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I.  Preliminaries
In this section, we the concepts of the family of subsets of a set will be given and some important
properties of them, which are used in this paper.
Definition(1.1)[1]
A family F of subsets of a set Q is called a field (or algebra) on Q if,

n

MoeF (IfAcF then A°eF B)If A, A, A eF then|JA eF ,
i=1

If (3) is replaced by the closure under countable union, that is,

@IfA eF, n=12,then|JA eF
n=1
F iscalleda o -field (o - algebra) onaset Q .
A measurable Space is a pair (Q,F ), where Q isasetand F isa o -field on Q . A subset A of Q is

called measurable(measurable with respect to theo -fieldF ) if A € F , i.e. any member of F is called a
measurable set.

Remark
It is clear to show that . If {F 3} _, be an arbitrary family of o -field on a set Q with A = ¢, then
F=(F, isac -fieldon Q

AeA
Definition(1.2)[1]
Let G be a family of subsets of a set  .The smallesto -field containing G called the o -field generated by
G and itis denoted by & (G)
Definition(1.3)[1]
Let (Q,7z) be a topological space. The o -field generated by = is called the Borel o -field and it is denoted
by 8 (Q),i.e. B (Q) = o(r) .The member of g (Q) are called Borel sets of Q .
Definition(1.4)[1]
Let G be a family of subsets of a set Q , and let A < Q . The restriction (or trace) of G on A s the
collection of all sets of the form A ~ B , were B e G ,and it is denoted by G, (or A N G)

G, =AnG={ANnB:B eG}

A

G, is a family of subsets of A . The o -field o (G, ) generated by G, some time denoted by o, (A N G) ,

A
ie. o(G,)=0,(ANG)
Definition(1.5)[1]
Let {A,} be asequence of subsets of a set Q . The set of all points which belong to infinitely many sets of the

sequence{ A, } is called the upper limit (or limit superior) of { A } and is denoted by A" and defined by

A" =1lim sup A, ={xe A : forinfinitely manyn} = N [ J A« = lim |J A,
n— o n=1k=n nﬁgok=l1

DOI: 10.9790/5728-11526474 www.iosrjournals.org 64 | Page



Some New Properties of Fuzzy General Set Functions

Thus x e A™ iffforall n,then x e A_ forsome k > n
The lower limit (or limit inferior) of { A}, denoted by A, is the set of all points which belong to almost all

sets of the sequence{ A}, and defined by

A, =lim inf A ={xe A : forallbutfinitely manyn} = J () A = lim ) A,
n— o« n=1k=n ﬂ*}OOk=n

Thus x e A, iff forsome n ,then x e A, forall k > n
Definition(1.6)[1]
A sequence { A} of subsets of a set Q s said to converge if lim sup = A =lim inf A = A (say), and

n— oo n— oo

A is said to be the limit of { o .}, wewrite A = |im A, or A, —> A

n— o

Definition(1.7)[1]

A sequence { a,}of subsets of a set Q is said to be increasing if A, < A,,, for n=1,2,..- . Itis said to be
decreasing if ao,,, < A, for n=1,2,--- . A monotone sequence of sets is one which either increasing or
decreasing.

Definition(1.8)[1]
Let{ A} be sequence of subsets of a set Q . We say that
(1) A, increaseto A, "write A, T A"if { A} isanincreasing sequence and U A=A

n=1

o

(2) A, decreaseto A, "write A, 4 A"if {A,} isadecreasing sequence and (| A, = A.
n=1
1. Fuzzy Measures
In this section we study the fuzzy measure, fuzzy integral and prove some new properties of them.
Definition (2.1)[1]
Let (2, F ) is measurable space. A set function 4 :F — [0,%] is said to be
o finiteif, #(A) < o foreach A e F

e Semi-finite, if foreach A e F with g (A) = o ,thereexists Be F withB < A and 0 < u(B) < o

Bounded if, Sup{|y(A)|: AcF }<o

o -finiteif, foreach A € F , there is a sequence{A } ofsetsin F suchthat A c [ J A and

n=1

u(A ) <o forall n.

additive if, u(A U B) = u(A) + u(B)whenever AABeF andAnB=¢ .

