
EvvwwEwwuu

GG vvwwwwuuvvuud
),)(,(

212121

),)(,(

2121212121

21212121

21
)),)(,)((()),)(,)((()),)(,(( 



– )),)(,)(((2 212121 vvuu

  

                                         

2 2 2 1 1

1 1 2 2 2

,

( ) ( )
u w E u w

u u w 
 

  + 



22111 ,

22111 )()(
wuEwu

uwu   

+ 



222111 ,

2222111 )()()(
EwuEwu

wuwu  + 



222111 ,

2221111 )()()(
EwuEwu

wuwu 

 
+ )()( 22

,

211

11222

vwv
uwEvw




 + 



22111 ,

22111 )()(
vwEvw

vvw  + 



222111 ,

2222111 )()()(
EvwEvw

vwvw 

 
+ 




222111 ,

2221111 )()()(
EvwEvw

vwvw  – )),)(,)(((2 212121 vvuu

   ……………………………...  (2.1) 

Given 


1G  and 


2G  are complete underlying crisp graphs.  

Then edge set of underlying crisp graph of 21 GG



 
is 222112121 ,:),)(,{( EvuvuvvuuE   )(or  

1 1 1 2 2, }u v E u v  . 

From (2.1), when 22211 , Evuvu  ,  

 
)),)(,(( 212121

vuuud GG

  

= )()( 22

,

211

11222

wuu
wuEwu




   + 



22111 ,

22111 )()(
wuEwu

uwu   

+ )()( 22

,

211

11222

vwu
uwEvw




 + 



22111 ,

22111 )()(
vwEuw

vuw  – )),)(,)(((2 212121 vvuu

 . 

= 
 222

)( 222

Ewu

wu + 
 111

)( 111

Ewu

wu + )( 222

222

vw
Evw




 + 
 111

)( 111

Euw

uw – )(2 222 vu . 

= 
 222

)( 222

Ewu

wu + )( 222

222

vw
Evw




 – )(2 222 vu + )()( 11 11
udud GG  . 

 )),)(,(( 212121
vuuud GG


 = )(2)( 122 12

udvud GG  . 

(2). Proof is similar to the proof of (1). 
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Theorem: 2.9 

 Let ),(: 111 G  and ),(: 222 G  be two regular fuzzy graphs of same degree with 21    

and 12   . Let ),(: 111 EVG
 and ),(: 222 EVG

 be complete graphs. Then 1G and 2G  are edge regular 

fuzzy graphs of same degree if and only if 21 GG

 is an edge regular fuzzy graph. 

Proof:  

Let 221121 &,)()(
21

VuVumudud GG  , where m  is a constant. 

Given 


1G  and 


2G  are complete underlying crisp graphs.  

Then edge set of underlying crisp graph of 21 GG



 
is 222112121 ,:),)(,{( EvuvuvvuuE   )(or  

1 1 1 2 2, }u v E u v  . 

Assume that 1G and 2G  are k  – edge regular fuzzy graphs, where k  is a constant. 

Then 2221112211 &,)()(
21

EvuEvukvudvud GG  . 

By theorem 2.8, when 22211 , Evuvu  ,  

    
)),)(,(( 212121

vuuud GG

 = )(2)( 122 12

udvud GG  …………………………..…………………..…… (2.2)
 

 )),)(,(( 212121
vuuud GG


 = mk 2 ……………………………………………………………………... (2.3) 

By theorem 2.8, when 11122 , Evuvu  ,  

   
)),)(,(( 212121

uvuud GG

 = )()(2 112 12

vudud GG  ……….…..…………………………………….…. (2.4) 

 )),)(,(( 212121
uvuud GG


 = km2 ………………………………………………………………….….. (2.5) 

From (2.3) and (2.5), 21 GG

 is an edge regular fuzzy graph of degree mk 2 .  

Conversely, assume that 21 GG

 is an edge regular fuzzy graph. 

To prove that 1G and 2G  are edge regular fuzzy graphs of same degree. 

Let 11111 , Exwvu 
 
be any two edges of 1G . Fix 2Vu . 

Then Euxuwuvuu ),)(,(&),)(,( 1111 , )),)(,(( 1121
uvuud GG


 = )),)(,(( 1121

uxuwd GG

 .

       

    
)()(2 1112

vudud GG  = )()(2 1112
xwdud GG      (Using (2.4)) 

                          
)(2 111

vudm G = )(2 111
xwdm G

 

                                    
)( 111

vudG = )( 111
xwdG , 11111 & Exwvu  .

 

 1G  is an edge regular fuzzy graph. 

Similarly, 2G  is an edge regular fuzzy graph. 

Now, to prove that 1G and 2G  are edge regular fuzzy graphs of same degree. 

Suppose that 1G  is 1k  – edge regular fuzzy graph and 2G  is 2k  – edge regular fuzzy graph with 21 kk  . 

 )),)(,(( 212121
vuuud GG


 = )()(2 221 21

vudud GG 
       

(Using (2.2)) 

                                               
= 22 km  ……..…………………………..……...…………….…………….  (2.6) 

 )),)(,(( 212121
uvuud GG


 = )(2)( 211 21

udvud GG 
       

(Using (2.4)) 

                                               = mk 21  ………….……………………..……….....……….…...………….  (2.7) 

From (2.6) and (2.7),  )),)(,(( 212121
vuuud GG



)),)(,(( 212121
uvuud GG


 , since 21 kk  . 

