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Abstract : In this paper, we prove some fixed point theorems in complete G-Metric Space for self mapping
satisfying various contractive conditions. We also discuss that these mapping are G- continuous on such a fixed
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l. INTRODUCTION
Some generalizations of the notion of a metric space have been proposed by some authors. Gahler [1,
2] coined the term of 2-metric spaces. This is extended to D-metric space by Dhage (1992) [3, 4]. Dhage proved
many fixed point theorems in D-metric space. Recently, Mustafa and Sims [7] showed that most of the results
concerning Dhage’s D-metric spaces are invalid. Therefore, in 2006 they introduced a new notion of generalized
metric space called G-metric space [5]. In fact, Mustafa et al. studied many fixed point results for a self mapping
in G-metric spaces under certain conditions; see [5, 6, 7, 8, 9 and 10].

Now, we give preliminaries and basic definitions which are used throughout the paper.

Il.  Definitions and Preliminaries
Definition 2.1 [5] Let X be a non empty set, and let G: X X X X X — [0,0) be a function satisfying the
following axioms
(G G(x,y,z) =0if x =y =z,
(G2) G(x,x,y) > 0forall x,y € X, withx #y.
(G3) G(x,x,y) < G(x,y,z) forall x,y,z € X, with y # z.
(GG (x,v,2) = G(x,2,y) = G(y,z,x) =...., (symmetry in all three variables)
(G5) G(x,y,z) < G(x,a,a) + G(a,y,z), forall x,y,z,a € X (rectangular inequality)
Then the function G is called a generalized metric, or more specially a G-metric on X, and the pair (X, G) is
called a G-metric space.
Example: Let (X, d) be a usual metric space. Then (X, Gy and (X, G,,,, are G-metric spaces, where
Gi(x,y,z) =d(x,y) +d(y,z) +d(x,z) forall x,y,z€ X
and
Gn(x,y,z) =max {d(x,y),d(y,z),d(z,x)} forall x,y,z € X.

Definition 2.2 [5] Let (X, G) and (X, G") be G-metric spaces and let f: (X,G) — (X, G") be a function, then f is
said to be G-continuous at a point a € X if given € > 0 there exist § > 0 suchthat x,y € X,G(a,x,y) <&
implies that G'(fa, fx, fy) < e. A function f is G-continuous on X if and only if it is G-continuous at all a € X.
Definition 2.3 [5] Let (X, G) be a G-metric space, and let {x, } be a sequence of points of X, therefore; we say
that {x, } is G-convergent to x if lim,, ,,, .., G (x, x,,, x,, ) = 0; that is ,for any & > 0, there exist N€ N such that
G(x,x,, x,,) < & for all n.m =N.We call xis the limit of the sequence {x,, } and we write x,, - x asn — o or
lim,_, x, = x.
Proposition 2.4 [5] Let (X, G) and (X, G") be G metric spaces, then a function f: X — X is said to be G-
continuous at a point x € X if and only if it is G-sequentially continuous, that is, whenever {x,} is G-convergent
to x, {fx,} is G-convergent to f(x).
Proposition 2.5 [5] Let (X, G) be a G-metric space. Then the following statements are equivalent

(@ {x,}is G-convergentto x.

(b) G(x,,x,,x) > 0asn — oo.

(©) G(x,,x,x) > 0asn — oo,

(d) G(x,, xy,,x) > 0asn - .
Proposition 2.6 [5] Let (X, G) be a G-metric space. A sequence {x,} is called G-cauchy sequence if given £ >
0, there is N€ N such that G (x,,, x,,, x;) < € for all n,m,l =N; that is if G(x,,, x,,,, x;) = 0asn,m,l — oo.
Proposition 2.7 [5] In a G-metric space (X, G), the following two statements are equivalent.
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(1) The sequence {x,} is G-cauchy.

