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Abstract: In this paper we study the fuzzy measure, fuzzy integral and prove some new properties of them. Also 

we discuss the relation between the types of fuzzy measures and fuzzy integration. Finally we prove the Radon-

Nikodym theorem on fuzzy measure space 
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I. Preliminaries 
 In this section, we the concepts of the family of subsets of a set will be given and some important 

properties of them, which are used in this paper.     

Definition(1.1)[1] 

     A family F  of subsets of a set   is called a field (or algebra) on   if, 

(1)   F    (2) If A  F , then 
c

A  F    (3) If  
1 2
, , ,

n
A A A  F ,then 

1

n

i

i

A



 F , 

If (3) is replaced by the closure under countable union, that is,  

(4) If , 1, 2 ,
n

A n  F ,then 

1

n

n

A





 F  

 F  is called a  -field ( - algebra) on a set  . 

A measurable Space is a pair ( , ) F , where   is a set and F is a  -field on  . A subset A  of   is 

called measurable(measurable with respect to the -field F ) if A  F , i.e. any member of F is called a 

measurable set. 

 

Remark 

It is clear to show that . If { }
 

F be an arbitrary family of  -field  on a set   with   , then 



 

 F F  is a  -field on    . 

Definition(1.2)[1] 

Let G  be a family of subsets of a set  .The smallest -field containing G called the   -field generated by 

G  and it is denoted by ( ) G  

Definition(1.3)[1] 

 Let ),(   be a topological space. The  -field generated by   is called the Borel  -field and it is denoted 

by )( , i.e. )()(   .The member of )(  are called Borel sets of  . 

Definition(1.4)[1] 

 Let  G  be a family of subsets of a set  , and let A . The restriction (or trace) of G  on A    is the 

collection of all sets of the form BA  , were B  G ,and it is denoted by 
A

G (or A  G )  

{ : }
A

A A B B    G G G  

A
G  is a family of subsets of A . The  -field ( )

A
 G generated by 

A
G  some time denoted by ( )

A
A  G , 

i.e. ( ) ( )
A A

A  G G  

Definition(1.5)[1] 

 Let }{ A n  be  a sequence of subsets of a set  . The set of all points which belong to infinitely many sets of the 

sequence }{
n

A is called the upper limit (or limit superior) of }{
n

A  and is denoted by 


A  and defined by 

:{suplim
nn

n

AxAA 



 for infinitely many   
















1

lim}

n nk nk

k
n

k AAn  
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Thus  


 Ax  iff for all n , then 
k

Ax   for some nk   

The lower limit (or limit inferior) of }{
n

A , denoted by 


A  is the set of all points which belong to almost all 

sets of the sequence }{
n

A , and defined by 

:{inflim
nn

n

AxAA 



 for all but finitely many   
















1

lim}

n nk nk

k
n

k AAn  

Thus  


 Ax  iff for some n , then 
k

Ax   for all nk   

Definition(1.6)[1] 

 A sequence }{ A n of subsets of a set   is said to converge if  AAA
nn

n
nn

n




inflimsuplim  (say),  and 

A  is said to be the limit of }{ A n , we write 
n

n

AA lim


  or AA
n
  

Definition(1.7)[1] 

A sequence }{ A n of subsets of a set   is said to be increasing  if  AA nn 1  for ,2,1n . It is said to be 

decreasing if AA nn 1  for ,2,1n  . A monotone sequence of sets is one which either increasing or 

decreasing. 

Definition(1.8)[1] 

Let }{ A n  be   sequence of subsets of a set  . We say that  

(1) 
n

A  increase to A , " write  AA n  " if }{ A n  is an increasing  sequence  and AA
n

n 






1

.  

(2) 
n

A  decrease to A , " write  AA n  " if }{ A n  is a decreasing  sequence  and AA
n

n 






1

. 

II. Fuzzy Measures 
  In this section we study the fuzzy measure, fuzzy integral and prove some new properties of them. 

Definition (2.1)[1] 

 Let ( , ) F is measurable space. A set function : [0 , ]  F  is said to be  

  finite if, )( A  for each A  F   

  Semi-finite, if for each A  F  with ( )A   , there exists B  F  with B A  and 0 ( )B    

  Bounded if, { ( ) : }Sup A A   F  

   - finite if, for each A  F , there is a sequence }{
n

A  of sets in F  such that 






1n

n
AA and  

     )(
n

A  for all n . 

  additive if, )()()( BABA   whenever ,A B  F  and A B    . 

 finitely additive if, 




n

k

k

n

k

k
AA

11

)()(   , whenever 
n

AAA ,,,
21
  are disjoint sets  in F  . 