This is a contradiction to our assumption that 21 GG



 
is an edge regular fuzzy graph. 

Hence 1G and 2G  are edge regular fuzzy graphs of same degree. 
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Theorem: 2.10 

 Let ),(: 111 G  and ),(: 222 G  be two regular fuzzy graphs of same degree with 21    

and 12   . Let ),(: 111 EVG
 and ),(: 222 EVG

 be regular graphs of same degree with
21 VV  . Then 

1G and 2G  are edge regular fuzzy graphs of same degree if and only if 21 GG

 is an edge regular fuzzy graph. 

Proof: 

Let ,)()( 21 21
mudud GG   ,)()( 21 *

2
*
1

nudud
GG

  ,)()( 21 *
2

*
1

npudud
GG

  

2211 & VuVu  , where pVVnm  21&,  are constants. 

Assume that 1G and 2G  are k edge regular fuzzy graphs. 

Then 2221112211 &,)()(
21

EvuEvukvudvud GG  , where k is a constant. 

By theorem 2.6, When 22211 , Evuvu  , 

)),)(,(( 212121
vuuud GG


 = )2)()()(()( 22122 *

2
*
212

 vdududvud
GGGG + *

2 21
1 2 2( )( ( ) ( )).G GG

d u d u d v  

= )2(  npnpmk + ))(( mmnp  . 

= )1(2  npmk + )2)(( mnp  . 

= )1)(2(2  npmk ………………………………………………………………………………..... (2.8) 

By theorem 2.6, When 11122 , Evuvu  , 

)),)(,(( 212121
uvuud GG


 = )2)()()(()( 11211 *

1
*

121
 vdududvud

GGGG + ))()()(( 112 11
*
2

vdudud GGG
 .

 

= )2(  npnpmk + ))(( mmnp  . 

= )1(2  npmk + )2)(( mnp  . 

= )1)(2(2  npmk ………………………………………………………………………………..... (2.9) 

By theorem 2.6, for any Evvuu ),)(,( 2121 ,  

)),)(,(( 212121
vvuud GG


 = )( 111

vudG + )](1)[( 12 *
12

udud
GG  + )](1)[( 12 *

12
vdvd

GG  + )()( 12 1
*
2

udud GG   

                                           
)()( 12 1

*
2

vdvd GG
 , when 222111 , EvuEvu  . 

= mnpmnpnpmnpmk )()()1()1(  . 

= )1(2  npmk + )2)(( mnp  . 

= )1)(2(2  npmk …………………………………………………………………………………... (2.10) 

By theorem 2.6, for any Evvuu ),)(,( 2121 ,  

)),)(,(( 212121
vvuud GG


 = )( 222

vudG + )](1)[( 21 *
21

udud
GG  + )](1)[( 21 *

21
vdvd

GG  + )()( 21 2
*

1

udud GG   

                                           
)()( 21 2

*
1

vdvd GG
 , when 222111 , EvuEvu  .

 

= mnpmnpnpmnpmk )()()1()1(  . 

= )1(2  npmk + )2)(( mnp  . 

= )1)(2(2  npmk …………………………………………………………………………………... (2.11) 

From (2.8), (2.9), (2.10) and (2.11), 21 GG

 is an edge regular fuzzy graph. 

Conversely, assume that 21 GG

 is an edge regular fuzzy graph. 

To prove that 1G and 2G  are edge regular fuzzy graphs of same degree. 

Let 11111 , Exwvu 
 
be any two edges of 1G . Fix 2Vu . 

Then Euxuwuvuu ),)(,(&),)(,( 1111 , )),)(,(( 1121
uvuud GG


 = )),)(,(( 1121

uxuwd GG

 .

       

)2)()()(()( 1111 *
1

*
121

 vdududvud
GGGG + ))()()(( 11 11

*
2

vdudud GGG
  



Edge regular property of alpha product, beta product and gamma product of two fuzzy graphs  

DOI: 10.9790/5728-11437088                                            www.iosrjournals.org                                      77 | Page 

                              = )2)()()(()( 1111 *
1

*
121

 xdwdudxwd
GGGG

+ ))()()(( 11 11
*
2

xdwdud GGG
  

)2()( 111
 npnpmvudG + ))(( mmnp   

                              = )2()( 111
 npnpmxwdG + ))(( mmnp   

             
)( 111

vudG = )( 111
xwdG , 11111 & Exwvu  .

 

 1G  is an edge regular fuzzy graph. 

Similarly, 2G  is an edge regular fuzzy graph. 

Now, to prove that 1G and 2G  are edge regular fuzzy graphs of same degree. 

Suppose that 1G  is 1k  – edge regular fuzzy graph and 2G  is 2k  – edge regular fuzzy graph with 21 kk  . 

 )),)(,(( 212121
vuuud GG


 = )2)()()(()( 22122 *

2
*
212

 vdududvud
GGGG  

                                                  
+ ))()()(( 221 22

*
1

vdudud GGG


      
 

                                               
= )2(2  npnpmk + ))(( mmnp   

                                               = )1)(2(22  npmk ……..………………………………….….……. (2.12) 

 )),)(,(( 212121
uvuud GG


 = )2)()()(()( 11211 *

1
*

121
 vdududvud

GGGG  

                                                  
+ ))()()(( 112 11

*
2

vdudud GGG
  

                                               = )2(1  npnpmk + ))(( mmnp   

                                               = )1)(2(21  npmk ……..……….....……….………………………. (2.13) 

From (2.12) and (2.13),  )),)(,(( 212121
vuuud GG



)),)(,(( 212121
uvuud GG


 , since 21 kk  . 