(2) Forevery e > 0, there exist N € N such that G(x,, x,,,, x,,) < € foralln,m > N.
Definition 2.8 [5] A G-metric space (X, G) is said to be G-complete (or a complete G-metric pace) if every G-
cauchy sequence in (X, G) is G-convergent in (X, G).
Proposition 2.9 [5] Let (X, G) be a G-metric space. Then the function G (x, y, z) is jointly continuous in all
three of its variables.
Definition 2.10 [5] A G-metric space (X, G)is called a symmetric G-metric space if

G(x,y,y) =G, x,x) forall x,y € X.
Proposition 2.11 [5] Every G-metric space (X, G) defines a metric space (X, d;) by
de(x,y) =G(x,y,v) +G(y,x,x) forall x,y € X.
Note that, if (X, G) is a symmetric space G-metric space, then
de(x,y) =2G(x,y,y) forall x,y € X.
However, if (X, G) is not asymmetric space, then it holds by the G-metric properties that
%G(x,y,y) <dg(x,y) <3G(x,y,y) forall x,y € X.
In general, these inequalities cannot be improved.
Proposition 2.12 [5] A G-metric space (X, G) is G-complete if and only if (X, d;;) is a complete metric space.
Proposition 2.13 [5] Let (X, G) be a G-metric space. Then for any x,y, z,a € X, it follows that
(1) fG(x,y,z) =0thenx =y = z.
(2) G(x,y,2) <G(x,x,¥) + G(x,x,2).
(3) G(x,y,y) <26y, x,x).
4 G(x,v,2) <G(x,a,2) + G(a,y,z).
(5) G(x,y,2) < %{G(x, a,a)+G(y,a,a)+G(z,a,a)}.

1. MAIN RESULTS
Theorem 3.1 Let (X, G) be a complete G-metric space and let T: X — X be a mapping which satisfies the
following condition, for all x,y,z € X,
G(Tx, Ty, Tz) < kmax{G(x,y,2),G(x,Tx,Tx),G(y,Ty,Ty),G(2,Tz,Tz),G(x, Ty, Ty),
G(y,Tz,T2),G(z,Tx,Tx),G(x, Ty, Ty),G(y,Tz,Tz),G(z,Tx,Tx)},
(3.1)
Where k € [0,%), then T has a unique fixed point (say u) and T is G-continuous at u.

Proof: Suppose that T satisfies condition (1), let x, € X be an arbitrary point, and define the sequence {x,} by
x, = T"x,, that is

X1 = Tlxo = Txo,
Xy = TZXO = T(TXO) = Txl,
X3 = T3XO = T(TZXO) = TXZ,

Xn = Txn—lt Xn+1 = Txn .

G(xn' Xn+1» xn+1) = G(Txn—lt Txn' Txn)
Then by (3.1), we have

G(xn' Xn+1s xn+1) <k maXEEE(xn—li Xns xn): G(xn—l: Txn—l' Txn—l): G(xn: Txn: Txn)'

G(xp, Txn, Txy), G(xp—q, Txn, Txy), G (X, Ty, Txy), G (5, T —1, T 1),

G(xp—1,Tx,, Tx), G(xn, Txp—1, TXp_1), G(xy, Txy, Ty )}
G(Xn, Xn+1s xn+1) <k maXi}E‘G(xn—lr Xn» xn)r G(xn—lr Xn» xn)' G(xn' Xn+1s xn+1),
G(xnt Xn+1 xn+1)' G(xn—l' Xn+1 xn+1)! G(xn! Xn+1 xn+1)' G(xn! Xn, xn)'
G(xn—lﬂ Xn+1» xn+1): G(xn! Xn» xn)! G(xn! Xn+1» xn+1)}'
G(xn' Xn+1» xn+1) <k maXEEEE(xn—lﬂ Xn» xn)' G(xn' Xn+1» xn+1)' G(xn—li Xn+1» xn+1)- (32)
So, by G(5) we obtain
G(xn' Xn+1» xn+1) <k maXEEEE(xn—lﬂ Xn» xn)' G(xn' Xn+1» xn+1):
G(xn—l' Xn, xn) + G(xn' Xn+1» xn+1)}'

G(xn'xn+1'xn+1) < k{G(xn—llxn'xn) + G(xn:xn+1'xn+1)}'
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G(xnrxn+1'xn+1) < k G(xn—lvxn'xn) +k G(xn: Xn+1) xn+1);
(1 - k) G(xn'xn+1'xn+1) <k G(xn—lixnvxn)
This implies

k
G(xnrxn+1' xn+1) < (E) G(xn—lv xn'xn):