« finitely additive if, ,u(U A= wu(A,),whenever A, A, .- A aredisjointsets in F
k=1 k=1

e o -additive (sometimes called completely additive, or Countably additive ) f,

ulA) = u(A),

n-1
whenever { A } is a sequence of disjoint sets in F .

o null additive if, (A UB)= u(A)whenever A,Be F suchthatAn B =¢ and u(B)=0 .
e Measure, if 4 is o -additiveand x4 (A) >0 forall AcF .

e Probability, if 4 isameasureand 4 (Q) =1

« Continuous from belowat A € F ,if lim u(A )= u(A) where A e F forallnel ,and o, T A

n— o

« Continuous from aboveat A e F ,iflim (A )= u(A) where A e F forallnel ,and o, ¥ A

n— o«
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e Continuous at A e F , ifitis continuous both from below and from above at A

Definition (2.2)[5]

Let(Q,F ) bea measurable space. A set function x : F — [0,] is said to be a fuzzy measure on (Q,F )
if it satisfies the following properties:

Q) ()0 (@)IfA,BecF andAc B,then u(A) < u(B)

o A fuzzy measure space is a triple (Q,F , u) ,where (Q,F ) is measurable space and x is a fuzzy measure
on(Q,F).

o A fuzzy measure u on (Q,F )iscalled regularif 4(Q)=1.

Remark
Every measure on a measurable space (Q,F ) is a fuzzy measure but the converse need not be true as follows

Let O ={1,2,3,4}, F ={¢,{1,2},{3,4},Q}, (Q,F ) isameasurable space. Define 4 :F — [0,x]

by u(¢) = n({1.2}) = n({3,4}) =0, wu(Q)=1

Clearly g isa fuzzy but not measure on (Q,F ).

Now we introduce the concept of the fuzzy integral with respect to fuzzy measure and prove some new
properties of this integral. Let(Q,F ,ux) be a fuzzy measure space , F (Q) denote the set of all F -

measurable  functions, F'(Q)={f e F(Q):f >0} . for any f eF(Q), we write
Fo={x eQ:f (x)=t},ie F =f '[t,o) and F- ={x € Q :f (x) >t} ,wheret e [0,00]

Definition(2.3)[3]
Let(Q,F , u) beafuzzy measure space and let f € F (Q), A e F .The fuzzy integral of f over A with
respect to x is defined as

[ f dy:jwy(AmFt)dt ,

A 0

The function f is said to be u - integrable ( or simply integrable if 4 is understood) on A if J' fdu is
Q

finite
We now prove to some properties of the fuzzy integral

Theorem(2.4)
Let(Q,F , u) beafuzzy measure space andlet f ,g e F(Q),A,B eF ,ael .

D If xu(A)=0,then J‘Af du=0

(@QIff < g, then J'Af d,uSIAgdy

@) [ adu=min{a,u(A)}

4)If A = B ,then JAf dysIBf du

() [ max{f ,g}duzmax{[ fdu [ gdu}

(6) J‘Amin{f ,g}d u < min{JAf dy,J‘Ag du}

(7) IAuBf dyzmax{jAf dy,IBf d i}
(8) IAme dysmin{J'Af dy,jBf du}
Proof :

(DLet AeF and u(A)=0
SinceAnF, cA = u(A)c u(AnF)
Since u(A)=0= u(ANF_)=0
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SinceJ‘fdy:Iwy(AmFl)dt = [fdu=0
A 0 A
@QLetF ={x eQ:f (x)2t}andG, ={x e Q:g(x)=>t}

Since f <g = F <G, = AnFcAnG, = u(AnF, )c u(AnG))

since | f dy:J':y(AmFt)dt and Lgd,u:.[:y(A AGOdt = [fdu<| gdu

. (¢, a<t
(B)since F, ={x e Q:a>t}={
|Q, axt

since [ 1 d u = f:/l(A A F,)dt

= [ fdu- j:y(A A 4)dt vj:y(A A Q)dt = J:#(qﬁ)dt vJ‘:y(A)dt — min{a, x(A)}

4)since AcB = AnNnFcBnF = u(AnF)<u(BnNnF)