This is a contradiction to our assumption that 21 GG



 
is an edge regular fuzzy graph. 

Hence 1G and 2G  are edge regular fuzzy graphs of same degree. 

 

Theorem: 2.11 

 Let ),(: 111 G  and ),(: 222 G  be two fuzzy graphs with 21    and let 1  be a constant 

function with 11 )( cu   for all 1Vu . Let ),(: 111 EVG
 and ),(: 222 EVG

 be regular underlying crisp 

graphs of same degree with
21 VV  . If 1G

 
is strong, then 21 GG


 is an edge regular fuzzy graph. 

Proof: 

Given ),(: 111 G  and ),(: 222 G  be two fuzzy graphs with 21    and 1  is a constant function 

with 11 )( cu   for all 1Vu  & 


1G  and 


2G  are regular underlying crisp graphs of same degree.  

Since 1G
 
is strong, 1  is a constant function. 

Then by theorem 2.5, ),(: 111 G
 
is both regular and edge regular.  

Thus ,)(,)( 111 11
mudkvud GG   ,)()( 21 *

2
*
1

nudud
GG

  ,)()( 21 *
2

*
1

npudud
GG

  

11111 , EvuVu   & 22 Vu  , where pVVnmk  21&,, are constants. 

By theorem 2.7, for any Evvuu ),)(,( 2121 , 

Case 1: When 22211 , Evuvu  , 

)),)(,(( 212121
vuuud GG


 = 11221 2)1)())(()(( *

1
*
2

*
2

cudvdudc
GGG


 

                                              
+ )2)()()(( 221 *

2
*
21

 vdudud
GGG .

 

= 11 2)1)(2( cnpnc  + )2)(2(  npm . 

= 11 2)1)((2 cnpncm  …………………………………………………………………………. (2.14) 
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Case 2: When 11122 , Evuvu  , 

)),)(,(( 212121
uvuud GG


 = ))()(2)(()( 112111 *

1
*

1
*
21

vdududcvud
GGGG 

   

                                              
+ ))()()(( 112 11

*
2

vdudud GGG
 . 

= ))(22(1 npnck 
 
+ )2)(( mnp  .

 
= ))(22(22 11 npnccm 

 
+ )2)(( mnp  . (By definition of edge degree 122 cmk  ) 

= 11 2)1)((2 cnpncm  …………………………………………………………………………. (2.15) 

Case 3: When 222111 , EvuEvu  , 

)),)(,(( 212121
vvuud GG


 = )( 111

vudG + ))(1)(( 121 *
1

*
2

ududc
GG

 + ))(1)(( 121 *
1

*
2

vdvdc
GG


 

                                            
+ )()( 21 *

21
udud

GG
+ )()( 21 *

21
vdvd

GG
. 

= k + )1(1 npnc  + )1(1 npnc  + )( npm  + )( npm  .
 

= 122 cm  + )1(2 1 npnc  + )(2 npm  .
 

= 11 2)1)((2 cnpncm  …………………………………………………………………………. (2.16) 

Case 4: When 222111 , EvuEvu  , 

)),)(,(( 212121
vvuud GG


 = )( 11

udG + )( 11
vdG + ))(1)(( 121 *

1
*
2

ududc
GG

 + ))(1)(( 121 *
1

*
2

vdvdc
GG

  

                                             
+ )()( 21 *

21
udud

GG
+ )()( 21 *

21
vdvd

GG
– 12c .  

= m + m + )1(1 npnc  + )1(1 npnc  + )( npm  + )( npm  – 12c . 

= m2 + )1(2 1 npnc  + )(2 npm  – 12c . 

= 11 2)1)((2 cnpncm  …………………………………………………………………………. (2.17) 

From (2.14), (2.15), (2.16) and (2.17), 21 GG

 is an edge regular fuzzy graph. 

 

III. Edge Regular Properties of Beta Product of Two Fuzzy Graphs 
Remark 3.1: 

 If ),(: 111 G  and ),(: 222 G  be two edge regular fuzzy graphs, then 21 GG

 is need not be 

edge regular fuzzy graph.  

 

Example 3.2: 

Consider the two fuzzy graphs ),(: 111 G  and ),(: 222 G . 

 

 Here both 1G  and 2G are edge regular fuzzy graphs of edge degree 0.4 and 0.3. In 21 GG

 , 

)),)(,(( 212121
vvuud GG


  

= 1.6 and )),)(,(( 212121
vwuvd GG


 = 2.0. Hence 21 GG


 is not an edge regular 

fuzzy graph.  
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Remark 3.3: 

 If 21 GG

 is an edge regular fuzzy graph, then ),(: 111 G  (or) ),(: 222 G  need not be edge 

regular fuzzy graph.  

 

Example 3.4: 

Consider the two fuzzy graphs ),(: 111 G  and ),(: 222 G . 

 

Here 21 GG

 is 1.8 – edge regular fuzzy graph, but 1G is not an edge regular fuzzy graph. 

Theorem 3.5[9]: 

 Let ),(: 111 G  and ),(: 222 G  be two fuzzy graphs. 

