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First Edge Wiener Index of Link of Graphs
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Abstract : One of the most widely known topological descriptors is the Wiener index or (Wiener number)
named after American chemist Harold Wiener in 1947. Wiener number of a connected graph G is defined as the
sum of the distances between distinct pairs of vertices of G.It correlates between physico- chemical and
structural properties. Recently an edge version of Wiener Index was introduced by Ali Iranmanesh.In this paper,
we have determined Wiener numbers of link of graphs.
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l. Introduction

A Graph G is formally defined to be a pair [V(G,E(G)] where V(G) is a non empty finite set of
elements called vertices and E(G) is a finite set of unordered pairs of elements of V(G) called edges. Molecular
graphs represent the constitution of molecules[1]. They are generated using the following rule: Vertices stand
for atoms and edges for bonds. A graph theoretical distance d(u,v) between the vertices u and v of the graph G
is equal to the length of the shortest path that connects u and v. An invariant of a graph G is a number associated
with G that has the same value for any graph isomorphic to G. If G is a molecular graph then the corresponding
invariants are called molecular descriptor or topological indices and they are used in theoretical chemistry for
the design of so called Quantitative Structure Property Relations (QSPR) and Quantitative Structure Activity
Relations(QSAR).One of the oldest topological index is Wiener index and is defined as the half of the sum of
all the distances between every pair of vertices of G.[2] ie

1
wee) =3 Z dlu, v) (1)

Equations (1) is called vertex version of Wiener Index .and its chemical and mathematical applications are
welldocumented in [3-6]the edge versions of Wiener index were introduced by Iranmanesh etc . in 2008 as
follow [7] and is defined as follows.

The first edge- Wiener number is

1
Weo(6) = Z dyle.f) @)

Where do(e,f) = dy(e,f) +1 eAf

= 0 e=f
d;(e,f) = min{d(x,u) , d(x,v) ,d(y,u) ,d(y,v) } such that e=xy and f = uv and W, = W(L(G)).
The second edge - Wiener number is

1
Wou(@) =5 Y dylef)
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Where dy(e,f) = { da(e,f) eAf
= 0 e=f

da(e,f) = max{d(x,u) , d(x,v) ,d(y,u) ,d(y,v) } such that e=xy and f = uv.

Since all these topological indices are depends on distance between every pair of vertices of a given graph G.
Let G; and G, be two simple and connected graph with disjoint vertex sets. For given vertices x;€V (G) and
Y, €V (G), alink of two graphs G; and G; is defined as the graph Gy~ G,(x , y) obtained by joining x and y by

an edge . For simply we show the link of G; and G, by G;~G,. The link of graphs G;,G,,........ ,Gp is Gy ~Go~
....~ G,.Furthermore if G; = G, = ...=G, = G we use of the notation G ~"G. Balakrishnan [8] compute the
Wiener

index of a graph with exactly n cut — edges.In this paper we have determined first edge Wiener index of link of
graph.
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Some Known Results:

For K,
111",{:‘.{, :I — nn-1)
2. W (Ky) = e — 2
3. Wi (K,) = nn —1)*n - 2)

4
B LVl L)

4
nn—1n—23(n+1)

5. Wy () = -
nn —1jn—2}(n+1)
6. W (Ky) = :
For Knm

1 W(Kym) = (m+n)2'(m+n)'mn
2. WW(K, ) =3 (m+n)%-3(m+n)-4mn

nm
3. We(Knm) = 7 (2nm-n-m)
4. WWey(Kpnm) =nm(3nm —2n —2m + 1)
5. We(Knm) =nm(nm - 1)
6. WWey(Kym) = 3nm(nm - 1)
Il.  Main results
Theorem 2.1
Wag(Gy~Ga) = Wag(Gy) + Wep(Gy) + (my + 1)(Dg)Gy(ey) + (my + 1){Dg)G2(ey)
Proof:
Let E(G,) = {g(1) |i=1tom,}
E(G,) = 1e(2) |i = 1to my)
and E(G,~G,) = E(6,) VE(G,) ule,}
Hence |E(G,~G;)| = m, + m; + 1. In General
(Dy)sle) = dy (e. f)
0 f;uj o
My +MMg +1 my My
Wo GG = D doleng) = ) dolai(). i) + ). do(ei(2).5@) ++Zd (epe() +
L-::J L_i'—j. l_i—L
+Z do (o1, &:(2) +ZZ do(es(1), ;(2)
i=1 j=
= Wao (6) + Wao () + (Do), (o) + D), (o) + ) D do(ec (1), ()
i=1j=1
Z Z {U’ gj'{ﬂ Z Z{dn{gl ] ':1]} + dole.e(2)) = {DD]GL{EL:] + ml{DD:]G ':91:]
i=1j= =1 j=