t

IN

K dy:J'w/l(A A F)dt
A 0
(5)since f <max{f ,g} and g < max{f ,g}

IAmax{f ,g}dyszf d z and J'Amax{f ,g}dyZJ'Agdy

I:y(B AF)dt=[ 1 du

= J‘ max{f,g}dyzmax{_[ f d,u,j gdu}
A A A
(6)since f = min{f ,g}and g > min{f ,g}
_[ min{f,g}dygjfdy and'[ min{f,g}d,uﬁj gdu
A A A A
= J‘min{f,g}dygmin{.[ f dy,j gdu}
A A A
(7)since AcAuB and B c AuUB
'[AUde/JZ'[Afd/J andf fdyZIdey = f
(8)since AnB cAandAnNB cB
J‘Amed,uSJ‘Af du andIAme dySIBf du = J‘Ame dygmm{jAf dy,J‘Bf d u}

fdyZmax{IAf dy,IBf du}

AUB AUB

Theorem(2.5)
Let F/ ={x eQ:f (x)>a} ,F'={x cQ:f (x)>a}and A cF
QIff dfonA,thenAnF"LANF,
(2)IffanonA,thenAmFa"TAmF;
Proof :
(Dsincef It = F'IF, = AnF'lANF,
@sincet, Tt = F'TF- = AnF TANF-
Theorem(2.6)
Let x be a continuous fuzzy measure on (Q,F ), and let f e F(Q), A eF .Iff f du=0, then
A
HAN{x eQ:f (x)>0})=0

Proof:
Assume u(An{x eQ:f (x)>0})=b >0
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1
Since An{x e Q:f (x)2—3TANn{x e Q:f (x)> 0}.By using the continuity from below of x , we
n

have lim u{A n{x e Q :f (x)zi}}:b.
n

n— o

o

1
So, there exists n suchthat u{A " F,}=u{A n{x e Q:f (x)>—}}>—
— n 2

Ny 0

o 1 b
Consequently, we have I fdu= I u(A nFHdt = min{—,—}>0.
A 0 n 2

0

This contradicts I fdu=0
A

Theorem(2.7)

K dy:J'w,u(Ame)dt ,
A 0 t

Proof :

SinceF[—gFt = ANnF,cAnF = ,u(AmF;)Sy(AmFt)fOI‘a||te[0,oo]

= IAf dﬂ:IO u(A N F)dt zjo H(A N F-)dt
Let [ f dy>jwy(AmF—)dt=b
A 0 t

= there exists & > 0 such that J ‘,u(A N F)dt >b + ¢
0

= thereexists g suchthat u(A N F,)>b +¢ = H(ANF—)zpu(ANnF,)=b+e

Therefore, u(ANF )z pu(ANF—)=b+e>Db

This contradiction, so J' fdus= J'wy(A N F-)dt
A 0

Theorem(2.8)

The function f is integrable on A iff there exists g < [0,0) suchthat u(A N F ) <o .
Proof:

Suppose that there exists g e [0,0) suchthat (A N F ) <.

Take p(ANF )=t = t<o

= u(AnF)<u(AnF,) foranyt > g
Since.[fdy:!wy(AmF‘)dt = [fdu<w
A 0 A

Conversely, if forany « € [0,%) suchthat (A N F)) =x = I fdu=wo
A

This contradiction , so exists g < [0,0) suchthat 4(A N F,) <.
Definition(2.9)[7]
Let(Q,F , ) isthe fuzzy measure space, f ,f e F(Q),n el and A e F ,wesaythat {f |

« Converges in fuzzy measureto f on A, denotedby f —“— f on A, if

lim u{{x e Q:|f (x)—f (x)|< e} A} = u(A)

n— o

Forany given & > 0.

 Converges in fuzzymeanto f on A, denotedby f —™— f on A,if lim J‘ |fn —f |d u=0.
A

n— o

Theorem(2.10)
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m

Let(Q,F , u) be a fuzzy measure space , f ,f e F(Q), nel and AeF .If f ——f , then

n

fo—2 5 f

n

I11.  Fuzzy signed measure
In this section, we introduce the concept of the fuzzy signed measure, fuzzy positive (rsp. negative)

set,. Finally we prove the Hahn-Decomposition theorem on fuzzy measure space.
Definition(3.1)

Let (Q,F )be a measurable space. A set function 2:F — R is called a fuzzy signed measure on
(@, F ) if it satisfies the following properties:
1) 2(¢)=0 (@IfA,BeF andAc B,then A(A)< A(B)
Remark

Every fuzzy measure on a measurable space (Q,F ) is a fuzzy signed measure but the converse need not be

true
Theorem(3.2)

