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I.  Introduction

The concept of stability for functional equations arises when we replace the functional equation by an
inequality which acts as a perturbation of the equation. In 1940, S. M. Ulam [11] asked the question concerning
the stability of group homomorphisms. Next year Hyers [12] gave the first positive answer to the question of
Ulam for Banach spaces. In 1978 Th.M. Rassias [13] provided a generalization of the Hyers theorem which
allows the Cauchy difference to be unbounded. After this result many of mathematicians were attracted and
motivated to investigate the stability problems of functional equations. In particular, the Stability probelems of
different functional equations have been investigated in various spaces.

Recently C.Park and D.Y.Shin[1] presented Hyers-Ulam Stability of a class of Quadratic, Cubic and
Quartic functional equations in paranormed spaces.

The functional equation

FRx+y)+ fRBx—y)=f(x+y)+ f(x—y)+16f(x) 1.1
is a quadratic functional equation and every solution of the quadratic functional equation is said to be a
quadratic function.
The Functional equation
3f(x+3y)+ f(x—=3y)=15f (x+y)+15f (x—y)+80f (y) 1.2)
is a cubic functional equation and every solution of the cubic functional equation is said to be a cubic function.
In this paper, we investigate the Hyers-Ulam Stability of the Quadratic Equation (1.1) and Cubic
equation (1.2) in Paranormed spaces. This paper is organized as follows: In Section 3, we prove the Hyers-Ulam
stability of quadratic functional equation (1.1) in paranormed space. In Section 4, we prove the Hyers-Ulam
stability of cubic functional equation (1.2) in paranormed space.

I1.  Preliminaries
Throughout this paper, we assume that (X , P) is a Frechet space and that (Y , ||||) is a Banach Space.

Definition 2.1 A Normed Space over K is a pair (V,||||) where V is a vector space over K and |||| 'V > R",
such that

(i) x| =0 iff x=0

(ii) 12| =|A||x| forall A€ K and veV

Giy  [x+y|<[x|+]y| for allx,y eV

Definition 2.2[1] Let X be a vector space. A paranorm P : X — [0, 0) is a function on X such that

(i) P(0)=0

i) P(x)=P(x)

(iii) P(x+Yy) < P(x)+ P(y)(Triangle Inequality)

(v)  If {t,}isasequence of scalar witht, —tand {x, } = X with P(x, —x)— 0,then
F’(tnxn —tx) — 0 holds. Then the pair (X, P) is called a paranormed space.
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Definition 2.3
The Paranorm is called total if in addition we have P(x) = 0 impliesx =0

Definition 2.4
The Frechet space is total and complete paranormed space.

I11.  Hyers - ulam stability of quadratic functional equations
In this section, we deal with the stability problem for the following quadratic functional equation in
paranormed spaces.

FRX+y)+ f@Bx—y)=f(x+y)+ f(x—y)+16f(x)

Theorem 3.1

Let I, & be positive real numbers with > 2, and let f :Y — X be a mapping satisfying f(0) = 0
and

P(f@x+y)+ f(Bx—y)— f(x+y)— f(x—y)—16f(x))< 49(“x||r +||y||r) (3.1)
for all X,y €Y. Then there exists a unique quadratic mapping Q, : Y — X such that

P(f(x)—Q,(x))< 0|x|" 3.2
(f(0-Q:00)< 77—l (32

forall X €Y.
Proof:

Putting y = x in (3.1), we get
P(f (4%)-16f (x))< 26|’

P(f(x)—leGD < 292

forall XxeY. So
;

2 r
< 2o
pl [ X ]-16f[ X )| <2 g%
4 42)) 747 |4
<
474"
forall X,y €Y. Hence
P(16'f(xj 16" f ] miP(m’ 16“1f( D
4| 4J+l
=1
m-1 j
2518, .

for all nonnegative integers m and | with m > | and for all X eY. It follows from (3.3) that the sequence

X

{16n f(4—nj} is a Cauchy sequence for all XeY. Since x is complete, the sequence
X

{16” f(4—nj} converges. So one can define the mapping Q, : Y — X by

Q,(x) =1im16" f(%} (3.4)

forall xeY.
Moreover, letting | = 0 and passing the limit M — oo in (3.3), we get (3.2).
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It follows from (3.1) that

P(Q,(3x+y) +Q,(3x — ¥) —Q, (X +y) —Q, (X — ¥) ~16Q, (X))

:P(16”(f(sx+y] f(3x yj—f(ij—f(x y 16f J
4" 4" 4"

<lim16"P| f 3X+y 3X‘yj—f[x+yj—f(x yj 16f(ij
n—o0 4” 4” 4 4

slim16na[i —J
n—o 4
im 22" + ')
~0
forall X,y eY.