_ (k. 1 i
Let g _(k—l)'q< 1a50§k<2,weobta|n

G(xn'xn+1vxn+1) < q G(xn—lixnvxn): (33)
Repeated application of inequality (3.3), we obtain
G(Xn, Xp 11, Xn11) < q" G(x0, X1, %1) (3.4)
Then, for all m,n € N,m > n, we have by repeated use of rectangular inequality (G5),
G(xn' xm:xm) < G(xn'xn+1v xn+1) + G(xn+1! Xn+2» xn+2) +t === —-- + G(xm—li Xm» xm)
By (3.3), we get,
G (X, Xy X)) < @G (xg, X1, %) + "G (xo, X, %) + = — — — — — +q™ G (xg, %1, %1)
GOt X, X)) < (@" + @™+ — = — — = — +q™71) G (x0, %1, %1).
G(xn'xmvxm) < qn(l +q+ qZ + ) G(X(),Xl, xl)
G (X X, X)) < qu G (x0, X1, %1) (3.5)

Then G(x,, X, X)) = 0@sS N, M - 0,
Forn,m,l € N, by rectangular inequality of G-metric space implies that
G(xn'xm'xl) =< G(xnrxmrxm) + G(xmrxmxxl)
Taking limitas n,m,l —» o, we get G(x,,, x,,,, x;) = 0.
So {x, } is G-cauchy sequence. By completeness of (X, G), there exist u € X such that {x,,} is G-converges to u.
Suppose that Tu # u, then
G(x,, Tu,Tu) = G(Tx,_1,Tu, Tu)
by (3.1), we have

G(x,, Tu, Tu) < k maxifiG (x,_1,u, u), G(xp_1, Txp_1, Txp_1), G(u, Tu, Tw), G(u, Tu.Tu),
G(xy_1, Tu, Tu), G(u, Tu, Tu), G(u, Tx,_1,Tx,_1),
G(xp_1,Tu, Tw),G(u, Txp_1, Tx,_1), G(u, Tu, Tu)}.
G(x,, Tu, Tu) < k maxifiG (x,_1,u,u), G(x,_1, X, X)), G(u, Tu, Tw), G(u, Tu.Tu),
G(xp_1, Tu, Tu), G(u, Tu, Tu), G(u, x,, x,),
G(xp_1,Tu, Tw), G(u, x,, x,), G(u, Tu, Tu)}.

G(x,, Tu, Tu) < k maxifiG (x,_1, u, u), G (X1, Xn, X)), G(u, Tu, Tw), G(x,_1, Tu, Tu), G (u, x,, x,,)}. (3.6)
Taking the limit as n — oo, and using the fact that the function G is continuous on its variables,
we have,

G(u, Tu, Tu) < kmax{Gu,u,uw),Gu,u,u),cu, Tu, Tu), G(u, Tu.Tw), G(u,u,u)},
G(u,Tu, Tu) < kmax{0,0, G (u, Tu, Tu), G(u, Tu.Tu), 0},
G(u,Tu,Tu) < k G(u, Tu, Tu).
This is a contradiction since 0 < k < %

SoTu = u. 3.7)
That is u is a fixe point of T.
To prove uniqueness of the fixed point, suppose that v is another fixed point,
That is Tv=v (3.8)
G(u,v,v) = G(Tu, Tv, Tv),

Then from (3.1)
G(u,v,v) <k max{G(u,v,v),G(u,Tu, Tu),G(v, Ty, Tv),G(v,Tv,Tv),G(u, Tv, Tv), G(v, Tv, Tv),

G, Tu,Tu),G(u, Tv,Tv),G(v,Tu,Tu), G(v,Tv, Tv)},

G(u,v,v) <k maxi{G(u,v,v),G(u,u,u),G(v,v,v),G(v,v,v),6G(u,vv),GV,v,v),

Gv,u,u),G(u,v,v),c(v,u,u),G(v,v,v)},
G(u,v,v) < kmax{G(u,v,v),00,0,G(u,v,v),0,6w,uu),Guvv),cwuu),l}
Gu,v,v) < kmax{Gu,v,v),c(v,u,u)},
So G(u,v,v) < k G(v,u,u). (3.9