If 21    and 1  
is a constant function with 11 )( cu   for all 1Vu , then for any Evvuu ),)(,( 2121 , 

(a). When 222111 , EvuEvu   & 222111 , EvuEvu  , 

)),)(,(( 212121
vvuud GG


 = ))()()(2( 112 11

vdudp GG  + ))()()()(( 21211 *
2

*
1

*
2

*
1

vdvdududc
GGGG


 

                                              
+ )( 111

vudG  and 

(b). When 222111 , EvuEvu  , 

)),)(,(( 212121
vvuud GG


 = ))()()(1( 112 11

vdudp GG  + )2)()()()(( 21211 *
2

*
1

*
2

*
1

 vdvdududc
GGGG

. 

 

Theorem: 3.6 

Let ),(: 111 G  and ),(: 222 G  be two fuzzy graphs with 21    and let 1  be a constant function 

with 11 )( cu   for all 1Vu . Let ),(: 111 EVG
 and ),(: 222 EVG

 be regular underlying crisp graphs. If 

1G
 
is strong, then 21 GG




 
is an edge regular fuzzy graph. 

Proof: 

Given ),(: 111 G  and ),(: 222 G  be two fuzzy graphs with 21    and let 1  be a constant 

function with 11 )( cu   for all 1Vu  & ),(: 111 EVG
 and ),(: 222 EVG

 be regular underlying crisp 

graphs.  

Since 1G
 
is strong, 1  is a constant function. 

Then by theorem 2.5, ),(: 111 G
 
is both regular and edge regular.   

Thus ,)(,)(,)(,)( 2211111 *
2

*
111

nudnudmudkvud
GGGG   ,)(,)( 2211 *

2
*

1

nqudnpud
GG

  

111, Vvu  & 22 Vu  , where qVpVnnmk  2121 ,&,,, are constants. 

From theorem (3.5), for any Evvuu ),)(,( 2121 ,  

Case 1: )),)(,(( 212121
vvuud GG


 = ))()()(2( 112 11

vdudp GG  + ))()()()(( 21211 *
2

*
1

*
2

*
1

vdvdududc
GGGG


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+ )( 111

vudG , when 222111 , EvuEvu   & 222111 , EvuEvu  . 

= )2)(2( 2 mp  + 211 )(2( nnpc 
 
+ 122 cm  . 

= )2)(1( 2 mp  + )1)((2 211  nnpc …………………………………………………………..………. (3.1)
 

Case 2: )),)(,(( 212121
vvuud GG


 = ))()()(1( 112 11

vdudp GG 
 

                            + )2)()()()(( 21211 *
2

*
1

*
2

*
1

 vdvdududc
GGGG

, when 222111 , EvuEvu  . 

= )2)(1( 2 mp  + )2)(2( 211  nnpc . 

= )2)(1( 2 mp  + )1)((2 211  nnpc …………………………………………………………………... (3.2)
 

From (3.1) & (3.2) 21 GG



 
is an edge regular fuzzy graph. 

 

IV. Edge Regular Properties of Gamma Product of Two Fuzzy Graphs 
Remark 4.1: 

 If ),(: 111 G  and ),(: 222 G  be two edge regular fuzzy graphs, then 21 GG

 is need not be 

edge regular fuzzy graph.  

 

Remark 4.2: 

 If 21 GG



 
is an edge regular fuzzy graph, then ),(: 111 G  (or) ),(: 222 G  need not be edge 

regular fuzzy graph.  

 

Example 4.3: 

Consider the two fuzzy graphs ),(: 111 G  and ),(: 222 G . 

 

 Here both 1G  and 2G are edge regular fuzzy graphs of edge degree 0.4 and 0.3. In 21 GG

 , 

)),)(,(( 212121
vvuud GG


  

= 3.7 and )),)(,(( 212121
vwuvd GG


 = 4.1. Hence 21 GG


 is not an edge regular 

fuzzy graph.  

  

Example 4.4: 

Consider the two fuzzy graphs ),(: 111 G  and ),(: 222 G .      
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Here 21 GG

 is 1.8 – edge regular fuzzy graph, but 1G is not an edge regular fuzzy graph. 

 

Theorem 4.5[9]: 

 Let ),(: 111 G  and ),(: 222 G  be two fuzzy graphs.  

If 21   , 12   and 21   , then for any Evvuu ),)(,( 2121 , 

(i). When 22211 , Evuvu  , 

)),)(,(( 212121
vuuud GG


 = )2)()()(()( 22122 *

2
*
212

 vdududvud
GGGG + ))()()(1( 221 22

vdudp GG  ,
 

(ii). When 11122 , Evuvu  , 

)),)(,(( 212121
uvuud GG


 = )(2)( 2111 21

udpvud GG  + ))()()(( 112 11
*
2

vdudud GGG
 ,

 

(iii). When 222111 , EvuEvu  , 

)),)(,(( 212121
vvuud GG


 = )( 111

vudG + )()( 22 22
vdud GG  + )()( 12 1

*
2

udud GG
)()( 12 1

*
2

vdvd GG
  

                                             + ))()()(1( 221 22
vdudp GG   and

 

(iv). When 222111 , EvuEvu   & 222111 , EvuEvu  , 

)),)(,(( 212121
vvuud GG


 = )( 11

udG + )( 11
vdG + )( 222

vudG + )()( 12 1
*
2

udud GG
)()( 12 1

*
2

vdvd GG
  

                                             + ))()()(1( 221 22
vdudp GG  . 

 
Theorem 4.6[9]: 

 Let ),(: 111 G  and ),(: 222 G  be two fuzzy graphs. 