Therefore H"ED {G]_NG::] = H'I-ED {G]_:] + 1'1"'-5-0 {G::] + {m: + 1j{ﬂpj 51_{91:] + {ml + IJ{DD:] '5: {Elj

Theorem 2.2
1'1"-90 {'51 ”'5: ”Gg:] = 1'1"-90 {E]_:] + 1'1"'-90 {G::] + 1'1"-90 {Gg:] + {m: + Mg + 2:] {Dnjgi {91:] + {ml + 1:] {DD:] Ga {91:]

+ (my +13(Dy) 5, (g 4 Imy +my + 2)(Dy) g, (e) + (my + 1) 0my + 1)dy (e, 0,)
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Proof:
Wag (G ~ Gy ~G3) = Weg (6, ~ G, )~ Gy ) = Wi (G, ~G1 ) + Wi (65 + Gmy + 1)(Dp) g g, (o) +
+':m1 + g + 2:] ':Dn:lr.g {93:]

By using previous Theorem
1'1"-90 {'51 ”'5: ”Gg:] = 1'1"-90 {E]_:] + 1'1"'-90 {G::] + {ml + 1]{DD:] Ga {91_:] + {m: + 1:] {D[_\] Gy {91:] + 1"1"-9[_\ {Gg:]

+ Omy +1(D)g, g, (62) + Gy +my + 1D(D,),, (e5) 3)
Consider
My +Ma+1 M2 my
{Dn]nixn: I:57::] = Z dy {g:, 9[] = Z dyg {ﬂ':ag[ ':2]} + dn{gl-' E?::] + Z dy {g:_, 9[':1:] }
i=1 i=1 i=1

= Dy)e, (o) +dyler.e) + ) (doler, e (1) + dyfay. )
i=1

= {DD:]E: {E:j + {m,_ + 1:] + dnliﬂl, 9::] + {Dnjgi{ﬁlj Ii‘]:':I
Substitute (3) in (4) and simplify we get

1'1"-90 {G]_ ”G: ”Gg:] = 1'1"-90 {G]_:] + 1'1"'-90 {G::] + 1'1"-90 {Gg:] + {m: +mg + 2:] {Dnjgi {91:] + {ml + 1:] {DD:] Ga {91:]
+ (my +13(Dp) 5, () 4 Umy +my + 2)(Dy) g, (e) + (my + 1) 0my + 1)dy (e, 0,)
Theorem 2.3

n

Tl n=-1
Wep ':'51”'5: ”Gn] = Z W ':'5[] +Z [{DD]EJ-{QJ'} Z {mj' + 1}]"":50]6,: {gi’!—l:]{ml +mg +
i=1 ji=1

i=j+1

':DDJEJ-_i{E’J'} + I5!3|:~'[‘=7_i'* ‘=’_i'+1}I Z (m; +1)

i=j+1

+mﬂ_1+ﬂ—1]+ﬂz_:[ i(m[+1]}
j=t i=1

Proof: Let us use induction method on n to prove this result. By previous Theorems result is true for n=2 and
3. Assume that result is true for n=k.

k k-1 k
Wao (6~ Gy er ™G = ) Wo (6) + ) (D) () [ D, my+ 1}] + (Dy)g, (ox)Omy +mzt
i=1 i=1 [