Again by the same argument we will find G (v, u,u) < k G(u, v, v) (3.10)

Substitute (3.10) in (3.9), we obtain
G(u,v,v) <k.kGu,v,v),

GC(u,v,v) <k?G(u,v,v).
Which is contradiction since 0 < k? < i .
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Therefore u is unique fixed point of T.
Now, we show that, T is G-continuous at u. Let {y,, } be a sequence in X, by completeness of X, the sequence {y,}
convergesto u in X.
That is imyn =u (3.11)

G(Tu,Ty,, Ty,) < k max¥G(u, v, v,), G, Tw, Tw), GVn, TV, TV, GV, TYn, TV,
G TYn, TV, Gy TYn, T ), G (Y, Tu, Tw),
G, TYn, TYn), G (Y, T, T, G Vo, TYn, TYn)}
G, Ty, Tyn) < k maxifils (U, y,, ¥n), G (w, u, W), GV, TV, TV, G s Ty TV ), G (W, Ty, Ty),
GOy TV, TYn), Gy, w), G (W, Ty, TYR), G (Vs w, ), G W, Ty, Ty,
G, Tyn, Tyn) < kmax{G(w, yn, ¥n), G(ww, ), G, TV, TY,), G, TYn, TYn), Gy u, W},
G, Ty, Tyn) < kmax{G W, Yo, ¥n), G V) TV, TYa), G, TV, TYR), GV w, w3,
by (G5), we obtain

G, Tyn, Tyn) < kmax{G W, ¥, ¥n), Gy, w) + G, Ty, TY,), G, TYn, TYn), G, u, W},
G, Ty, Tyn) < kmax{G (W, yn, ¥n), G, u, W) + G, Ty, Ty}, 3.12)

And it leads the following two cases,

G Ty, TY,) < k G(W, Y, o) (3.12q)
G, Tyn, TY,) < k {G(pw,w) + G, Ty, Ty},
G, Ty, Ty,) < k Gy, u,u) + k G, Ty, Tyn),
(1 - k) G(u: Tyn'Tyn) <k G(}’n:u;u),
G, Ty, Tyn) < 75 G On ) (3.12b)
In all two cases [3.12(a) and 3.12(b)], letting n — oo, we obtain
G, Ty, Ty,) = 0as n — oo, and so the sequence {Ty,} is G-convergent to u = Tu.
This implies that T is G-continuous at u.

Remark 3.2: if the G-metric space is bounded (that is, for some L > 0 we have G(x,y,z) < L for all
x,y,z € X) then an argument similar to that used above establishes the result for 0 < k < 1.

Corollary 3.3 let (X, G) be a complete G-metric space and let T: X — X be a mapping which satisfies the following
condition for some m € N and forall x,y,z € X
G(T™x,T™y,T™z) < k maxi{iG(x,y,2),G(x, T"x,T™x),G(y, T"y, T"y),G(z,T"2,T"z),
G, T"y, T"™y),G(y,T"2,T"z),G(z,T"x,T"x),
G(x,T"z,T™z),G(y, T"x,T™x),G(z,T"y, T"y)} (3.13)
Where 0 < k < % then T has a unique fixed point (say u), and T™ is G-continuous at u.

Proof: Giventhat T: X — X is self mapping, then forallm e N, T™: X - X .
Therefore (X, G) be a complete G-metric space and T™: X — X be a mapping which satisfies the given condition (3.13),
then by theorem 3.1, T™ has a unique fixed point (say u), and T™ is G-continuous.

Now we shall prove that u is a unique fixed point T™.

Consider Tu = T(T™u) = T™ u = T™(Tu)
Therefore T™(Tu) = Tu, Tu is a fixed point of T™.
Since T™ has a unique fixed u, Tu = u
Therefore u is a unique fixed point of T™.
Theorem 3.4 let (X, G) be a complete G-metric space and T: X — X be a mapping which satisfies the following condition
forall x,y,z € X,
G(Tx,Ty,Tz) < k max{G(x,Tx,Tx) + G(y,Ty,Ty) + G(2,Tz,Tz),
G(x,y,z) + G(x,Ty,Ty) + G(y,Tx, Tx),
G(x,y,2z) + G(y,Tz,Tz) + G(z,Ty, Ty),
G(x,y,2z) + G(x,Tz,Tz) + G(z,Tx,Tx)}. (3.14)

Where 0 < k < i, then T has a unique fixed point (sayu), and T is G-continuous at u.