If 21    and 1  
is a constant function with 11 )( cu   for all 1Vu , then for any Evvuu ),)(,( 2121 , 

(i). When 22211 , Evuvu  , 

)),)(,(( 212121
vuuud GG


 = )(2 12 1

udp G + 11221 2)1)())(()(( *
1

*
2

*
2

cudvdudc
GGG

 , 

(ii). When 11122 , Evuvu  , 

)),)(,(( 212121
uvuud GG


 = ))()(2)(()( 112111 *

1
*

1
*
21

vdududcvud
GGGG 

 

                                             
+ ))()()(1( 112 11

vdudp GG  , 
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(iii). When 222111 , EvuEvu   & 222111 , EvuEvu  , 

)),)(,(( 212121
vvuud GG


 =

 
)( 111

vudG + ))()()(1( 112 11
vdudp GG  + ))(1)(( 121 *

1
*
2

ududc
GG


 

                                              
+ ))(1)(( 121 *

1
*
2

vdvdc
GG

  and
 

(iv). When 222111 , EvuEvu  , 

)),)(,(( 212121
vvuud GG


 = ))()(( 112 11

vdudp GG  + ))(1)(( 121 *
1

*
2

ududc
GG

 + ))(1)(( 121 *
1

*
2

vdvdc
GG


 

                                              – 12c .
 

 

Theorem 4.7: 

 Let ),(: 111 G  and ),(: 222 G  be two fuzzy graphs and let ),(: 111 EVG
 and ),(: 222 EVG

 

be complete graphs.   

Suppose that 21   , 12    and 21   . Then for any Evvuu ),)(,( 2121 , 

(1). When 22211 , Evuvu  , 

)),)(,(( 212121
vuuud GG


 = )( 222

vudG + )(2 11
udG + )()( 21 2

*
1

udud GG
+ )()( 21 2

*
1

vdud GG
,
 

(2). When 11122 , Evuvu  , 

)),)(,(( 212121
uvuud GG


 = *

2 1 21
2 1 1 1 22 ( ) ( ) ( ) ( )G G GG

d u d u v d u d u  + )()( 21 2
*
1

udvd GG
 and 

(3). When 111 Evu    and 222 Evu  ,  

)),)(,(( 212121
vvuud GG


 = )( 11

udG + )( 11
vdG + )( 222

vudG + )()( 21 2
*
1

udud GG
)()( 21 2

*
1

vdvd GG
 .

 

Proof:  

 By definition, for any Evvuu )),)(,(( 2121 , 




 
EuvwwEwwuu

GG vvwwwwuuvvuud
),)(,(

212121

),)(,(

2121212121

21212121

21
)),)(,)((()),)(,)((()),)(,(( 



                                                

– )),)(,)(((2 212121 vvuu

  

                                           

2 2 2 1 1

1 1 2 2 2

,

( ) ( )
u w E u w

u u w 
 

  + 



22111 ,

22111 )()(
wuEwu

uwu 

 

+ 



222111 ,

2222111 )()()(
EwuEwu

wuwu  + 



222111 ,

2221111 )()()(
EwuEwu

wuwu 

 
+ 




222111 ,

222111 )()(
EwuEwu

wuwu  + )()( 22

,

211

11222

vwv
uwEvw




 + 



22111 ,

22111 )()(
vwEvw

vvw 

 

+ 



222111 ,

2222111 )()()(
EvwEvw

vwvw  + 



222111 ,

2221111 )()()(
EvwEvw

vwvw 

 
+ 




222111 ,

222111 )()(
EvwEvw

vwvw  – )),)(,)(((2 212121 vvuu

 ……………………………..…….…… (4.1)

 
Given 



1G  and 


2G  are complete underlying crisp graphs.  

Then edge set of underlying crisp graph of 21 GG



 
is 222112121 ,:),)(,{( EvuvuvvuuE  )(or  

},)(, 22211122111 EvuEvuorvuEvu  . 

From (4.1), when 22211 , Evuvu  , 

 
)),)(,(( 212121

vuuud GG

  

= )()( 22

,

211

11222

wuu
wuEwu




   + 



22111 ,

22111 )()(
wuEwu

uwu   

+ 



222111 ,

222111 )()(
EwuEwu

wuwu  + )()( 22

,

211

11222

vwu
uwEvw




  + 



22111 ,

22111 )()(
vwEuw

vuw   
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+  



222111 ,

222111 )()(
EvwEuw

vwuw  – )),)(,)(((2 212121 vvuu

  

= 
 222

)( 222

Ewu

wu + 
 111

)( 111

Ewu

wu + 
 222111 ,

222 )(
EwuEwu

wu + )( 222

222

vw
Evw




 + 
 111

)( 111

Euw

uw

 

+ 
 222111 ,

222 )(
EvwEuw

vw – ))()((2 22211 vuu    

= 
 222

)( 222

Ewu

wu + )( 222

222

vw
Evw




 – )(2 222 vu + 
 111

)( 111

Ewu

wu + 
 222

*
1

)()( 2221

Ewu
G

wuud 

 

+ 
 111

)( 111

Euw

uw +  
 222

*
1

)()( 2221

Evw
G

vwud 

 

= )( 222
vudG + )( 11

udG + )()( 21 2
*
1

udud GG
+ )()()( 211 2

*
11

vdudud GGG 
 

 )),)(,(( 212121
vuuud GG


 = )( 222

vudG + )(2 11
udG + )()( 21 2

*
1

udud GG
+ )()( 21 2

*
1

vdud GG
. 