Let (Q,F , u) be a fuzzy measure space , and let f : QQ — R be a measurable function such that j fd u

Q
exists. Define

A(A) = f fd
A
forall A € F .Then
(1) 2 is afuzzy signed measure
(2)If f >0,then 2 isameasure

(3) A (A) = [ f du ,1’(A)=jf’dy,|/1|(A)= j|f|dy.
Proof: ’ ' '
1) J'Af du=sup{min{a,u(A nF_)}}

0O<a<w

Since A(A) = J'Af du=sup{min{a,u(A nF_)}}

O<a <o

1(¢)=I¢f du= sup{min{a,u(¢nF,)}}=0

O<a<w

Let A,B ¢ F suchthat Ac B = Ifdyﬁjfdy = A(A)<A(B)
A B
= A issigned measure

(2) sincef >0 = jfd,uZO = A(A)=0 = A isasigned measure
A

Finallysince f =f * —f ~ be arbitrary measurable function. Then 1 (A) = If d o - If du

A A

Since If du <o or J‘f “d x4 < oo, the result follows.

A A

From the above proof we have A is the difference of two measures A° and 4~ , where
AT(A) = I fdu , A (A) = J' f “du , at least one of the measures A" and 2~ must be finite.
A

Definition(3.3) ’

Let 4 be a fuzzy signed measure on the measurable space (Q,F ). Aset A € F s said to be a fuzzy
positive set (with respectto 1 ) if 1 (B) > 0 for every measurable subset B of A .

Similarly, a set A is called a fuzzy negative set (with respectto 4 ) if A(B) < 0 for every measurable subset
B of A.
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e A set that is both fuzzy positive and fuzzy negative (with respect to 1) is called fuzzy null set, i.e. a

measurable set is called a fuzzy null set iff every measurable subset of it has 1 measure zero.

Remark

The distinction between a null set and a set of measure zero, while every null set must have measure zero, a set
of measure zero may well be a union of two sets whose measure are not zero but are negative of each ether.
Theorem(3.4)

Let 4 be a fuzzy signed measure on the measurable space (Q,F ), and let A be a measurable set.
(1) A is fuzzy positive iff for every measurable set B, A ~ B ismeasurableand A(An B) >0

(2) A is fuzzy negative iff for every measurable set B, A ~ B ismeasurableand A (A~ B) <0
Proof :

(1) Assume A is fuzzy positive and let B is a measurable set is measurable set
Since A ismeasurableset = A ~ B is measurable set.

Since A ispositiveset, An B < A and A~ B measurable = A(AnB)>0
Conversely, let A ~ B is measurableand A (A n B) > 0 for every measurable set B
Let C beameasurableand C c A = C=AnNnC = A1(C)=A(ANnC)=0

Theorem(3.5)
Let 2 be a fuzzy signed measure on the measurable space (Q,F )

(1) Every measurable subset of a fuzzy positive (rsp. fuzzy negative) set is fuzzy positive (rsp. fuzzy negative)
(2) The union of a countable of fuzzy positive (rsp. fuzzy negative) sets is fuzzy positive (rsp. fuzzy negative)
Proof :

(1) Let A be a measurable subset of a fuzzy positive set B , and let C be a measurable subset
of A = CcB

Since B is fuzzy positive = A(C)>0 = A isfuzzy positive

(2) Let {A} be a sequence of fuzzy positive setsand let A = | ] A,
n=1

c

Let B be ameasurable subsetof A.Put B, +B A n A’ - A

= B, is measurable subsetof A andso A(B,)>0.

Since the B aredisjointand B = U B,>B,_ ,wehave A(B)=) 1(B )20

n=1 n=1

= A isfuzzy positive.
Theorem(3.6) Hahn- Decomposition
Let 2 be a fuzzy signed measure on the measurable space (Q,F ). There is a fuzzy positive set A and a
fuzzy negativeset B with A nB =¢, AUB =Q
Proof :

Assume 1 dose not take «
v =sup{A(A):A isfuzzy positive set with respect 1}
Since ¢ is fuzzy positive, thenv > 0

Let {A } beasequence of fuzzy positive sets such thatv = lim A (A )

n— o

Set A =[J A, , byusing part(2) of theorem (3.5), we have A is fuzzy positive , also 1 (A) <v

n=1
Since A|[A,cA = A(AJA )20and A(A)=A(A,) ,SOA(A)=2vV
= 0<A(A)=v<wo = A(A)=0

Let B = A° . Toprove B is fuzzy negative
Let C be fuzzy positivesetand C < B ,then A nC = ¢ and A u C fuzzy positive set
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= Vv>2A(AuC)= A1(C)=0
Since 0 <v < o, and thereforeB does not contain a fuzzy positive subsets with a fuzzy positive

measurements. And therefore does not positively measurements subsets, SoB is fuzzy negative set.
Remarks
(1) The Hahn decomposition is not unique.