Proof: suppose that T satisfies the condition (3.14), let x, € X be an ordinary point, and define the sequence {x, } by
x, = T"xy, then by (3.14)
G(xn' Xn+1» xn+1) = G(Txn—lﬂ Txn' Txn)
G Xy, Xp 11, Xng1) < kmaxifG (x, _q, Txy_1, Txp_1) + G(x,, Tx,, Txy,) + G(x,, T, Txy),
G(xn—l' Xn» xn) + G(xn—li Txn! Txn) + G(xn! Txn—li Txn—l);
G(Xp_1, %, %) + G(xy, Txy, Txy) + G(x,, Ty, Txy),
G(xn—lr Xn xn) + G(xn—l! Txn! Txn) + G(xn' Txn—l' Txn—l)}'

G(xn' Xn+1» xn+1) <k maXE{‘G(xn—l' Xn» xn) + G(xn' Xn+1 xn+1) + G(xnﬂ Xn+1 xn+1);

G(xn—l' Xn, xn) + G(xn—lﬂ Xn+1 xn+1) + G(xn' Xn» xn)'

G(xn—lt Xn xn) + G(xn' Xn+1s xn+1) + G(xnﬂ Xn+1 xn+1);
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G(xn—lixnvxn) + G(xn—l’xn+1:xn+1) + G(xn:xn!xn)}'

G(xn'xn+1'xn+1) <k maXEEE(xn—lvxnvxn) +2 G(xnvxn+1:xn+1):
G(xn—lv Xn, xn) + G(xn—b Xn+1s xn+1):
G(xn—lixnv xn) +2 G(xn! Xn+1 xn+1):
G(xn—ll xnﬂxn) + G(xn—lﬂxn+ll xn+1)}'

G(xn'xn+1'xn+1) <k maXE{G(xn—lixn:xn) +2 G(xn:xn+1'xn+1)'

G(xn—lﬂxn'xn) + G(xn—lﬂxn+1lxn+1)}'
G(xn'xn+1'xn+1) <k maXE{G(xn—lixn:xn) +2 G(xn:xn+1'xn+1)'

G(xn—l'xn'xn) + G(xn—llxn'xn) + G(xnlxn+1'xn+1)}'

G(xn'xn+1'xn+1) <k maXEEE(xn—lvxnvxn) +2 G(xnvxn+1:xn+1):

2 G(xn—lﬂxn'xn) + G(xn'xn+llxn+1)}' (315)
Inequality (3.15) leads to the following two cases

G(xn'xn+1rxn+1) <k {G(xn—lvxn'xn) +2 G(xn!xn+1:xn+1)};
G(xn'xn+1'xn+1) <k G(xn—lixnvxn) + 2k G(xn!xn+1:xn+1):
(1 - Zk) G(xn'xn+1vxn+1) <k G(xn—l!xn:xn)a

k
G(xn'xn+1vxn+1) < EG(xn—lvxn:xn) (3153.)

G(xn'xn+1'xn+l) < k{z G(xn—lrxn'xn) +k G(xn'xn+1'xn+1)}'
G(xn'xn+1'xn+l) <2k G(xn—l'xn'xn) +k G(xn'xn+1'xn+1)'
(1 - k) G(xn'xn+1'xn+1) < ZkG(xn—ltxn'xn) ’

2k
G(xn'xn+1'xn+1) < 1k G(xn—lixn'xn) (315b)
Let g = {1_]‘7 or %},(q <1lsince0 <k < i), from (3.15a) & (3.15b), we obtain that
G(xn'xn+1'xn+1) < q G(xn—l'xn'xn) (C[ < 1) (316)
By repeated application of (3.16), we have
G (X, X 41, Xnt1) < q" G (X0, %1, %7) (3.17)
Forallm,n € N, m > n and repeated use of rectangular inequality (G5), we obtain
G(xn'xmvxm) < G(xn:xn+1rxn+l) + G(xn+11xn+2'xn+2) + - === +G(xm—1:xm'xm)-
Gy X, X)) S (@ + @+ "+ - — = — = +q™ 1) G (x, %1, %1),
G(xnrxmrxm) = qul G(x0:x1:x1) (318)