From (4.1), when 11122 , Evuvu  ,  

 )),)(,(( 212121
uvuud GG


 = )()( 22

,

211

11222

wuu
wuEwu




  + 



22111 ,

22111 )()(
wuEwu

uwu   

+ 



222111 ,

222111 )()(
EwuEwu

wuwu  + )()( 22

,

211

11222

uwv
uwEuw




 + 



22111 ,

22111 )()(
uwEvw

uvw 

 
+ 




222111 ,

222111 )()(
EuwEvw

uwvw  – )),)(,)(((2 212121 vvuu



 

= )( 222

222

wu
Ewu




 + 
 111

)( 111

Ewu

wu + 
 222111 ,

222 )(
EwuEwu

wu + )( 222

222

uw
Euw




 + 
 111

)( 111

Evw

vw

 

+ 
 222111 ,

222 )(
EuwEvw

uw – ))()((2 22111 uvu  

 

= )( 222

222

wu
Ewu




 + 
 111

)( 111

Ewu

wu + 
 111

)( 111

Evw

vw – )(2 111 vu + 
 222

*
1

)()( 2221

Ewu
G

wuud   

+ )( 222

222

uw
Euw




 + 
 222

*
1

)()( 2221

Euw
G

uwvd 

 

= )()()()()( 221112 22
*
112

udududvudud GGGGG  + )()( 21 2
*
1

udvd GG
 

 )),)(,(( 212121
uvuud GG


 = *

2 1 21
2 1 1 1 22 ( ) ( ) ( ) ( )G G GG

d u d u v d u d u  + )()( 21 2
*
1

udvd GG
. 

From (4.1), for any Evvuu ),)(,( 2121 , when 111 Evu    and 222 Evu  ,  

 )),)(,(( 212121
vvuud GG


 = )()( 22

,

211

11222

wuu
wuEwu




 + 



22111 ,

22111 )()(
wuEwu

uwu   

+ 



222111 ,

222111 )()(
EwuEwu

wuwu  + )()( 22

,

211

11222

vwv
uwEvw




 + 



22111 ,

22111 )()(
vwEvw

vvw 

 

+ 



222111 ,

222111 )()(
EvwEvw

vwvw  – )),)(,)(((2 212121 vvuu

  

= )( 222

22

wu
Vw




 + 
 11

)( 111

Vw

wu + 
 222111 ,

222 )(
EwuEwu

wu + )( 222

22

vw
Vw




 + 
 11

)( 111

Vw

vw

 

+ 
 222111 ,

222 )(
EvwEvw

vw – )(2 222 vu

 
= )( 22

udG + )( 11
udG + 

 22111 ,

222 )(
VwEwu

wu + )( 22
vdG + )( 11

vdG + 
 22111 ,

222 )(
VwEvw

vw – )(2 222 vu  

= )( 22
udG + )( 22

vdG + )( 11
udG + )( 11

vdG + 
 22

*
1

)()( 2221

Vw
G

wuud  + 
 22

*
1

)()( 2221

Vw
G

vwvd  – )(2 222 vu  



Edge regular property of alpha product, beta product and gamma product of two fuzzy graphs  

DOI: 10.9790/5728-11437088                                            www.iosrjournals.org                                      84 | Page 

 )),)(,(( 212121
vvuud GG


 = )( 11

udG + )( 11
vdG + )( 222

vudG + )()( 21 2
*
1

udud GG
)()( 21 2

*
1

vdvd GG
 . 

 

Theorem 4.8: 

 Let ),(: 111 G  and ),(: 222 G  be two regular fuzzy graphs of same degree with 21   , 

12    and 21   . Let ),(: 111 EVG
 and ),(: 222 EVG

 be complete graphs. Then 1G and 2G  are edge 

regular fuzzy graphs of same degree if and only if 21 GG

 is an edge regular fuzzy graph. 

Proof:  

Let 221121 &,)()(
21

VuVumudud GG  , where m  is a constant. 

Given 


1G  and 


2G  are complete underlying crisp graphs.  

Then edge set of underlying crisp graph of 21 GG



 
is 222112121 ,:),)(,{( EvuvuvvuuE  )(or  

1 1 1 2 2 1 1 1 2 2 2, ( ) , }u v E u v or u v E u v E    . 

Assume that 1G and 2G  are k  – edge regular fuzzy graphs, where k  is a constant. 

Then 2221112211 &,)()(
21

EvuEvukvudvud GG  . 

By theorem 4.7, when 22211 , Evuvu  , 

)),)(,(( 212121
vuuud GG


 = )( 222

vudG + )(2 11
udG + )()( 21 2

*
1

udud GG
+ )()( 21 2

*
1

vdud GG
……………... (4.2)

 

= k + m2 + mn1 + mn1  

= k + )1(2 1 nm ………………………..………………………………………………………...………. (4.3) 

By theorem 4.7, when 11122 , Evuvu  ,  

)),)(,(( 212121
uvuud GG


 = )()()()()( 221112 22

*
112

udududvudud GGGGG  + )()( 21 2
*
1

udvd GG
….. (4.4)

 

= mmnkm  1 + mn1  
= k + )1(2 1 nm ………………………..…………………………………………………………………. (4.5) 

By theorem 4.7, for any Evvuu ),)(,( 2121 , when 111 Evu    and 222 Evu  ,  

)),)(,(( 212121
vvuud GG


 = )( 11

udG + )( 11
vdG + )( 222

vudG + )()( 21 2
*
1

udud GG
)()( 21 2

*
1

vdvd GG
 …... (4.6)

 

= m + m + k + mn1 mn1  
= k + )1(2 1 nm ………………………..…………………….…………………………………………… (4.7) 

From (4.3), (4.5) & (4.7), 21 GG

 is an edge regular fuzzy graph. 