   -additive (sometimes called completely additive, or Countably additive ) f,  












11

)()(

n

n

n

k
AA    , 

 whenever }{
n

A is a sequence of disjoint sets  in F . 

  null additive if, ( ) ( )A B A   whenever ,A B  F  such that A B    and ( ) 0B   . 

  Measure, if     is  - additive and 0)( A    for all A  F . 

   Probability, if   is a measure and ( ) 1    

 Continuous from below at A  F , if lim ( ) ( )
n

n

A A 
 

 ,where 
n

A  F  for all n   , and AA n   

 Continuous from above at A  F , if lim ( ) ( )
n

n

A A 
 

 ,where 
n

A  F  for all n   , and AA n   
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 Continuous at A  F , if it is continuous both from below and from above at A  

Definition (2.2)[5] 

 Let ( , ) F  be a measurable space. A set function : [0 , ]  F  is said to be a fuzzy measure on ( , ) F  

if it satisfies the following properties: 

(1)  ( )=0     (2) If ,A B  F  and BA  , then )()( BA    

 A fuzzy measure space is a triple ( , , ) F ,where ( , ) F is measurable space and    is a fuzzy measure 

on ( , ) F . 

 A fuzzy measure     on ( , ) F is called regular if ( ) 1   . 

Remark  

 Every measure on a measurable space ( , ) F  is a fuzzy measure but the converse need not be true as follows 

: 

   Let {1, 2 , 3, 4} , { ,{1, 2} ,{3, 4} , }   F , ( , ) F  is a measurable space. Define : [0 , ]  F  

by 1)(,0})4,3({})2,1({)(    

Clearly    is a fuzzy but not measure on ( , ) F . 

Now  we introduce the concept of the fuzzy integral with respect to fuzzy measure and prove some new 

properties of this integral.  Let ( , , ) F  be a fuzzy measure space , ( )F  denote the set of all F -

measurable functions, ( ) { ( ) : 0}F f F f

      . for any ( )f F  , we write 

{ : ( ) }
t

F x f x t    , i.e. 
1
[ , )

t
F f t


   and { : ( ) }

t
F x f x t    , where [0 , ]t    

Definition(2.3)[3] 

 Let ( , , ) F  be a fuzzy measure space  and let ( )f F  , A  F .The fuzzy integral of f  over A with 

respect to   is defined as  

0

( )
t

A

f d A F d t 


   , 

The function f  is said to be  - integrable ( or simply integrable if   is understood) on A      if 


fd is 

finite 

 We now prove to some properties of the fuzzy integral  

 

Theorem(2.4) 

Let ( , , ) F  be a fuzzy measure space  and let , ( )f g F  , ,A B  F , a   . 

(1) If ( ) 0A  , then 0
A

f d    

(2) If f g , then 
A A

f d g d    

(3) m in { , ( )}
A

a d a A   

(4) If A B , then 
A B

f d f d    

(5) m ax { , } m ax { , }
A A A

f g d f d g d      

(6) m in { , } m in { , }
A A A

f g d f d g d      

(7) m ax { , }
A B A B

f d f d f d  


    

(8) m in { , }
A B A B

f d f d f d  


    

Proof : 

(1) Let A  F  and ( ) 0A    

Since 
t

A F A   ( ) ( )
t

A A F     

Since ( ) 0A  ( ) 0A F


     



Some New Properties of Fuzzy General Set Functions  

DOI: 10.9790/5728-11526474                                 www.iosrjournals.org                                                 67 | Page 

Since 
0

( )
t

A

f d A F d t 


     0
A

f d    

(2) Let { : ( ) }
t

F x f x t     and { : ( ) }
t

G x g x t     

Since  
t t t t

f g F G A F A G         ( ) ( )A F A G
 

      

Since 
0

( )
t

A

f d A F d t 


    and 
0

( )
t

A

g d A G d t 


    
A A

f d g d     

(3) since 
,

{ : }
,

t

a t
F x a t

a t

 
     

 

 

Since 
0

( )
t

A

f d A F d t 


    

0 0 0 0

( ) ( ) ( ) ( ) m in { , ( )}
A

f d A d t A d t d t A d t a A       
   

              