Hence

Q2(3X+ y)+Q2(3X_ y) =Q2(X+ y)+Q2(X_ y)+16Q2(X)
for all X,y €Y. and so the mapping Q, :Y — X is quadratic. Now let T : Y — X be another quadratic
mapping satisfying (3.2). Then we have

P(Qz(x)—T(X))ZF’(lGn(QZ(%j_T(%D]
e 1(7)
SRR
lfolz () 2)

16".8 r
< =0l
4" -16)4
which tends to zero as N — oofor all X €Y. So we can conclude that Q, (X) =T (X) for all X Y. This
proves the uniqueness of Q, . Thus the mapping Q, : Y — X is a unique quadratic mapping satisfying (3.2).

Theorem 3.2
Let I be a real positive number with r < 2, and let f : X — Y be a mapping satisfying f(0) = 0 and

If@Ex+y)+ f@Bx—y)— f(x+y)— f(x—y)-16f(X)| < P(x)" + P(y)" (3.5)
forall X,y € X . Then there exists a unique quadratic mapping Q, : X =Y such that
f(x X P(x)" 3.6
[#00-Qu() < 15— 4r() (36)
forall X e X
Proof
Letting y = x in (3.5), we get
|| f(4x)-16f (X)|| <2P(x)"
and so
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H f(X) —% f(4x)(

1
<ZPXx)'
8()

forall X € X. Similarly

<% p(yy

Hf(4x)—%f(4 1

for all X € X. Hence

n m-1 1 1 .
FILEE B FHCH R
1344
35;161 P(x) (3.7)

for all nonnegative integers m and | with m > | and for all X € X . It follows from (3.6) that the sequence

1
{16" f( "X)}is a Cauchy sequence for all Xe X. Since Y is complete, the sequence

1
{16" f ( " X)} converges. So one can define the mapping Q, : X =Y by

(4” x) (3.8)

Qz (X) =

forall X € X.
Moreover, letting | = 0 and passing the limit m — ooin (3.7), we get (3.6).
It follows from (3.5) that

”Qz (3X + y) + Qz (3X - y) - Qz (X + Y) - Qz (X - y) _16Q2 (X)”

< lim|— (4" 3x+ y)) _ (4" (3x—y))-— (4" (x+ y))-— F (4" (x—y))-

N—00] 16

(4“ XX

smﬁuf(4"(3x+y))+f(4"(3x—y))—f(4“(x+y))— F(4"(x-y))-16f(4"x]

= (PO)" +P(y))

<lim
n—w ]

=0
forall X,y € X.
Thus

Qz (3X+ y) +Q2 (3X_ y) = Qz (X+ y) +Q2 (X_ y) +16Q2 (X)
for all X,y € X and so the mapping Q, : X — Y is quadratic. Now let T : X —Y be another quadratic
mapping satisfying (3.6). Then we have
Q,(4"x)-T(4"x
<L q

Q.0 -T (] =
< g (0 0rx)- e frlersd vl

4.4"
16 (ilG 4ri() il6 4r)()]
8.4
116 4' ilG” POy

16n
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which tends to zero as N — oofor all X € X. So we can conclude that Q, (X) =T (x) for all x € X . This
proves the uniqueness of Q, . Thus the mapping Q, : X — Y is a unique quadratic mapping satisfying (3.5).

IV.  Hyers —ulam stability of cubic functional equation
In this section we prove the Hyers — Ulam stability of the following cubic functional equation in
paranormed spaces.
3f(x+3y)+ f(Bx—y)=15f (x+y)+15f (x—y)+80f (y)
Theorem 4.1
Let r, 6 be positive real numbers with r >3, and let f :Y — X be a mapping such that

P(3f (x+3y)+ f(3x—y) —15f (x+ y) —15f (x— y) =80 f (y)) < 6’(“x||r +||y||r) (4.1)
forall X,y €Y. Then there exists a unique cubic mapping C : Y — X such that
1 r
P(f(x)—C(x))< 3—r€||x|| 4.2)
forall X €Y.