(2) The Hahn decomposition A , B give two measures A° and 1~ defined by
A" (CY=A(ANnC), A (C)=-4A(B NnC)
Noticethat A" (B)=0and 2 (A)=0.Clearly A = A" - 4~

IV.  Relation Between Measures
In this section, we introduce the definition of singular set function and we discuss the relation between
the types of fuzzy measures. Finally we prove the Radon-Nikodym theorem on fuzzy measure space.
Definition(4.1)
Let u,, u, betwo fuzzy measures on measurable space (2, F ) . We say that «, is fuzzy singular with respect

tou, (written 2 L u)ifthereare A,B e F withAnB =¢, AuUB =Q and
u,(A)=0, wu,(B)=0

Remarks

(1) If ,, u, aretwo fuzzy measures on measurable space (2, F ), then x, L u, ifthereis aset

AcF suchthat u,(A)=0, u,(A°)=0
(2) u, isfuzzy singular with respect to x, iff x, issingular with respectto x, , so we may

say that x, and u, are mutually singular
Theorem(4.2) Jordan - Decomposition
Let 2 be a fuzzy signed measure on the measurable space (2, F ) . There are two mutually singular measures

+

A" and 2~ suchthat 2 = A" — 4~ . This decomposition is unique.
Proof :

Since 1 be a fuzzy signed measure on the measurable space (Q,F ).
By using Hahn- decomposition, there is a fuzzy positive set A and a fuzzy negative set B with
AnNnB =9, AUB =Q
Defined 2" and 2" by A" (C)=A(AnC), A (C)=-A(B nC) forallC eF
ATB)Y=A(ANB)=4(p)=0, A2 (A)=-A(B NnA)=-A(p)=0 = A LA
Clearly 4 = 2" - 4~
Definition(4.3)
Let u,, 1, be two fuzzy measures on measurable space (Q, F ). We say that x, is absolute continuous with
respectto u, (written 4, 0 u,)if 4, (A) =0 implies z,(A) =0 forevery Ae F
Lemma(4.4)

Let {A, },., Where D countable set of real numbers. Suppose A, = A  whenever o < g . Then there is a

D

measurable function f suchthat f (x)<a onA_ andf (x)>a on A’
Proof :
For x e Q,setf (x)= firsta suchthat x e A = f (x)=infla eD :x e A}, inf{g} =

elfx eA ,x eA forany g <o andso, f (x)=a«a
e Ifx e A_,then f (x) <« provided we show that f is measurable

Claim: vy real, {x :f (x)<y}= U A,
p<y,peD

Iff (x)<y,thenx eD  save g <y . lfxeA, ,p<y = f(a)<y
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Remarks
(1) Suppose {A },_, asinlemma (4.4)but thistime o < g impliesonly u{D |A }=0.

Then there exists a measurable function f on Q suchthat f (x )<« ae.on A and

f(x)>a ae. onA’

(2) Suppose D is dense. Then the function in lemma (3.7) is unique and the function
in (1) is unique x a.e.
Theorem(4.5) Radon-Nikodym theorem
Let  be a o -finite fuzzy measure on the measurable space (Q,F ), and 2 be a fuzzy measure on

(Q,F ).Assume A << u ,then there is a nonnegative measurable function f : Q — 0 ° such that

A(A) = [ fdu

forall A e F .Thefunction f isuniquea.e. [#].Wecall f is called the Radon-Nikodym derivative of 1

d A
with respect to x and write f = —

du
Proof :
Assume x4 (Q)=1.Let A, =1 -ap ,aell = 1,  isafuzzysigned measure.