 (4) since ( ) ( )
t t t t

A B A F B F A F B F           

       
0 0

( ) ( )
t t

A B

f d A F d t B F d t f d   
 

         

(5) since m ax { , }f f g  and m ax { , }g f g  

    m ax { , }
A A

f g d f d    and m ax { , }
A A

f g d g d    

      m ax { , } m ax { , }
A A A

f g d f d g d       

(6) since m in { , }f f g  and m in { , }g f g  

m in { , }
A A

f g d f d    and m in { , }
A A

f g d g d    

         m in { , } m in { , }
A A A

f g d f d g d       

(7) since A A B   and B A B   

     
A B A

f d f d 


   and 
A B B

f d f d 


   m ax { , }
A B A B

f d f d f d  


     

(8) since A B A  and A B B   

A B A

f d f d 


   and 
A B B

f d f d 


  m in { , }
A B A B

f d f d f d  


     

 

Theorem(2.5)  

  Let { : ( ) }
n

n
F x f x


     , { : ( ) }

n

n
F x f x


     and A  F   

(1) If 
n

f f on A , then 
n

A F A F
 

    

(2) If 
n

f f on A , then 
n

A F A F
 

    

Proof :  

          (1) since 
n

f f     
n n

F F A F A F
   

       

          (2) since 
n

f f     
n n

F F A F A F
  

      

Theorem(2.6) 

Let   be a continuous fuzzy measure on ( , ) F , and let ( )f F  , A  F . If 0
A

f d   , then 

( { : ( ) 0} ) 0A x f x       

Proof: 

     Assume  ( { : ( ) 0} ) 0A x f x b        
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Since 
1

{ : ( ) } { : ( ) 0}A x f x A x f x
n

         . By using the continuity from below of  , we 

have 
1

lim { { : ( ) } }
n

A x f x b
n


 

     .  

So, there exists 
0

n such that 

0

1

0

1
{ } { { : ( ) } }

2
n

b
A F A x f x

n
         

Consequently, we have 
0

0

1
( ) m in { , } 0

2
t

A

b
f d A F d t

n
 



     .  

This contradicts 0
A

f d    

Theorem(2.7)  

0

( )
tA

f d A F d t 


   ,  

Proof :  

Since ( ) ( )
t t tt t t

F F A F A F A F A F           for all [0 , ]t    

0 0

( ) ( )
t tA

f d A F d t A F d t  
 

        

Let
0

( )
tA

f d A F d t b 


     

  there exists 0   such that  
0

( )
t

A F d t b 


    

  there exists   such that ( )A F b


      ( ) ( )
b

A F A F b


  


       

Therefore,  ( ) ( )
t b

A F A F b b


  


       

This contradiction, so 
0

( )
tA

f d A F d t 


    

 

Theorem(2.8)  

  The function f  is integrable on A  iff there exists [0 , )    such that ( )A F


    . 

Proof : 

Suppose that there exists [0 , )    such that ( )A F


    . 

Take ( )A F t t


       

( ) ( )
t

A F A F


      for any t   

Since 
0

( )
t

A

f d A F d t 


     
A

f d     

Conversely, if for any [0 , )    such that ( )
t

A F     
A

f d     

This contradiction , so exists [0 , )    such that ( )A F


    . 

Definition(2.9)[7] 

 Let ( , , ) F  is the fuzzy measure space , , ( )
n

f f F  , n    and A  F , we say that  
n

f   

 Converges in fuzzy measure to f on A , denoted by 
n

f f


   on A , if 

lim { { : ( ) ( ) } } ( )
n

n

x f x f x A A  
 

       

   For any given 0  . 

  Converges  in fuzzy mean to f on A , denoted by 
m

n
f f   on A , if lim 0

n
An

f f d 
 

  . 

Theorem(2.10) 
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 Let ( , , ) F  be a fuzzy measure space , , ( )
n

f f F  , n    and A  F . If 
m

n
f f  , then 

n
f f


   

 

III. Fuzzy signed measure 
    In this section, we introduce the concept of the fuzzy signed measure, fuzzy positive (rsp. negative) 

set,. Finally we prove the Hahn-Decomposition theorem on fuzzy measure space. 