Letting m,n — oo on both sides in (18), we obtain

G(Xp, X, X)) > 0@SM,N > 0 (3.19)
Forn,m,l € N, by rectangular inequality of G-metric space implies that

G (X, X, X1) < G (X, Xy X)) + G (X, X s X1)

Taking limitas n,m,l — oo, we get G(x,, x,,, x;) = 0.
From (3.19) {x,,} is G-cauchy sequence. By the completeness of (X, G), there exist u € X such that
{x,} is G-convergent to u.
Suppose that Tu # u, then
G(x,, Tu,Tu) = G(Tx,_1,Tu, Tu)
Then by (3.14), we have,
G(x,, Tu, Tu) < k maxifiG (x,_1, Tx_1, Txpn_1) + G(u, Tu, Tu) + G(u, Tu, Tu),
G(xp_1,u,u) + G(xp_1, Tu, Tu) + G(u, Txxy—1, TXp—1),
G(xp,_1,u,u) + G(u, Tu, Tu) + G(u, Tu, Tu),
G(xp_p,u,u) + GO, Tu, Tu) + G(u, Txp_1, Tx 1)}
G(x,, Tu, Tu) < k maxifiG (x,_q1, Xp, x,,) + G(u, Tu, Tu) + G(u, Tu, Tu),
Gy, u,u) + G(xy_q, Tu, Tu) + G(u, xp,, X,,),
GOy, u,u) + G(u, Tu, Tu) + G(u, Tu, Tu),
G(xp_1,u,u) + G(xp_q, Tu, Tu) + G(u, x,, x,) 3.
G(x,, Tu, Tu) < k maxqfG (x,_q, X, X,) + 2 G(u, Tu, Tw),
G(xp_1,u,u) + G(xy_q, Tu, Tu) + G(u, x,, xp,),
G(xp_1,u,u) + 2 G(u, Tu, Tu),
G, w,u) + G(xy_q, Tu, Tu) + G(u, x,, x,) }- (3.20)
Taking the limit as n — oo in (3.20), and using the fact that G is continuous in its variables, we get
G(u,Tu, Tu) < k maxfG(u,u,u) + 2 G(u, Tu, Tu),
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G(u,u,u) + G(u, Tu, Tu) + G(u,u,u),
G(u,u,u) + 2 G(u, Tu, Tu),
Gu,u,u) + G, Tu, Tu) + G(u,u,u)}
G(u, Tu, Tu) < kmax{2 G(u,Tu,Tu),G(u,Tu,Tu),2 G(u,Tu, Tu), G(u, Tu, Tu)},
G(u,Tu,Tu) < 2k G(u,Tu, Tu) (3.21)
The inequality (21) is contradiction since 2k < 1. This implies that Tu = u.
Therefore u is a fixed point of T.

To prove the uniqueness of the fixed point, suppose that v # u such that Tv = v. then
G, v,v) =G(Tu, Ty, Tv)
Then by (3.14),we have,
G(u,v,v) <k maxifiz(u, Tu, Tu) + G(v, Tv,Tv) + G(v, Tv, Tv),
Gu,v,v) + G(u,Tv, Tv) + G(v, Tu, Tw),
Gu,v,v) + G, Tv,Tv) + G(v, Tv, Tv),
Gu,v,v) + G, Tv,Tv) + G(v,Tu, Tu)}.
G(u,v,v) <k maxfG(u,u,u) + G(v,v,v) + G(v,v,v),
Gu,v,v) + G(u,v,v) + G(v,u,u),
Gu,v,v) + G(v,v,v) + G(v,v,v),
Glu,v,v) +Glu,v,v) +G(v,u,u)}
Gu,v,v) <kmax{0,2G(u,v,v) + G(v,u,u),G(u,v,v),2 G(w,v,v) + G(v,u,u)}.
Glu,v,v) <k{2G6Gw,v,v)+ Gw,u,u)},
G(u,v,v) <2k G(u,v,v) + k G(v,u,u),
1-2k)Gu,v,v) <k G, u,u),
G(u,v,v) < ﬁ G, u,u), (3.22)
By repeated use of same argument in right side of (3.22), we obtain

