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Abstract: Let R be a ring. A map F:R — R is called left multiplicative generalized derivation if F(xy) =
d(x)y + xF(y) is fulfilled for all x,y in R .Where d:R — R is any map (not necessarily derivative or an
additive mapping).The following results are proved:

(i) F(xy) £ xy € Z,

(i) F(xy)tyx € Z,

(iii) F(x)F(y) £t xy € Z,

(iv) F(xX)F(y) X yx € Z ,forallx,y € S.
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I.  Introduction

Let R be an associative ring. The center of R is denoted by Z. For x,y € R, the symbol [x, y] will denote
the commutator xy — yx and the symbol x o y will denote the anticommutator xy + yx. we shall make extensive
use of basic commutator identities [xy,z] = [x,z]y + x[y, z]and[x, yz] = [x,y]z + y[x,z]. Recall thata ring R is
prime if for a,b € R,aRb = (0) implies either a = 0 or b = 0 and is semiprime if for a € R,aRa = (0) implies
a = 0. An additive map d from R to R is called a derivation of R if d(xy) = d(x)y + xd(y) holds for all
X,y € R. Let F: R — R be a map associated with another map g: R — R so that F(xy) = F(x)y + xg(y) holds for
all x,y € R.If F is additive and g is a derivation of R, then F is said to be a generalized derivation of R that was
introduced by Breasar [3]. In [7], Hvala gave the algebraic study of generalized derivations of prime rings. The
concept of multiplicative derivations appears for the first time in the work of Daif [4] and it was motivated by
the work of Martindale [8]. The notion of multiplicative derivation was extended in Daifas follows. A map
F:R - R is called a multiplicative generalized derivations if there exists a derivation d such that F(xy) =
F(x)y + xd(y) for all x,y € R. In this definition we consider that d is any map ( not necessarily a additive ). To
give its precise definition, we make a slight generalization of Daif and Tammam-El-Sayiad’s definition for
multiplicative generalized derivation was extended Daif( see [5] ). A map F: R — R (not necessarily additive) is
called multiplicative generalized derivation if F(xy) = F(x)y + xg(y) for allx,y € R, where gis any map
(not necessarily derivation or additive map). A map F:R — R (not necessarily additive) is called left
multiplicative generalized derivation if F(xy) = g(x)y + xF(y)forall x,y € R where g is any map (not
necessarily derivation or additive map).BasudebDhara and Shakir Ali [2] have studied multiplicative
generalized derivation in prime rings and semi prime rings. In this paper we extended some results left
multiplicative generalized derivation in semi prime rings.

Il.  Main result
Theorem 1: Let R be a semiprime ring , S be a non zero right ideal of R and F:R — R be aleft multiplicative
generalized derivation associated with the map g:R — R. If F(xy) £ xy € Z for all x,y € S, then [g(x),x]S =
(0)forallx €S.

Proof: First we assume that F(xy) —xy € Z forall ,y € S. 1)

Now we replace x with zx in (1), where z € S and then we get

F(zxy) — zxy = g(z)xy + zF(xy) — zxy = g(z2)xy + z(F(xy) — xy) € Z for all X,y,Z€ES
)

From (1) & (2) we have

g(z)xy € Z = [g(z)xy,z] = Ofor all x,y,z € S. 3)

Substitutes yr for y in (3), where r € R,we obtain

0 = [g(2)xyr, z] = g(2)xy[r,z] + [g(z)xy, z]r = g(2)xy[r, z] 4

Taking y = yg(z), we get

g(z)xyg(2)[r,z] = 0,(5)

Which implies g(z)xyRg(z)[r,z] = 0 forall x,y,z € Sandr € R.
Interchanging x and y and then subtracting one from the other, we get
g(z)[x,y]Rg(z)[r,z] = Oforall x,y,z € S.
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In particular, g(z)[x,y]Rg(z)[x,z] = 0 forall x,y,z € S.
The semi primeness of R yields that g(z)[x,z] = 0 forall x,z € S.
Thus we haveg(z)[x,z] = 0 for allx,z € S.(6)
Left multiplying (6) by z, we get
zg(z)[x,z] = Ofor allx, z € S. @)
Replace x by zx in (6) to get
g(@zx,z] = g(z)z[x,z] = 0

= g(z)z[x,z] = Ofor allx,z € S. (8)
Now (7) and (8) together imply that
[g(2), z][x, z] = Oforallx,z € S. 9

