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Abstract: In this paper we define the Srivastava functions Hg’)and Hé") of matrix arguments in complex case,
which are the generalization of the Hy and H, functions.

I.  Introduction
We have already discussed the Srivastava’s triple hypergeometric functions Hg and He of matrix
arguments. In this paper we define the Srivastava functions H]g")and Hé") of matrix arguments in complex case.
All matrices used in this paper are hermitian positive definite. All the matrices appearing in this paper are p x p
real Hermitian positive definite and meanings of all the other symbols used are the same as in the work of
Mathai [1, 2].

Function Of Matrix Argument In The Complex Case:

We consider real valued scalar function of a single matrix argument of the type Z = X +iY where

X and Y are p x p matrices with real elements and i=+/—1 as well as scaler functions of many matrices
Zj ,j=1,2, ... K where each Zj is of the type Z above in the real case. We confined our discussion to
the situation where the argument matrix was real symmetric positive definite. This was done so that the
fractional power of matrices and functions of such matrices could be uniquely defined. Corresponding properties
are of we restrict to the class of Hermitian positive definite matrices.

Definition: Hermitian positive definite matrix due to Mathai [3], We will denote the conjugate of Z by Zif

Z hermitian, then Z = Z*, that is

Z=7x = X +iY (X +iYy=X +iY
— X =X'andY=Y'

Thus X is the symmetric and Y is skew symmetric. Further if Z is hermitian positive definite, then all the

eigen values of Z arereal and positive.
Further, matrix variate gamma in the complex case is

p(p-1) T(a)T(a-).....T(a-z+1)

T (o) =7 2

We will use the notation Z > O to indicate that Z is hermitian positive definite. Constant matrices
will be written without a tilde whether the elements are real or complex unless it has to be emphasized that the
matrix involved has complex elements. Then in that case a constant matrix will also be written with a tilde.
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1. Definitions

2.1 The Srivastava function Hg‘) of matrix arguments,

HY = H® (04, oo, s V1o oo Vs =K1 oo =)
is defined as that class of functions which has the following matrix transform:

M[HE]= f f K" Kl X H (o e 63 Voo s Yai —Kts s —Kn) 0 .. dX,
X1>0 Xn>0

_ Tlay —py = py) Ty (g = py = p2) oo T (0 — Py = py)
fp(al) rp((XZ) ---rp(an) rp(Y1 - pl) fp(Yn - pn)

X fp(YI) fp(Yn) fp(pl) fp(pn)

(2.1)
for Re(o; — py — Py, 0y — P1 — P2y e Oy — Pn—1 — PryYi — PiPi) > p — 1, wherei=1,...,n.

2.2 The Srivastava function Hé“) of matrix arguments,

H((:“) = H((:")(al, s O Y =K1y e —Xo)

is defined as that class of functions which has the following matrix transform:

M[HE]= f f AR SRS OIPTIIPIIPID SR & Pt S &
X1>0 Xn>0
I, (a; —p; —py) B, (0ty — py — p3) oo Ty (0, — Py — Py . _
_ p( 1 ~P1 Fj) p( 2 P1 ~Pz) p( Pn—1 — Pn) % Fp(Y)Fp(pl)---Fp(pn)
Fp(al) l-‘p(a2) "'Fp(an) Fp(y - pl -t pn)
(2.2)
forRe(oy — p; — Pns % — P1 — P2 Oy — Ppne1 — P Y —P1 — " — Py Pi) > P — 1, wherei=1,..,n.

2. In This Section Of The Paper We Will Prove Three Results — One For The Function Hl(;‘)

And Two For TheFunction Hé") Of Matrix Arguments In Complex Case.
Theorem 3.1:
Hén)(a]_, ey O(n; Y].' ...,yn; _Xli ey _Xn)
1 j j (T T) |5 |¥17Pas |%27P &% |“n 7P
== _ _ | ettt Ta) |T T T,
B () T () . Ty (o) Jrpoo 1m0 ™ I .

~1~1~ ~1~1 ~1~l~ ~l~l ~1~1~ ~1~1 _ _
x oF; (;yl;—Tz TE X, T} T22> x oF; (;yz;—T32 T2 X, T? T32>...><0F1<;yn;—T1 T2X, T} Tf) dT; ...dT,
for Re(o;) > p — 1,wherei =1, ...,n.