Conversely, assume that 21 GG

 is an edge regular fuzzy graph. 

To prove that 1G and 2G  are edge regular fuzzy graphs of same degree. 

Let 11111 , Exwvu 
 
be any two edges of 1G . Fix 2Vu . 

Then Euxuwuvuu ),)(,(&),)(,( 1111 , )),)(,(( 1121
uvuud GG


 = )),)(,(( 1121

uxuwd GG

 .

       

)()()()()(
22

*
112 111 udududvudud GGGGG  + )()(

2
*
1

1 udvd GG
 

                                       = )()()()()(
22

*
112 111 ududwdxwdud GGGGG  + )()(

2
*
1

1 udxd GG
  (Using (4.4)) 

)( 111
vudG + )1(2 1 nm = )( 111

xwdG + )1(2 1 nm
 

                       
)( 111

vudG = )( 111
xwdG , 11111 & Exwvu  .

 

 1G  is an edge regular fuzzy graph. 

Similarly, 2G  is an edge regular fuzzy graph. 

Now, to prove that 1G and 2G  are edge regular fuzzy graphs of same degree. 
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Suppose that 1G  is 1k  – edge regular fuzzy graph and 2G  is 2k  – edge regular fuzzy graph with 21 kk  . 

 )),)(,(( 212121
vuuud GG


 = )( 222

vudG + )(2 11
udG + )()( 21 2

*
1

udud GG
+ )()( 21 2

*
1

vdud GG      
(Using (4.2)) 

                                               
= )1(2 12  nmk …...…………………..…………………….…………….. (4.8) 

 )),)(,(( 212121
uvuud GG


 = )()()()()( 221112 22

*
112

udududvudud GGGGG  + )()( 21 2
*
1

udvd GG           

            
(Using (4.4)) 

                                              = )1(2 11  nmk …………..…….…..………….....……….……………….. (4.9) 

From (4.8) and (4.9),  )),)(,(( 212121
vuuud GG



)),)(,(( 212121
uvuud GG


 , since 21 kk  . 

This is a contradiction to our assumption that 21 GG



 
is an edge regular fuzzy graph. 

Hence 1G and 2G  are edge regular fuzzy graphs of same degree. 

 

Theorem: 4.8 

 Let ),(: 111 G  and ),(: 222 G  be two regular fuzzy graphs of same degree with 

21   , 12  
 
and 21   . Let ),(: 111 EVG

 and ),(: 222 EVG
 be regular graphs of same degree 

with
21 VV  . Then 1G and 2G  are edge regular fuzzy graphs of same degree if and only if 21 GG


 is an 

edge regular fuzzy graph. 

 

Proof: 

Let ,)()( 21 21
mudud GG   ,)()( 21 *

2
*
1

nudud
GG

  ,)()( 21 *
2

*
1

npudud
GG

  

2211 & VuVu  , where pVVnm  21&, are constants. 

Assume that 1G and 2G  are edge regular fuzzy graphs of same degree. 

Then 2221112211 &,)()(
21

EvuEvukvudvud GG  , where k is a constant. 

By theorem 4.5, when 22211 , Evuvu  , 

)),)(,(( 212121
vuuud GG


 = )2)()()(()( 22122 *

2
*
212

 vdududvud
GGGG + ))()()(1( 22 22

vdudp GG   

= k + ))(1()2( mmpnpnpm   

= k + )2(2 npm  ………………………..…………………………………………………………….…. (4.10) 

By theorem 4.5, when 11122 , Evuvu  ,  

)),)(,(( 212121
uvuud GG


 = )(2)( 211 21

updvud GG  + ))()()(( 112 11
*
2

vdudud GGG
  

= k + ))((2 mmnppm 
 

= k + )2(2 npm  ………………………..…………………………………………………………….…. (4.11) 

By theorem 4.5, when 222111 , EvuEvu  , 

)),)(,(( 212121
vvuud GG


 = )( 111

vudG + )()( 22 22
vdud GG  + )()( 12 1

*
2

udud GG
)()( 12 1

*
2

vdvd GG
  

                                             + ))()()(1( 22 22
vdudp GG   

= k + ))(1()()( mmpmnpmnpmm 
 

= k + )2(2 npm  ………………………..……………………………………………………………...... (4.12) 

By theorem 4.5, when 222111 , EvuEvu   & 222111 , EvuEvu  , 

)),)(,(( 212121
vvuud GG


 = )( 11

udG + )( 11
vdG + )( 222

vudG + )()( 12 1
*
2

udud GG
)()( 12 1

*
2

vdvd GG
  

                                             + ))()()(1( 22 22
vdudp GG 

 
= ))(1()()( mmpmnpmnpkmm 
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= k + )2(2 npm  ………………………..……………………………………………………………..… (4.13) 

From (4.10), (4.11), (4.12) & (4.13), 21 GG

 is an edge regular fuzzy graph. 

Conversely, assume that 21 GG

 is an edge regular fuzzy graph. 

To prove that 1G and 2G  are edge regular fuzzy graphs of same degree. 