Replacing x by xg(z) in the last expression, we obtain
[8(2), z][xg(2),z] = 0
[g(2), z]x[g(2), z] + [g(2), z][x,z]g(z) = O
= [g(2), z]x[g(z),z] = Oforall x,z € S.
[g(2),z]SR[g(z),z]S = Oforall z € S.
Hence, the semi primeness of R forces that[g(z), z]S = 0 for allz € S.
In a similar manner we can prove by assuming F(xy) + xy € Z for all x,y € S;that [g(x),x]S = (0) for all x € S.
Corollary 1: Let R be a semiprime ring and F:R — R be left multiplicative generalized derivation associated
with the map g:R - R.If F(xy) £ xy € Z for all x,y € R, then [g(x),x] = (0 )for all x € R.
Theorem 2: Let R be a semiprime ring, S be a nonzero right ideal of Rand F: R — R be a left multiplicative
generalized derivation associated with the mapg:R —» R. If F(xy) + yx € Zfor all x,y € S, then [x,S]x < Z for
all x € S.and [g(x), x]S = (0) for all x € S. Moreover, if R is 3-torsion free, then [S, S]S = (0)
Proof: First we consider that
F(xy) —yx € Zfor all x,y € S. (10)
In the above relation replacing y with xy and xwith x?, respectively and then subtracting one from the
other, we obtain
(F(x*y) — xyx) = (F(x*y) —yx*) € Z. (11)
This implies that [y, x]x € Z forall x,y € S. Thus for all x € S,[x,S]x € Z.
Now substituting zx for x in (10), where z € S, we get
F(zxy) —yzx = g(z)xy + zF (xy) —yzx = z(F(xy —yx) + [z,y]x + g(@)xy € Z (12)
Commuting both sides of (12) with z and then using (10), we obtain
[[z,y]x, z] + [g(2)xy, z] = Oforall x,y,z € 5.(13)
Replacing y with zy in (13), we get
[[Z, zylx, Z] +[g(2)xzy,z] =0
[zlz, ylx, z] + [g(2)xzy,z] = 0
z[[z,y]x, z] + [g(2)xzy, z]0 = Ofor all x,y, z € S.(14)
Left multiplying (13) by z and then subtracting it from (14), we get
z[lz, ylx, z] + z[g(2)xy, 2] — (z[[2,y]x, 2] + [g(2)xzy,z]) = O
[[g(z)x, zly, Z] = Oforall x,y,z € S. (15)
Replacing ywith yr, r € R in the above relation and then using(15), we have
[[g(2)x, zlyr, 2] = [[g(2)x, 2]y, z]r + [9(2)x, z]y[r, 2] = [g(2)x, z]y[r; z] = O
[9(2)x, z]y[r,z] = 0 (16)
In particular, forr = g(z)x, we have
[g(2)x, z]ylg(2)x,z] = Oforall x,y,z € S.
Since S is right ideal ofR, it follows that
[g(2)x, z]yR[g(2)x,z]y = (0)forall x,y,z € S.
Since R is semiprime ring,
[g(2)x, z]y = Oforall x,y,z € S.
Now replacing x with xg(z), we get
[9(2)xg(2),z]y = 0(17)
That is,(g(2)xg(2)z — zg(2)xg(z))y = Oforall x,y,z € S. (18)
Now we put x = xg(z)u where u € S, and then obtain
(9(2)xg(2)ug(2)z — zg(2)xg(z)ug(z) )y = Oforall x,y,z € S. (19)
(9(@)xzg(2)ug(2) — g(2)xzg(2)ug(2))y = 0 (20)
(9(2)x[g(2),zlug(2))y = Oforall x,y,z € S. (21)
This implies [g(2), z]x[g(2), zlul[g(2), z]y = 0 for all x,y,z € S,and so
[g(2),2]®S = (0)forall z € S.
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Since a semiprime ring contains no nonzero nilpotent right ideals, see[6] it follows that[g(z), z]S =
(0) for allz € S,as we desired.
Next assume that R is 3-torsion free. Then [x, S]x € Z for all x € S yields[y, z]x + [x,z]y € Z for all x,y,z €
S.
Replacing y with x?2, it reduces to
[x2,z]x + [x,z]x? € Zforall x,z € S.
This implies, by using the fact [x, S]x € z for all x € R, that 3[x, S]x? € Z.
Since R is 3- torsion free,[x, S]x? € Z for all x € S.
Commuting both sides with S, we obtain [[x, S]x2, S| = (0), that gives
[x, STx[x,S] = (0)for all x € S and so
(0) = ([x,S]x)?*forall x € S.
Since the center of a semiprime rings contains no nonzero nilpotent elements,
(0) = [x,S]xforall x € S
This yields(0) = [x,S?]x = [x,S]Sx forallx € S
Since S is right ideal of R, it follows that
(0) = [x,S]SR[x, S]Sforall x € S.
The semi primeness of R yields (0) = [x, S]S for allx € S,as we desired.
The same argument can be adapted if F(xy) + yx € Z forall x,y € S.
Corollary 2:Let R be semiprime ring and F: R — R be a left multiplicative generalized derivation associated
with the map g:R —» R. If F(xy) £ yx € Z forall x,y € R, then [x,R]x € Z for all x € R and [g(x),x] = 0 for
all x € R. Moreover, ifR is 3- torsion free , then R is commutative.
Theorem 3: Let R be semi prime ring, S be a nonzero right ideal of R and F: R — R be a left multiplicative
generalized derivation associated with the map g:R - R. If F(x)F(y) £t xy € Z for all x,y € S, then
[g(x),x]S = (0) forall x € S.
Proof:We begin with the situation