PROOF:
Puttingy = 0 in (4.1), we get

P(f(3x)— 271 (%)) < 6|x'

P( f(x)-271 (gD s%enx”'

P f(fj—zﬁ(é_j <Lty
3 3)) 3
1

33"

frig o ) o)
< 227j P(f[s—f]—zﬁ[sﬁln

m-1 97 i

forall XxeY. So

forall X eY. Now

r

X

3

<

oI

forall X eY. Hence

R
12
<— — 0 .

for all nonnegative integers m and | with m > I and for all X €Y. It follows from (4.3) that the sequence

X

{27n f(3—nj} is a Cauchy sequence for all XeY. Since x is complete, the sequence
X

{27” f(3—nj} converges. So one can define the mapping C :Y — X by

T nel X
C(x) = lim 27 f[snj

n—o0o

forall XxeY.
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Moreover, letting | = 0 and passing the limit m — oo in (4.3), we get (4.2).
It follows from (4.1) that

P(3C(x +3y) + C(3x — y) —15C(x + y) —15C(x — y) —80C(y))
=IimP(27 (3f(x+3yj+f[sx_yj 15f(x+yj 15f[x yj 80f(lm
n—o 3 3” 3 3n 3n
< lim 27" P(Sf[x+3yj+f(3x yj 15f(x+yj 15f(x y] 80f£lD
n—w 3 3 3n 3n 3n

< lim 27“3—9Q|X|| ')

n—o0

=0
forall X,y eY.
Hence
3CBx+Yy)+C(Bx—y)=15C(x+Yy)+15C(x—y) +80C(y)
for all X,y €Y and so the mapping C :Y — X is cubic. Now let T :Y — X be another quadratic mapping
satisfying (4.2). Then we have

PC(X)-T(x)= ( ( B
orelefg) D

i CE R ERERC)
<ar{P{efs ) ()< ()

2.27" r
<o Ol
3" -27)3
which tends to zero as N —>oofor all X € Y. So we can conclude that C(X) =T (X) forall xeY.
This proves the uniqueness of C . Thus the mapping C :Y — X is a unique cubic mapping satisfying (4.2).

I/\

Theorem 4.2
Let I be a real positive number with r > 3, and let f : X — Y be a mapping such that

IBf (x+3y)+ f(3x—y) —15f (x+y) —15f (x— y) =80 f (y)| < P(X)" + P(y)" (4.4)
forall X,y € X. Then there exists a unique quadratic mapping C : X — Y such that

[£()-C < ——1— P(X)" (@5

forall Xxe X.
Proof
Lettingy =0 in (4.4), we get

|£(3%)— 27 f (x)] < P(X)"

forall X € X and so

H f (X) —2—17 f(3x){

1
<—P(x)"
7 (X)

for all X € X. Hence
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1 n m-1 . 1 .
sz T xjgz_l_Jf(ij)_W f(an
PR ki
27,1271 PO “o

for all nonnegative integers m and | with m > | and for all X € X . It follows from (4.6) that the sequence

1
{27n f( nX)}is a Cauchy sequence for all Xe X. Since Y is complete, the sequence

1
{27n (3” X)} converges. So one can define the mapping C : X — Y by

P v
C(x)=lim = f(3"x)

forall X € X.
Moreover, letting | = 0 and passing the limit M — coin (4.6), we get (4.5).
It follows from (4.4) that

[IBC(x+3y) + C(3x — y) —15C(x + y) —15C(x — y) —80C(y))|

_||mif(3 (x+3y))+7f(3 (3x — ))—%f(sn(m y))- = £(3"(x—y))-

n—oo 27

80n ¢ (3” y*‘

< lim —H F(3"(x+3y))+ £(3"(3x—y))-15F (3" (x+ y))-15 (3" (x - y)) 80 (3"y|

3"
<lim—(P(x)" + P(y)"

lim = (P" +P(y)")
=0
forall X,y € X.
Thus

3C(Bx+Yy)+C(Bx—y)=15C(x+Yy)+15C(x—y) +80C(y)
for all X,y € X and so the mapping C : X — Y is cubic. Now let T : X — Y be another quadratic mapping
satisfying (4.5). Then we have
( " x)—T(3”x)‘

[ =T =
< ;n q ( “x)— f(3n x}‘+”‘|’( ”x)— f(3”x}‘)

3nr
Yoor PO
127 3 i27
which tends to zero as N — cofor all X € X. So we can conclude that C(X) =T (X) for all X € X . This
proves the uniqueness of C . Thus the mapping C : X — Y is a unique cubic mapping satisfying (4.5).
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