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I. Introduction 
In the study of quarter symmetric linear connection on a differentiable manifold, a linear 

connection
~

in an n dimensional manifold is said to be a quarter-symmetric connection if torsion tensor   of 

the form         YXXYYXXYYX YX   ,
~~

, .      (1.1) 

Where  is a 1-form and  is a tensor of type  1,1 . In particular, If XX  and YY  then the quarter 

symmetric metric connection reduces to a semi symmetric metric connection which is the generalize case of 

quarter symmetric metric connection. 

If the quarter symmetric metric connection 
~

satisfies the condition   0,
~

 ZYgX for all X,Y,Z 

 nVT , where  nVT is the Lie algebra of vector field on the manifold nV , then 
~

is said to be a quarter 

symmetric metric connection. In this paper we discuss the different type of curvature tensor with Quarter 

symmetric metric connection  in Para- Sasakian Manifold. After preliminaries and about quarter symmetric 

metric connection , In section 4 we study some curvature tensor of Para-Sasakian manifold with Quarter 

symmetric metric connection .In section 5,6,7,8,9,10 we study about the Projective tensor, Conformal curvature 

tensor , Concircular curvature Tensor , Conharmonic curvature tensor, Pseudo Projective curvature tensor and 

m-Projective curvature tensor respectively. After that in section 11 we study about the skew-symmetric 

condition of Ricci tensor of 
~

in a Para-Sasakian manifold, In section 12 we study about the skew-symmetric 

properties of projective Ricci tensor with respect to Quarter symmetric metric connection 
~

in a Para-Sasakian 

manifold, In section 13 we study about the Einstein manifold with respect to Quarter-symmetric metric 

connection 
~

in a Para-Sasakian manifold.  

 

II. Para-Sasakian Manifold 

An n-dimensional differentiable manifold nV  (where 12  mn ) is called an almost paracontact 

manifold if it admits an almost paracontact structure   ,,  consisting of a (1,1) tensor field  , a vector field 

 and an 1-form  satisfying  

  XXX 2 .         (2.1) 

  1 ,  ,0     0X .      (2.2) 

If g is a compatible Riemannian metric with   ,, , that is  

       ,,, YXYXgYXg         ,XgX  .      (2.3) 

   YXgYXg  ,,  .         (2.4) 

For all vector field X,Y on nV , then nV becomes a almost paracontact Riemannian manifold equipped 

with an almost Para contact Riemannian structure . An almost paracontact Riemannian manifold is called Para-
Sasakian manifold if it satisfies 

          YXXYYXgYX 2,  .       (2.5) 

        

Where  denotes the Riemannian connection of g .From the above equation it follows that 

     XYXgYX YXX   ,, .                    (2.6) 
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In an n-dimensional Para-Sasakian manifold nV . The following relation holds: 

          ZYgXZXgYZYXR ,,,   .       (2.7) 

     XYYXYXR  , .        (2.8) 

      YXgXYYXR ,,  .        (2.9) 

        1,1,  nQXnXS .                  (2.10) 

         YXnYXSYXS  1,,  .                  (2.11) 

         WYXRXWYgYWXgYXRW  ,,,,  .                 (2.12) 

For any vector field X,Y,Z and W on nV and R is the Riemannian curvature tensor and S is the Ricci 

tensor of type (0,2) such that    .,, YXSYQXg  , Q is the Ricci operator. 

 

III. Quarter Symmetric Metric Connection 

Let nV  be an n-dimensional Para-Sasakian manifold and  be the Levi-civita connection on nV . A 

Quarter symmetric metric connection 
~

in a Para-Sasakian manifold is defined by  

 YXHYY XX ,
~

 .         (3.1) 

Where H is a tensor of type (1,1) such that 

        XYYXYXYXH ,,,
2

1
,   .       (3.2) 

And  

     YXZgZYXg ,,,,   .        (3.3) 

From the equation (1.1) and (3.3), we get 

      YXgYXYX ,,  .        (3.4) 

By using equation (1.1) and (3.4) in (3.2) , we get 

      YXgXYYXH ,,  .        (3.5) 

Hence a quarter symmetric metric metric connection 
~

in a Para-sasakian manifold is given by 

    YXgXYYY XX ,
~

 .        (3.6) 

If R  and R
~

are the curvature tensor of Levi-civita connection  and the quarter symmetric metric connection 


~

in a para-sasakian manifold then we have 

                        ZXgYZYgXZXYYXXZYgYZXgZYXRZYXR ,,,3,3,,
~

  .  