Definition(3.1) 

  Let ( , ) F be a measurable space. A set function :


 RF  is called a  fuzzy signed measure on 

( , ) F  if it satisfies the following properties: 

(1) ( ) 0        (2) If ,A B  F  and BA  , then ( ) ( )A B   

Remark  

 Every fuzzy measure on a measurable space ( , ) F  is a fuzzy signed measure but the converse need not be 

true 

Theorem(3.2)  

 Let ( , , ) F  be a fuzzy measure space , and let :f   R  be a measurable function such that 


fd  

exists. Define  



A

fdA  )(  

 for all  A  F . Then 

(1)   is a fuzzy signed measure 

(2) If 0f , then   is a measure 

(3) 




A

dfA  )(  , 




A

dfA  )( , 

A

dfA  )( . 

Proof : 

           (1)  
0

s u p { m in { , ( )} }
A

f d A F




  
  

   

Since 
0

( ) s u p { m in { , ( )} }
A

A f d A F




   
  

    

0

( ) s u p { m in { , ( )} } 0f d F





     
  

     

Let  ,A B  F  such that BA   
A B

f d f d      ( ) ( )A B    

  is signed measure 

(2)  since 0 0
A

f f d       ( ) 0A     is a signed measure 

Finally since  f f f
 

   be arbitrary measurable function. Then ( )

A A

A f d f d  
 

    

Since  

A

f d 


   or 

A

f d 


   , the result follows. 

From the above proof  we have   is the difference of two measures 


 and 


 , where  






A

dfA  )(  , 




A

dfA  )(  , at least one of the measures  


 and 


 must be finite. 

Definition(3.3) 

 Let   be a fuzzy signed measure on the measurable space ( , ) F . A set A  F  is said to be a fuzzy 

positive set (with respect to   ) if 0)( B for every measurable subset B  of A . 

Similarly, a set A  is called a fuzzy negative set (with respect to   ) if  0)( B for every measurable subset 

B  of A .  
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  A set that is both fuzzy positive and fuzzy negative (with respect to  ) is called fuzzy null set, i.e. a 

measurable set is called a fuzzy null set iff every measurable subset of it has   measure zero.   

Remark 

The distinction between a null set and a set of measure zero, while every null set must have measure zero, a set 

of measure zero may well be a union of two sets whose measure are not zero but are negative of each ether. 

Theorem(3.4) 

 Let   be a fuzzy signed measure on the measurable space ( , ) F , and let A  be a measurable set. 

(1) A  is fuzzy positive iff for every measurable set B , BA   is measurable and 0)(  BA  

(2) A  is fuzzy negative iff for every measurable set B , BA   is measurable and 0)(  BA  

Proof : 

        (1) Assume A  is fuzzy positive and let B  is a measurable set is measurable set 

Since A  is measurable set BA   is measurable set. 

Since A  is positive set, ABA   and BA   measurable   0)(  BA  

 Conversely, let BA   is measurable and 0)(  BA  for every measurable set B  

Let C  be a measurable and 0)()(  CACCACAC   

 

Theorem(3.5) 

 Let   be a fuzzy signed measure on the measurable space ( , ) F  

(1) Every measurable subset of a fuzzy positive (rsp. fuzzy negative) set is fuzzy positive (rsp. fuzzy negative) 

(2) The union of  a countable of fuzzy positive (rsp. fuzzy negative) sets is fuzzy positive (rsp. fuzzy negative) 

Proof : 

     (1) Let A  be a measurable subset of a fuzzy positive set B , and let C  be a measurable subset  

                 of BCA    

Since B  is fuzzy positive  AC  0)(  is fuzzy positive 

         (2) Let }{
n

A be a sequence of fuzzy positive sets and let 






1n

n
AA  

  Let B  be a measurable subset of A . Put 
cc

nnn
AAABB

11



 

n
B  is measurable subset of 

n
A  and so 0)( 

n
B . 

Since the 
n

B  are disjoint and 
1

n n

n

B B B





  , we have 0)()(

1

 


n

n
BB     

A  is fuzzy positive. 