Let 11111 , Exwvu 
 
be any two edges of 1G . Fix 2Vu . 

Then Euxuwuvuu ),)(,(&),)(,( 1111 , )),)(,(( 1121
uvuud GG


 = )),)(,(( 1121

uxuwd GG

 .

       

)(2)(
21 11 updvud GG  + ))()()(( 11 11

*
2

vdudud GGG
  

                                                                = )(2)(
21 11 updxwd GG  + ))()()(( 11 11

*
2

xdwdud GGG
  

)( 111
vudG + ))((2 mmnppm  = )( 111

xwdG + ))((2 mmnppm 
 

                                             
)( 111

vudG = )( 111
xwdG , 11111 & Exwvu  .

 

 1G  is an edge regular fuzzy graph. 

Similarly, 2G  is an edge regular fuzzy graph. 

Now, to prove that 1G and 2G  are edge regular fuzzy graphs of same degree. 

Suppose that 1G  is 1k  – edge regular fuzzy graph and 2G  is 2k  – edge regular fuzzy graph with 21 kk  . 

 )),)(,(( 212121
vuuud GG


 = )2)()()(()( 22122 *

2
*
212

 vdududvud
GGGG  

                                                  
+ ))()()(1( 22 22

vdudp GG   

                                               
= )2(22 npmk  ……......……………..…………………….………….. (4.14) 

 )),)(,(( 212121
uvuud GG


 = )(2)( 211 21

updvud GG  + ))()()(( 112 11
*
2

vdudud GGG


          

                                               = )2(21 npmk  ………….……….…..……….....……….…………….. (4.15) 

From (4.14) and (4.15),  )),)(,(( 212121
vuuud GG



)),)(,(( 212121
uvuud GG


 , since 21 kk  . 

This is a contradiction to our assumption that 21 GG



 
is an edge regular fuzzy graph. 

Hence 1G and 2G  are edge regular fuzzy graphs of same degree. 

 

Theorem: 4.9 

 Let ),(: 111 G  and ),(: 222 G  be two fuzzy graphs with 21    and let 1  be a constant 

function with 11 )( cu   for all 1Vu . Let ),(: 111 EVG
 and ),(: 222 EVG

 be regular underlying crisp 

graphs of same degree with
21 VV  . If 1G

 
is strong, then 21 GG


 is an edge regular fuzzy graph. 

 

Proof:  

Given ),(: 111 G  and ),(: 222 G  be two fuzzy graphs with 21    and 1  is a constant function 

with 11 )( cu   for all 1Vu  & 


1G  and 


2G  are regular underlying crisp graphs of same degree.  

Since 1G
 
is strong, 1  is a constant function. 

Then by theorem 2.5, ),(: 111 G
 
is both regular and edge regular. 

Thus ,)()(,)(,)( 21111 *
2

*
111

nududmudkvud
GGGG   ,)()( 21 *

2
*

1

npudud
GG

  

111, Vvu  & 22 Vu  , where pVVnmk  21&,, are constants. 

By theorem 4.6, for any Evvuu ),)(,( 2121 , 

Case 1: When 22211 , Evuvu  , 
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)),)(,(( 212121
vuuud GG


 = )(2 12 1

udp G +
11221 2)1)())(()(( *

1
*
2

*
2

cudvdudc
GGG

 . 

= 112 2)1)((2 cnpnncmp  . 

= ])1([2 112 cnpncmp  ……………………………………………………………………….… (4.16) 

Case 2: When 11122 , Evuvu  , 

)),)(,(( 212121
uvuud GG


 = ))()(2)(()( 112111 *

1
*

1
*
21

vdududcvud
GGGG   

                                             
+ ))()()(1( 112 11

vdudp GG  . 

= ))(1()2( 21 mmpnpnpnck  .

 = ))(1()2(22 211 mmpnpnpnccm  . (By definition of edge degree 122 cmk  ) 

= mmpnpnccm 22)1(222 211  . 

= ])1([2 112 cnpncmp  …………………………………….………………………………….... (4.17) 

Case 3: When 222111 , EvuEvu   & 222111 , EvuEvu  ,  

)),)(,(( 212121
vvuud GG


 =

 
)( 111

vudG + ))()()(1( 112 11
vdudp GG  + ))(1)(( 121 *

1
*
2

ududc
GG


 

                                             
+ ))(1)(( 121 *

1
*
2

vdvdc
GG

 . 

= )1()1())(1( 112 npncnpncmmpk  .
 

= )1(22222 121 npncmmpcm  . (By definition of edge degree 122 cmk  ) 

= ])1([2 112 cnpncmp  …………………………………………………………………………. (4.18) 

Case 4: When 222111 , EvuEvu  , 

)),)(,(( 212121
vvuud GG


 = ))()(( 112 11

vdudp GG  + ))(1)(( 121 *
1

*
2

ududc
GG


 

                                            
+ ))(1)(( 121 *

1
*
2

vdvdc
GG

 – 12c . 

= 1112 2)1()1(2 cnpncnpncmp  . 

= ])1([2 112 cnpncmp  …………………………………………………………………………. (4.19) 

 

From (4.16), (4.17), (4.18) & (4.19), 21 GG

 is an edge regular fuzzy graph.

 

 

V. Conclusion 
In this paper, we have found a necessary and sufficient condition for alpha product and gamma product 

of two fuzzy graphs to be edge regular fuzzy graph.  
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