                              (3.7) 

From the equation (3.7) we have 

         ZYnZYgZYSZYS )1(,2,,
~

 .       (3.8) 

Where S
~

and S are the Ricci tensor of a Para-Sasakian manifold with respect to the quarter-symmetric metric 

connection and Levi-civita connection respectively. Also from equation (3.8),we get 

 1~  nrr .          (3.9) 

Where r~ and r are the scalar curvature with respect to the quarter symmetric and Levi-civita connection 

respectively. 
 

IV. Some Curvature Properties Of Para-Sasakian Manifold With Respect To Quarter 

Symmetric Metric Connection 

Let K and K
~

be the curvature tensor of type (0,4) given by 

    UZYXRgUZYXK ,,,,,  . 

    UZYXRgUZYXK ,,
~

,,,
~

 . 

Theorem 1: In Para-Sasakian manifold with Quarter symmetric metric connection 
~

, we have  

      0,
~

,
~

,
~

 YXZRXZYRZYXR .       (4.1) 

    0,,,
~

,,,
~

 UZXYKUZYXK .        (4.2) 

    0,,,
~

,,,
~

 ZUYXKUZYXK .        (4.3) 

    0,,,
~

,,,
~

 YXUZKUZYXK .        (4.4) 
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Proof: Using equation (3.7) and first Binachi identity  

      0,,,  YXZRXZYRZYXR . 

With respect to Levi-civita connection  ,we will get (4.1). 

From (3.7) we have  

           UXgZYgUYgZXgUZYXKUZYXK ,,3,,3,,,,,,
~

  . 

                     UgZXgYZYgXZUXgYUYgX ,,,,,   .                (4.5) 

Since    UZXYKUZYXK ,,,,,,  .                           (4.6) 
By using equation (4.5) and (4.6) we get(4.2). 

By using equation (3.7) ,(4.5) and    ZUYXKUZYXK ,,,,,,   we get (4.3). 

Similarly from equation (3.7) , (4.5) and the equation    YXZUKUZYXK ,,,,,,   we get (4.4). 

 

Theorem 2: Let nV  be an n-dimensional Para-Sasakian manifold with Quarter symmetric metric connection 


~

then we have 

    XRXR ,2,
~

 .         (4.7) 

    YXRYXR ,2,
~

 .         (4.8) 

   YXRYXR ,2,
~

  .         (4.9) 

 

Proof : Using (3.7) and (2.9), we get (4.9), similarly using (3.7) and (2.8) , we get (4.10), and using (3.7) and 

(2.9) , we get (4.11). 

 

V. Projective Curvature 

Let nV  be an n-dimensional Para-Sasakian manifold. The projective curvature tensor of nV with respect 

to Quarter symmetric metric connection 
~

is defined by 

   
 

    YZXSXZYS
n

ZYXRZYXP ,
~

,
~

1

1
,

~
,

~



 .      (5.1) 

By using equation (3.7), (3.8) and (5.1), we get 

                
 

    

      .

,,
1

2
,,,3,3,,

~

ZYXXYn

YZXgXZYg
n

ZXgYZYgXXZYgYZXgZYXPZYXP











 

           (5.2) 

From (5.2),we get 

      0,
~

,
~

,
~

 YXZPXZYPZYXP .       (5.3) 

 

Hence we can state the following: 

 

   Theorem 3: Let nV be an n-dimensional Para-Sasakian manifold with Quarter-symmetric metric 

connection 
~

, then the projective curvature tensor of  nV  with respect to Quarter-symmetric metric connection  


~

is cyclic. 

 

VI. Conformal  Curvature Tensor 

Let nV   be an  n-dimensional Para-Sasakian manifold .The conformal curvature tensor nV  with respect 

to Quarter-symmetric metric connection 
~

is defined by  

   
 

                ZXSUYgZYSUXgUYSZXgUXSZYg
n

UZYXKUZYXC ,
~

,,
~

,,
~

,,
~

,
2

1
,,,

~
,,,

~



  

  
        UYgZXgUXgZYg

nn

r
,,,,

21

~



 .      (6.1) 

If 0
~
S then (6.1) gives 

   UZYXKUZYXC ,,,
~

,,,
~

 .        (6.2) 

Thus we have : 
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  Theorem 4: If in a Para-Sasakian manifold the Ricci tensor of a Quarter symmetric metric connection 


~

vanishes, then the curvature tensor  of 
~

is equal to the conformal curvature tensor of the quarter symmetric 

manifold. 