Theorem(3.6)  Hahn- Decomposition 

 Let   be a fuzzy signed measure on the measurable space ( , ) F . There is a fuzzy positive set A and a 

fuzzy negative set B  with  ,A B A B      

Proof : 

    Assume   dose not take    

su p { ( ) :v A A   is fuzzy positive set with respect }  

Since   is fuzzy positive , then 0v   

Let { }
n

A  be a sequence of fuzzy positive sets such that lim ( )
n

n

v A
 

  

Set 

1

n

n

A A





  , by using part(2) of theorem (3.5), we have A  is fuzzy positive , also ( )A v   

Since | ( | ) 0
n n

A A A A A    and ( ) ( )
n

A A   , so ( )A v   

0 ( ) ( ) 0A v A          

Let 
c

B A  . To prove  B  is fuzzy negative  

Let C  be fuzzy positive set and C B , then A C    and A C  fuzzy positive set  
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( ) ( ) 0v A C C        

Since 0 v   , and therefore B  does not contain a fuzzy positive subsets with a fuzzy positive 

measurements. And therefore does not positively measurements subsets, so B is fuzzy negative set. 

Remarks 

(1) The Hahn decomposition is not unique. 

(2) The Hahn decomposition ,A B  give two measures 


 and 


 defined by  

( ) ( ) , ( ) ( )C A C C B C   
 

      

   Notice that ( ) 0B


 and ( ) 0A


 . Clearly   
 

   

 

IV. Relation Between Measures 
In this section, we introduce the definition of  singular set function and we discuss the relation between 

the types of fuzzy measures. Finally we prove the Radon-Nikodym theorem on fuzzy measure space. 

Definition(4.1) 

 Let
1 2
,   be two fuzzy measures on measurable space ( , ) F . We say that

1
  is fuzzy singular with respect 

to
2

  (written   ) if there are ,A B  F  with ,A B A B      and 

1 2
( ) 0 , ( ) 0A B    

Remarks  

(1) If 
1 2
,   are two fuzzy measures on measurable space ( , ) F , then 

1 2
   if there is  a set  

     A  F   such that 
1 2
( ) 0 , ( ) 0

c
A A    

(2) 
1

  is fuzzy singular with respect to 
2

  iff  
2

  is singular with respect to 
1

 , so we may 

      say that  
1

  and 
2

  are mutually singular 

Theorem(4.2)  Jordan - Decomposition 

 Let   be a fuzzy signed measure on the measurable space ( , ) F . There are two  mutually singular measures 




 and 


 such that   
 

  . This decomposition is unique. 

Proof : 

   Since   be a fuzzy signed measure on the measurable space ( , ) F . 

By  using Hahn- decomposition, there is a fuzzy positive set A  and a fuzzy negative set B  with  

,A B A B      

Defined  


 and 


 by ( ) ( ) , ( ) ( )C A C C B C   
 

      for all C  F  

( ) ( ) ( ) 0 , ( ) ( ) ( ) 0B A B A B A       
 

              
 

   

   Clearly   
 

   

Definition(4.3) 

Let
1 2
,   be two fuzzy  measures on measurable space ( , ) F . We say that

1
  is absolute continuous  with 

respect to 
2

 ( written 
1 2

  ) if  
1
( ) 0A   implies 

2
( ) 0A   for every A  F  

Lemma(4.4) 

Let { }
D

A
  

 where D  countable set of real numbers. Suppose A A
 
 whenever    . Then there is a 

measurable function f such that ( )f x    on A


 and ( )f x   on 
c

A


 

Proof :  

       For x   , set ( )f x   first   such that x A


 ( ) in f{ : }f x D x A


    , in f{ }    

  If x A


 , x A


  for any    and so, ( )f x   

  If x A


 , then ( )f x    provided we show that f  is measurable 

Claim:   real ,   

,

{ : ( ) }

D

x f x A


  



 

    

If ( )f x  , then x D


  save   . If x A


 , ( )f       
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Remarks 

(1) Suppose { }
D

A
  

as in lemma (4.4)but this time    implies only { | } 0D A
 

  . 

   Then  there exists a measurable function f on   such that ( )f x   a.e. on A


 and  

    ( )f x    a.e.  on 
c

A


 

(2) Suppose D is dense. Then the function in lemma (3.7) is unique and the function 

      in (1) is unique   a.e. 

Theorem(4.5) Radon-Nikodym theorem 

     Let   be a  -finite fuzzy measure on the measurable space ( , ) F , and   be  a  fuzzy measure  on 

( , ) F . Assume   , then there is a nonnegative measurable function :f


    such that  



A

fdA  )(  

 for all A  F . The function f  is unique a.e. [ ] . We call f  is called the Radon-Nikodym derivative of   

with respect to   and write 
d

f
d




  

Proof :  

Assume ( ) 1    . Let 


      ,     


  is a fuzzy signed measure .  