Proof: Taking the M-transform of right side of eq. (3.1) with respect to the variable X;, ..., X,, and the

1 1 1 1
H < |P17P < |Pn—P ~T o~ o~ 5 o~
parameters py, .., p, respectively, we have, f; g '"f>~<n>o|X1| LK xRy < vy —T2 T2 X, T? 22>

1 1 1 1 1 1 1 1
Making use of transformations
I U S S 1 r 11 i r 11
W= TP XN TP T =T T} X, T} T =TT X, T> T?;

in the last expression and using the M-transform of a (F; function, we get

—p1— ~ | Pn—-1"Pn T; L n ~ =
| PLoPz 5 | Pn-1=P » (¥1)-.Tp (¥n) rp(pl) mrp(pn) (3.3)

|—p1—pn |
e Ty (r1=p1) T (yn—pn)

|7, |7,
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Which is to be substituted on the right side of eq. (3.1), followed by integrating out of T;, ..., T,, by

using a Gamma integral to achieve M[HS"] as given by eq. (2.1).

Theorem 3.2:
~ ~ 1 ~ ~ ~ — ~ An—DP
(n) oy — —tr (Ty+-+Ty) 1P n
H Apy ey A3 Vs —Xqy ey =X, ) = = — f f e 1 n) x |T: w|T,
S P I ) o Tl 1]
L o111 1 11 I U e A U _
X0F1<;V1;— TTEX T T} T T} X, T} T = =T T X, T? f)dTl .dT,  (34)

for Re(a;) >p —1,wherei =1,..,n.
Proof: This theorem follow in the same manner as the previous theorem, except that use of eq. (3.2) is to be
made here.

Theorem 3.3:
@ e v
HC m)(al, ey Xoms Vs _X1’ ey _sz)
= — _ 1 _ j j e—tr(T1+-~~+Tm)
1—;,(&1) 1—;,(613) 1;,(6!2,”_1) T1>0 Tm>0
1 1
7 |¥17P |4 |937P =~ am-3"P |~ [A2m—-1—"DP = =
) T PR o o[ (T 2 <a2,a4,...,a2m;y; 723, 72
1 1 1 1 1 1 1 1
T2 Vv T2 T2 v T2 T2 v T2 72 v 72
Tl A28,y A3 0y T3 44 3""’_Tm—1X2m—3Tm—1
1 1 11
- ri 2m-—2 ri'_ri 2m—1 nzll_ 12 2m T12)dT1 dTm
(3.5)
for Re(ay, as, ..., @pm_1) >p—1.
Proof: Taking the M-transform of the right side of eq. (3.5) with respect to the variables X, ..., X,,, and the
parameters p; , ..., P2 respectively, we obtain
o |P17P G p2m—pP
ﬁ f £, |
X1>0 Xom>0
(m) Lo 11 11
x " (az,a4 O3 Vi —TE X T =T} X, T2 -T7 X5 T}
1 1 1 1
_ T2 F2 _F2 ¥ 72
3 44030 T imo1 A2m=3 i1
1 L1 I S
- 731X2m 2 13”_ riXZm—l 731'_’1—'12 2m T12)dX1 dXZm
(3.6)
Applying the transformations
ooy oo+ o 11 1 1
Z1=T12 f 12,222 22 ) 22,232 22 3 22, Y= 32 f 32“
B L R L Lo L L L1
Zom—3 = ,,21_1 2m-3 ,,21_1 lom— = — riXZm—Z T,ﬁ v lom—1 = — ,,21X2m—1 1,2,:ZZm = _le Xom 12

to the last expression followed by the use of another set of transformation in it,

Ul = le UZ = Zl +Zz ,U3 = Z3, U4 = Z3 + Z4, ey ﬁzm_3 = sz_g,

Usm—2 = Zom—3 + Zom—2; Upm—1 = Zojm—1, Upy = Zoin1 + 2o

Wlth,dUldUZ = ledZZ,dU3dU4 = dZ3dZ4, ...,dﬁzm_3dl72m_2 = dZZ‘m—3dZZ‘m—2'
dﬁZm—ldHZm = dZZm—1dZZmi

WheT'e,O < l71 < l72,0 < ﬁg < H4, ,0 < Uzm_3 < ijzm_z,o < Uzm_l < Uzm 5
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then integrating out the m variables U}, Us, ..., Uy, 3, Upm—; in the ensuing expression by employing a type-1
Beta integral leads us to

IT:
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|—p1—p2m |7~, |—pz—p3 ~ |_p2m—2_P2m—1 1:,;(&1 —p1—P2) 12(054 — 3~ Pa) '"f;'n(aZm — Pam-1 ~ Pam)
2 .

T

fp(az)fp(az}) ---fp(OCZm) 1:;)(]/ —p1— "~ Pm)
X f;(}’) 12(,01) ---f;)(pZm)
3.7)
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