So from equation (4.2) and (6.2), we get 

    0,,,
~

,,,
~

 UZXYCUZYXC .        (6.3) 

 

VII. Concircular  Curvature Tensor 

 Let nV   be an  n-dimensional Para-Sasakian manifold .The concircular curvature tensor of nV  with 

respect to Quarter-symmetric metric connection 
~

is defined by  

   
 

    YUXgXUYg
nn

r
UYXRUYXZ ,,

1

~
,

~
,

~



  .      (7.1) 

By using equation (7.1) and (4.1), we get 

      0,
~

,
~

,
~

 YXUZXUYZUYXZ .                     (7.2) 

This leads to the following: 

 

Theorem 5: Let nV be an n-dimensional Para-Sasakian manifold with Quarter-symmetric metric connection 
~

, 

then the concircular curvature tensor of  nV  with respect to Quarter-symmetric metric connection  


~

is cyclic. 

  

VIII. Conharmonic  Curvature Tensor 

 Let nV   be an  n-dimensional Para-Sasakian manifold .The conharmonic curvature tensor of nV  with 

respect to Quarter-symmetric metric connection 
~

is defined by  

   
 

                ZXgUYSZYgUXSUYgZXSUXgZYS
n

UZYXKUZYXV ,,
~

,,
~

,,
~

,,
~

2

1
,,,

~
,,,

~



 . (8.1) 

If 0
~
S , (8.1) gives 

   UZYXKUZYXV ,,,
~

,,,
~

 .                      (8.2) 

By using equation (4.2) and (8.2), we get 

    0,,,
~

,,,
~

 UZXYVUZYXV .  

Again from equation (6.2) and (8.2), we get 

   UZYXCUZYXV ,,,
~

,,,
~

 . 

Hence we can state the following: 

 

Theorem 6: In an para-Sasakian manifold the Ricci tensor of a Quarter symmetric metric connection 
~

 vanishes , then the conformal curvature tensor is equal to conharmonic curvature tensor of the quarter 

symmetric manifold. 

  

IX. Pseudo Projective  Curvature Tensor 

 Let nV   be an  n-dimensional Para-Sasakian manifold .The Pseudo projective curvature tensor of nV  

with respect to Quarter-symmetric metric connection 
~

is defined by  

        
 

    YZXgXZYgb
n

a

n

r
YZXSXZYSbZYXRaZYXP ,,

1

~
,

~
,

~
,

~
,

~













 .   (9.1) 

Where a and b are constant such that 0, ba  

By using equation (3.7), (3.8), (3.9) in (9.1), we get 

                        ZXgYZYgXaZXYYXaXZYagYZXagZYXaRZYXP ,,,3,3,,
~

  

                        
 

    .,,
1

1
1,2,1,3, YZXgXZYgb

n

a

n

nr
ZXnZXgZXSZYnZYgZYSb 



















 
 

            (9.2) 

Using first Binachi identity in (9.2), we get 

      0,
~

,
~

,
~

 YXZPXZYPZYXP , 

 Hence we can state the following: 
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Theorem 7: In Para-Sasakian manifold with Quarter-symmetric metric connection 
~

, the Pseudo projective 

curvature tensor of  nV  with respect to Quarter-symmetric metric connection 
~

is cyclic. 

 

X. M- Projective  Curvature Tensor 

 Let nV   be an  n-dimensional Para-Sasakian manifold with Quarter-symmetric metric connection ,then 

the m- projective curvature tensor of nV  with respect to Quarter-symmetric metric connection 
~

is defined by  

   
 

        YQZXgXQZYgYZXSXZYS
n

ZYXRZYXW ,,,
~

,
~

12

1
,

~
,

~



 .           (10.1) 

From equation (3.7),(3.8) and (10.1), we get 

      0,
~

,
~

,
~

  YXZWXZYWZYXW .               (10.2) 

Hence we can state that 

Theorem 8: In Para-Sasakian manifold with Quarter-symmetric metric connection 
~

, the m- projective 

curvature tensor of  nV  with respect to Quarter-symmetric metric connection 
~

is cyclic. 