By using Hahn- Decomposition, There is a fuzzy positive set A and a fuzzy negative set B with
A, NnB_ =¢, A UB_=Q

Q=B,, B, =¢,iffa<o0

B,IB,=B,nB, =B _nNA,

Since A, is fuzzy positiveand B, is fuzzy negative = 4 ,(B_,|B ,)>0 and 4,(B_|B,)>0

Since 1, = 4 —au ,where a € [

= A(B,|B,)-pBu(B,|B,)=0and A(B, [B,)-au(B, |B,)<0

Thus Bu(B,|B,)<A(B,|B,)<au(B, |B),)

Thus, if < g, we have u(B, 1B ,)=0

Thus, there exists a measurable function such that forall & e 0 , f (x)>a ae.on A_ andf (x)<a ae.

onB_.SinceB, =0, f >0 ae.

kK +1

B -
Let N beverylarge.Put E, =An(—=|B, ),k =0,1,2,-- ,E_=Q||J B,
N k=0 N

L

N

Then E ,E,,--- ,E aredisjointand A = | JE, VE .
k=0

k k +1 k k +
We have, — < f (x) < a.e. and so, —y(Ek)sjf(x)dys
N N N

1
u(E,) @)

Ey

k

k
Also E, cA, > —u(E, )<A(E,) (2) and
— N

N

B, ., k +1
E, c = A(E, )< u(E,) (3)
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1 k k 1 1
AE,)-—u(E,)<—u(E, )< [F(x)dx < —u(E, )+ —u(E,)<A(E,)+—u(E,) oOn
N N N N N

Ek
E_,f =« ae.
If x(E_)>0,then A(E_)=0 since (1 —au)(E_)=0 forall «

If u(E_)=0,then A(E_)=0 ,soeitherway: A(E )= If du

E

Add;t(A)—iﬂ(A)sjfdysz(A)+iﬂ(A):> Z(A):J'fdy asN — o
N " N "

Since N is arbitrary, we are done
Uniqueness : If 1(A) = Ig du forall AcF

A

= l(A)—ay(A)z.[(g —a)d pu forall o forall A c A,

A

Since Os/l(A)—ay(A)z.[(g —a)du,wehave g —a >0 ae[u] on A,
A

= g=2a aefulonA .similarly= g <a aefuglonB, = f =g ae

Suppose u is o -finite: 2 << . Let Q besuchthat X, n X , =4, [JX,=Q, u(X )<

Put 4, (A)=u(AnX,)and 2, (A)=A2(A nX ) .Then A, << u,

= thereis f, > 0 suchthat/li(A)zjfidyi = A(AnX,)= I fidy:jdxidy
A AnX, A

Remark

The space needs to be o -finite

Forexample : let @ =[0,1], F = £([0,1]), u Iiscounting measure
= u isameasureon F ,butnot o -finite
= A << u,where A is Lebesgue measure

If A(A) = J fdu = f(x)=0 forallx e Q@ = A =0 .Thiscontradiction

A
Theorem(4.6) Lebesgue Decomposition Theorem
Lety and A be a o -finite fuzzy measures on the measurable space (Q,F ).Then A1 has a unique

decomposition as 4, + 4,, where A, and A, are fuzzy measures on(Q,F ) such that 2, 0 x and
A, Lo
Proof :

Letv = x+4 = v is 0 -finite fuzzy measure

Sincev(A)=0 = u(A)=1(A)=0
= w0 v and A <<v , by using Radon-Nikodym theorem there are a nonnegative measurable functions

f ,g suchthat ,u(A):J'fdv and A(A):J'gdv forall Ac F .
A A

Let A={f >0}, B={f =0}=> A,BeF and AnB =¢, AuUB =0Q and u(B)=0
LetA,(C)=A(B nC),then 4,(A)=v(B nA)=v()=0,50 4, L u
Set 1,(C)=42(AnC) = 1,(C)= f gdv

ANC

Clearly 4, + 4, = 2 and it only remains to show that A, << u« . Assume x(A) =0
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Then;;(A):J'fdv =0 = f =0ae [A].(f =0)onA

A

Sincef >0 onANC = V(ANC)=0.Thus 4,(C) = I gdv =0 = A, L u

ANnC

To prove uniqueness, if A=4+4,=n,+n,, where A,n <<pu and A,,7, L x, then

A—n,=n,—4, is both absolutely continuous and singular with respect to x , hence it is identically 0.
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