Glu,v,v) < (L) (L) G(u,v,v),

1-2k 12—2k
k
G(u, v, 17) < (m) G(u, v, U)x

G(u,v,v) < q°Gu,v,v), (3.23)
The inequality (23) is contradiction since ¢ < 1, (0 <k < i) this implies that u = v. Therefore u is a unique
fixed point of T.
Now, we show that, T is G-continuous at u. Let {y,, } be a sequence in X, by completeness of X, the sequence {y,}
convergesto u in X.
Thatis limy, =u (3.24)
n—oo
Then by (3.14), we have,
G(Tyn, Tu, Tu) < k maxifG (y,, Tyn, Ty,) + G(u, Tw, Tu) + G(w, Tu, Tw),
G, u,u) + GOy, Tu, Tu) + G(w, Ty, Ty,),
Gy, u,u) + G(u, Tu, Tu) + G(u, Tu, Tu),
G, u,w) + GOy, Tu, Tu) + G, Ty, Tyn) -

G(Ty,,u,u) < k maxfG(y,, Ty,, Ty,) + G(u,u,u) + G(u,u,u),
G uw) + GOy w,u) + G, Ty, Tyn),
Gy, u,u) + G(u,u,u) + G(u,u,u),
G(yn’ u’ u) + G(yn’ u’ u) + G(u’ Tyn’ Tyn)}'
G(Tyn, u,u) < k maxiflc Vo, Ty, TYn), 2G (Y, w,w) + G, Ty, Tyn), G, u, u),
26w u) + G(u, Tyn, Tyn)}-
G(Ty,, u,u) < kmax{G (o, TVn, TYn), 2G (v, u, w) + G (W, Ty, Ty, )}
by (G5) of definition 2.1,
G(Ty,,u,u) < kmax{G(y,, u,u) + G, Ty,, Ty,), 26y, u,u) + G(w, Ty,, Ty,)}.
G(Ty,,u,u) < k{2G6(y,, u,u) + G(u, Ty, Ty,)}.
G(Ty,,u,u) < k{2 Gy, u,u)+ 2G(Ty,,u,u)} (Since G(x,y,y) <2G(y,x,x)).
G(Ty,,u,u) < 2k G(y,,, u,u) + 2k G(Ty,, u,u),
(1-2k) G(Ty,,u,u) <2k G(y,, u,u),

G Ty, u 1) < =G (¥ U, 0)
G(Tyn,u,u) < q Gy, u,u) (Whereq = %,q <1,since0 <k < %) (3.25)

Taking the limit as n — oo in (3.25), we obtain that
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G(Ty,,u,u) > 0asn — oo,
Therefore Ty, - Tu =uasn — .
This implies that T is G-continuous at u.
Corollary 3.5 let (X, G) be a complete G-metric space and let T: X — X be a self mapping which satisfies the
following condition for some m € N and forall x,y,z € X,
G(T™x, T™y, T™z) < k maxi{G (x, T"x,T"x) + G(y, T"y, T™y) + G(z,T™z,T™z),
G(x,y,2z) + G(x, T"™y, T™y) + G(y, T™x,T™x),
Gx,v,2) + Gy, T"z,T"z) + G(z, T™y, T™y),
G, y,2z) + G(x,T"z,T"z) + G(2,T"x,T™x)}. (3.26)
Where 0 < k < %, then T has a unique fixed point (say u), and T is G-continuous at u.

Proof: Given that T: X — X is self mapping, thenforallm e N, T™: X - X .
Therefore (X, G) be a complete G-metric space and T™: X — X be a mapping which satisfies the given condition (26), then
by theorem 3.4, T™ has a unique fixed point (say u), and T™ is G-continuous.

Now we shall prove that u is a unique fixed point T™.

Consider Tu = T(T™u) = T™ u = T™(Tu)
Therefore T™(Tu) = Tu, Tu is a fixed point of T™.
Since T™ has a unique fixed u, Tu = u
Therefore u is a unique fixed point of T™.
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