 

XI. Skew Symmetric Condition Of Ricci Tensor Of 
~

In A Para-Sasakian Manifold 
From equation (3.8), we get 

           ZYnZYgZYSZYS 1,2,,
~

 .             (11.1) 

And  

           YZnYZgYZSYZS 1,2,,
~

 .            (11.2) 

By using equation (3.8) and (11.2), we get 

             ZYnZYgZYSYZSZYS 12,4,2,
~

,
~

 .          (11.3) 

If  ZYS ,
~

is skew symmetric then the left hand side of equation (11.3) vanishes and we get 

         ZYgZYnZYS ,21,   .            (11.4) 

Moreover if  ZYS ,  is given by (11.4), then from (11.3), we get 

    0,
~

,
~

 YZSZYS . 

Hence we can state the following theorem 

Theorem 9: If a para-sasakian manifold admits a quarter symmetric metric connection 
~

then a necessary and 

sufficient condition for Ricci tensor of 
~

to be skew-symmetric is that the Ricci tensor of Levi-civita 

connection is given by (11.4). 

XII. Skew Symmetric Condition Of Projetive Ricci Tensor With Respect To Quarter  

Symmetric Metric Connection 
~

In A Para-Sasakian Manifold 
Projective Ricci tensor in a Riemannian manifold is defined as follows 

 
 

   










 YXg

n

r
YXS

n

n
YXP ,,

1
,        (12.1) 

 Analogous to this definition we define Projective Ricci tensor with respect to Quarter symmetric metric 

connection 
~

is given by 
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 
 

   










 YXg

n

r
YXS

n

n
YXP ,,

~

1
,

~
.       (12.2) 

By using equation (3.8), (3.9) and (12.2), we get 

 
 

         
 

 














 




 YXg
n

nr
YXnYXgYXS

n

n
YXP ,

1
1,2,

1
,

~
 .   (12.3) 

From (12.3), we get 

 
 

         
 

 














 




 XYg
n

nr
XYnXYgXYS

n

n
XYP ,

1
1,2,

1
,

~
 .   (12.4) 

From equation (12.3) and (12.4), we get 

   
 

         















 



 YXnYXg

n

rn
YXS

n

n
XYPYXP 12,

1
2,2

1
,

~
,

~
.   (12.5) 

If  YXP ,
~

 is skew symmetric then the left hand side of equation (12.5) vanishes and we get 

         YXg
n

rn
YXnYXS ,

1
1, 







 
  .      (12.6) 

Moreover  if  YXS ,  is given by (12.6) then from (12.5), we get 

    0,
~

,
~

 XYPYXP . 

So projective Ricci tensor of  
~

is skew symmetric .hence we state the following theorem. 

Theorem 10: If a para-sasakian manifold  admits a quarter symmetric metric connection 
~

then a necessary and 

sufficient condition for the projective Ricci tensor of 
~

to be skew-symmetric is that the Ricci tensor of Levi-

civita connection is given by (12.6). 

XIII. Einstein Manifold With Respect To Quarter Symmetric Metric Connection 


~

In A Para-Sasakian Manifold 

 A Riemannian manifold nV  is called an Einstein manifold with respect to Riemannian connection if 

   YXg
n

r
YXS ,,  .         (13.1) 

Analogous to this definition , we define Einstein manifold with respect to Quarter symmetric metric connection 


~

by 

   YXg
n

r
YXS ,

~
,

~
 .         (13.2) 

By using equation (3.8), (3.9) and (13.2), we get 

       
 

       YXnYXg
n

n
YXg

n

r
YXSYXg

n

r
YXS 1,

1
,,,

~
,

~



 .   (13.3) 

If      YXnYXg , .         (13.4) 
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Then from equation (13.3), we get 

       YXg
n

r
YXSYXg

n

r
YXS ,,,

~
,

~
 .       (13.5) 

Hence we can state the following theorem 

Theorem 11: In a para-sasakian manifold with quarter y symmetric connection if the relation  (13.4) hold,  then 

the manifold is an Einstein manifold for the Riemannian connection iff it is an Einstein manifold for the 

connection 
~

. 
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