I=j+1
-2 i
+m;l._1+k—1]+z Z(m[+1]
j=1 i=1

We have to prove that result is true for n=k+1 .Consider

{DD]EJ-_i{gj} + dn{‘?jJ ‘=7_i'+1.}I Z I:‘m'i + 1:]

i=j+12

Wag (Gy ~ Gy ™ oo ~G ~Gp 1) = Wig((6y ~Gy ™ e ~ G ) ~G oy ) = Wig (G~ o~ Gy ) + W (G o)
+{m;|:+j_ + 1:]{-5[‘:] By ™ ™ E;:{ER:I + {mj_ + g 4+ -+ MM + k-1 + 1J{Dn:]|5i:_1 {E;l.j

Now
My +Mg+---+Mp+E—1 mi M —y
Odey__, @)= > dolewe) =) dolkek)) +doleg x) + . do (e ailk — 1))
Jj=1 i=1 i=1

= {Dnjnk{gk:] +dgley. ey ) + {Dnjnk_i{gk—j.:] +my_gdpley ey ) +doleg ey ) +dplen g e, o)
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+(Dg)g, (@) +my_sdole, e )+ my_qdglep s e 0) + +dpleg, ey ) +dple s o s)
+ 4+ dn{ggs gg:] + dn{ﬂl_. 9::] + {DD:] 6y {91:] + mldn{gp 3::] +m1dn{§p 93]"‘- ' +m1{9;l-_p g;l-:l

i

= i{ﬂﬂjﬁi{gij + hz_i dple; e:.4) (Z {mj + 1})
=1 =1 =1

i=

Therefore

E+1 k E+1
Weg Gy~ v~y s} = Z W (G:) + Z {DD:]EJ'{E_{}( Z (m; + 1:]) +(my +my +
i=1 i ]

i=j+1

k-1 [ i
+ -+ my + k) {DD]E;‘:_i{gk] + Z {Dnjﬁj_i{gj} + dn{gj* g_i'+1}( Z {mi + 1:]) [Z{ml +1)
i=1

j=1 i=j+1

Hence the result is true for n=k+1. Therefore by induction. Hypothesis result is true for all positive integers n.

Corollary 1
IfG, =G =..= G, = then

Z{m[+1] =(b—a+1)(m+1)

I=a et

Wep (6 26} = nW5 (G) + (m + 1) Z {(Dy)gtn () (n — 1) + (Dg)gu=o ()1}
j=1

n-1
+(m+1)7 Z dp (g €04 )n —j —1)j
_i'=1

Where 67 isj" image of G

Corollary 2
If Gy =G =..=06G, =C, then
I W lom) n .
(Dy)emti () =2 T L P2 1 mis odd
_ (m+112
=== ﬁ
(Dp) o (gf) = %+E If mis even
m
=z m+2)
. W lem) | (mat) fm (m+1) e
(D)ot (g) = o0 4 28 (P+1)= "= (m +2)0m +3) if mis odd.
T | [ Tirm . )
= TR E{w_ﬂ) = T2 ifmis even.
m 2 2 12
Hence

W (Ca 2Ca) = P22 (mn — 1) + 20m + 1)*(n — 1)) + (m + 1D3(S,) if mis odd
Where

n-2
Sp = Z dyg {g_i'* E?_i'+1.}“:ﬂ —Jj- 1:].-[

j=1
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Corollary 3
In (Cq "Co) if dyle;.e,,) =k forall ithen

S K -2 -1
Sp = Zd {9 +1{ﬂ—j—1]J—E‘CZ(ﬂ—;—1JJ_ nln - 2)(n )

6

j=1

Hialn — 2)in - 1)

5= Zd{e +1.':'”_J_1].J— 6

Kin —3)n - nln - 1)

52 _Zd {gu E?L+1.:] Z d {:g '+1}{“_f_1:]f = 22

Jj=i+l
Hence
nlm +1) .
WylCq "Cy) = —[am{m —1) +60m + 12— 1) + 40m + Dkln — 1Dn— 2)] if mis odd
i “ (m+1) (n—1) ) )
Wa(Cq ICa) =5+ [3m(m +2) + 20m + Dk(n —2)] if m is even

I1l. Conclusion

Using this link relation we can fine the edge Wiener index of some dentrimer molecules.
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