F(x)F(y) —xy € Zforall x,y € S. (22)
Replacing x with the zx, z € S,we have

F(zx)F(y) —zxy €S (23)
Which gives(g(z)x + ZF(x))F(y) —zxy € Z forall,y,z€S. (24)

Commuting both sides of (24) with z and using the (22), we get

[g(2)xF(y),z] = Oforall x,y,z € S. (25)

Now putting x = xz in the above relation we obtain,

[g(2)xzF (y),z] = Oforall x,y,z € S. (26)

Now putting y= zy in (25), we get
[g(z)xF(zy),z] =0
[g(z)x(g(z)y + zF(y)), z] = Oforall x,y,z € S.

lg(@D)xg(2)y, z] + [g(2)xzF (y),z] = Oforall x,y,z € S 27
Using of (26), the above relation reduces to

[g(2)xg(2)y,z] = Oforall x,y,z € S. (28)

In (28),we replace y with yg(z) and then using(28), wee obtain

9(@)xg(2)ylg(2),z] = Oforall x,y,z € S. (29)

This implies [g(2), z]x{g(2), z]y[g(z),z] = 0 forall x,y,z € S.
That is,([g(2),2]S)3 = (0) forallz € S.
Since R is semiprime, it contains nononzero nilpotent right ideals, implying [g(z), z]S = 0
forall z € S, as we desired.
By the same argument, we may obtain the same conclusion when F(x)F(y) +xy € Z forall x,y € S.
Corollary 3: Let R be a semiprime ring and F:R — R be a left multiplicative generalized derivation associated
with the mapg: R —» R If F(x)F(y) £ xy € Z for allx,y € R then [g(x),x] = 0 forall x € R.
Theorem 4:Let R be a semiprimering ,S be a non-zero right ideal of R and F: R — R be a left multiplicative
generalized derivation associated with the map g:R - R. If F(x)F(y) +yx € Z for all x,y € Z, then
[g(x),x]S=0forallx eS.
Proof:First weconsider the case
F(x)F(y) —yx € Zforall x,y € S. (30)
Replacing xwith zx ,we get
F(zx)F(y) —yzx € Z
(9(@)x + zF (x))F(y) — yzx € Zforall x,y,z € S. (31)
This gives z(F (x)F(y) — yx) + [z, v]x + g(2)xF(y) € Z forall x,y,z € S. (32)
Commuting both sides of (32) with z and then using (30), it reduces to
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[9(2)xF (¥), 2] + [[z,y]x, z] = Oforall x,y,z € S. (33)
Putting y = zy in the above relation we get
[g(z)x(g(z)y + zF(y)), z] + Z[[Z, v]x, Z] = Oforall x,y € S.
[9(2)xg(2)y, 2] + [g(2)xzF (y),z] + z[[z,y]x,z] = Oforall x,y,z € S (34)
Putting x = xz in (33), we get
[9(2)xzF (), 2] + [[2,y]x,z]z = Oforall x,y,z€ S (35)
Subtracting (35) from (34), we have
Lg@)xzF (), 2] + [[2.y1x, 2]z — [9@)xg(2)y, 2] ~ [9(@)x2F ), 2] - 2[[2,y]x,2] = 0

[[[z,y]x,z],z] + [g(2)xg(2)y,z] = Oforall x,y,z € S. (36)
Putting y = zy,the above relation yields
z[[z, v]x, z],z] + [g(2)xg(z)zy, z] = Oforall x,y,z € S. (37)

Left multiplying (36) by z and then subtracting it from (37),we get
2[(z,y1x, 2. 2] + [9(2)xg(2)zy, 2] - z|[[z. y]x, 2], 2] - z[g(2)xg (2)y, 2] = 0

[9(2)xg(2)zy, z] — z[g(2)xg(2)y,z] = 0,

lg(@)xg(2)zy,z] — [29(2)xg(2)y,z] = 0,
[[g(2)xg(2),z]y,z] = Oforall x,y,z € S. (38)
Now we substitute yg(z)xg(z)for x in (38) and get

[[9(2)xg(2), z], z]yg(2)xg(z), 2] = 0
[[g(2)xg(2), zly, z] + [g(2)xg(2), zly[g(2)xg(2), z] = Oforall x,y,z € S. (39)
Using (38), it reduce to
lg(z)xg(z), zlylg(z)xg(z), z] = Ofor all x,y,z € S.(40)
Since S is right ideal , it follows that
[8(z)xg(2), z]yR[g(z)xg(z), z]y = 0and hence
[g(z)xg(z),z]y = Oforall x,y,z € S.
This is same as (17) in the proof of the theorem 2. Thus using the same arguments as we used in the

last paragraph of the proof of theorem2, we get the required result.
In the same manner the conclusion can be obtained when F(x)F(y) + yx € Z for all
X,y,Z € S. Hence, the theorem is now proved.
Corollary 4: Let R be a semiprime ring and F: R — R be a left multiplicative generalized derivation associated
with the map g: R - R. If F(x)F(y) £ yx € Z for all x,y € R, then [g(x),x] = 0 forall x € R.
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