By using Hahn- Decomposition, There is a fuzzy positive set A


and a fuzzy negative set B


 with  

,A B A B
   

      

,B B
 

   , if 0   

|
c

B B B B B A
     

     

Since A


 is fuzzy positive and B


 is fuzzy  negative  ( | ) 0B B
  

   and ( | ) 0B B
  

   

Since 


     , where       

( | ) ( | ) 0B B B B
   

      and ( | ) ( | ) 0B B B B
   

     

Thus ( | ) ( | ) ( | )B B B B B B
     

       

Thus, if   , we have ( | ) 0B B
 

   

Thus, there exists a measurable function such that for all    , ( )f x   a.e. on A


 and ( )f x   a.e. 

on B


.Since 
0

0 , 0B f   a.e.  

Let N  be very large . Put   
1

( | )
k

k k

N

B
E A B

N


  , 0 ,1, 2 ,k   , 

0

|
k

k N

E B







    

Then 
0 1

, , ,E E E


  are disjoint and 
0

k

k

A E E







  . 

We have,  
1

( )
k k

f x
N N


   a.e. and so, 

1
( ) ( ) ( ) (1)

k

k k

E

k k
E f x d E

N N
  


    

Also ( ) ( ) ( 2 )
k k k k

N

k
E A E E

N
     and 

1
1

( ) ( ) (3)
k

k k k

B k
E E E

N N
 




    

Thus 
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1 1 1
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

k

k k k k k k k

E

k k
E E E f x d x E E E E

N N N N N
              on 

,E f


   a.e.   

If ( ) 0E


 , then ( ) 0E


  since ( )( ) 0E  


   for all    

If ( ) 0E


 , then ( ) 0E


  , so either way: ( )

E

E f d 




   

Add 
1 1

( ) ( ) ( ) ( )

A

A A f d A A
N N

         ( )

A

A f d       as N    

Since N  is arbitrary, we are done      

Uniqueness : If ( )

A

A g d    for all A  F  

( ) ( ) ( )

A

A A g d          for all  for all  A A


  

Since 0 ( ) ( ) ( )

A

A A g d        , we have 0g    a.e. [ ]  on A


  

 g    a.e. [ ]  on A


 . similarly g    a.e.[ ]  on B


 f g   a.e.  

Suppose   is  - finite :   . Let 
i

 be such that ,
i j i

i

X X     , ( )
i

X    

Put ( ) ( )
i i

A A X    and ( ) ( )
i i

A A X    . Then  
i i

     

  there is 0
i

f   such that ( )
i i i

A

A f d    ( )

i

i i i

A X A

A X f d d X d  



       

Remark  

The space needs to be  -finite 

For example : let [0 ,1], ([0 ,1]),   F  is counting measure  

    is a measure on F , but not  -finite   

    , where   is Lebesgue measure  

If 

A

fdA  )(   ( ) 0f x   for all x     0   . This contradiction  

Theorem(4.6)  Lebesgue Decomposition Theorem 

 Let   and   be a  -finite fuzzy measures on the measurable space ( , ) F .Then   has a unique 

decomposition as 
21

  ,   where 
1

  and 
2

  are fuzzy measures on ( , ) F  such that 
1

   and 

 
2

. 

Proof :  

            Let v v     is   -finite fuzzy measure 

Since ( ) 0 ( ) ( ) 0v A A A      

v   and v   , by using Radon-Nikodym theorem there are a nonnegative measurable functions 

,f g  such that  ( )

A

A f d v    and ( )

A

A g d v    for all A  F .  

Let { 0} , { 0}A f B f    ,A B  F  and  ,A B A B      and ( ) 0B   

Let
1
( ) ( )C B C   , then 

1
( ) ( ) ( ) 0A v B A v     , so  

1
   

Set 
2 2

( ) ( ) ( )

A C

C A C C g d v  



      

Clearly 
1 2

     and it only remains to show that 
1

   . Assume ( ) 0A   
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Then ( ) 0 0

A

A f d v f      a.e. [ ] . ( 0 )f   on A  

Since 0f   on A C  ( ) 0v A C   . Thus 
2

( ) 0

A C

C g d v



   
2

    

To prove uniqueness, if 
1 2 1 2

        , where 
1 1
,     and 

2 2
,   , then 

1 1 2 2
              is both absolutely continuous and singular with respect to   , hence it is identically 0. 
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