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I.  Introduction

In [1], Ahsan and Takahashi introduced the notions of pure ideal and purely prime ideal in a
semigroup. Recently, Bashir and Shabir [2] defined the concepts of pure ideal, weakly pure ideal and purely
prime ideal in a ternary semigroup without order. The authors gave some characterizations of pure ideals and
showed that the set of all purely prime ideals of a ternary semigroup is topologized. In this paper, we introduce
the concepts of purepo-ternary I'-ideal, weakly pure po-ternary I'-ideal and purely prime po-ternary I'-ideal in an
ordered ternary I'-semiring. We characterize pure po-ternary I'-ideals and prove that the set of all purely prime
po-ternary I'-ideals of an ordered ternary I'-semiring is topologized. Note that the results on ternary T'-semiring
without order become then special cases.

Il.  Preliminaries

Definition 2.1: Let T and I be two additive commutative semigroups. T is said to be a Ternary I'-semiring if
there exist a mapping from T xI'x T xI'x T to T which maps (x,, «, X,, B, X,) = [xax,px, ] satisfying
the conditions :
i) [[aabpt]yd ] = [aafbstd]Je] = [aabslcydde]]
ii)[(a + b)acAt] = [aact] + [bacs]
iii) [aa (b +c)pd] = [aabAt] + [aact]
iv) [aabAc + d)] = [aabst] + [aab ] forall a, b, c,de Tand &, £, », JET.

Obviously, every ternary semiring T is a ternary ['-semiring. Let T be a ternary semiring and I" be a
commutative ternary semigroup. Define a mapping T XI'x T XI'x T — T by asbgt = abc foralla,b,ce T
and a, Fel’. Then T is a ternary I'-semiring.

Note 2.2 :Let (T,I, +, [ ]) be a ternary I-semiring. For nonempty subsets A;A, and Az of T, let
[ABIC]= {Zaabpc:ac A,be B,ce C,a,p €T} .For xe T, let [XTATA;] = [{x}A'A;]. The other
cases can be defined analogously.

Note2.3 : Let T be a ternary semiring. If A, B are two subsets of T , we shall denote the set A + B =
{a+b:aec Abe B} and2A={a+a:aeA}

Definition 2.4 :A ternary T'-semiring T is called an ordered ternary I'-semiring if there is a partial order < on T
such that x <y implies that i)a+c<b+candc+a<c+b

(i) [aacH] < [bacA], [caapd] < [cabp] and [cadfa] < [cadpb]for all a, b, ¢, de T and
a pf y, JeT.

Note2.5 : For the convenience we write x,a x, 8 x, instead of [ x,a x, 8 x, ]

I1l.  PO-Ternary I'-ldeals :

Definition 3.1: Let T be PO-ternary I'-semiring. A nonempty subset ‘S’ is said to be a PO-ternary T-
subsemiring of T if

(i S is an additive subsemigroup of T,

(i) aabpte Sforalla, b, ce S, @, FET.
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(iii) TE T, sES, t<s>teS.

Example 3.2 :LetT=M, (z )andT'= M, (Z, ) define the ordering as a, < b,, . Then T be the PO-ternary I'-
semiring of the set of all 2x2 square matrices over z , the set of all non-positive integers. Let

((a 0) | _ .
S = L J/a e Z % . Then S is a PO-ternary I'-subsemiring of T.
0 O

L J

Notation 3.3 :LetT be PO-ternary I'-semiring and S be a nonempty subset of T. If H is a nonempty subset of S,
we denote {s€S :s < h for some he H} by (H]s.

Notation 3.4: Let T be PO-ternary I'-semiring and S be a nonempty subset of T. If H is a nonempty subset of S,
we denote {S€S :h < s for some he H} by [H)s.

Note 3.5 : (H]+ and [H)y are simply denoted by (H] and [H) respectively.
Note 3.6: A nonempty subset S of a po-ternary TI-semiring T is  apo-ternary
I'-subsemiring of Tiff (1)S+S < S (2)SI'SIS < S, (2) (S] < S.

Theorem 3.7 : Let S be po-ternary I'-semiringand A€ S, B S. Then (i) A € (A], (i) ((A]] = (A], (iii)
(AT (BJr(C] € (ArBrcC] and (iv) Ac B= Ac (B], (v) A< B=(A] € (B], (vi) (A N B] = (A] N (B],
(vii) (AU B] =(A] U (B].

Definition 3.8 : A nonempty subset A of a PO-ternary TI-semiring T is said to be left
PO-ternary T-ideal of T if

(1) a, b € A'implies a + be A.

(2)b,ce T,ac A, & feT impliesbacsac A.

(B teT,ae A, t<a=te A.

Note 3.9 : A nonempty subset A of a PO-ternary I'-semiring T is a left PO-ternary I'-ideal of T if and only if A
is additive subsemigroup of T, TTTTA < Aand (A] € A.

Note 3.10:Let T be a PO-ternary I'-semiring.

Thentheset (TITra] ={te T/t< > x,a,y,p5,a forsomeX; yi€T, «,, 5, e T and n€ N}.
i=1

Example 3.11 :In the PO-ternary I'-semiring Z° , nZ° is a left PO-ternary T-ideal for any n €N.

Theorem 3.12: Let The a PO-ternary I'-semiring. Then (TI'Tra] is a left PO-ternary I'-ideal of T for all
aeT.
Definition 3.13: A left PO-ternary I'-ideal A of a PO-ternary I'-semiring T is said to be the principal left PO-

ternary I'-ideal generated by a if A is a left PO-ternary I'-ideal generated by {a} for some ae T. Itis denoted
by L (a) or <a>,.
Theorem 3.14 : If T is a PO-ternary I'-semiring and ae T then

[ . -
L(a) = (Al where A=3 > ratfia+na:r,t eT,a,,p, el andne z, {,and ¥ denotes a finite sum
Lizl

J

and z," is the set of all positive integer with zero.

. [ N
Proof :Giventhat A= > ratga+na:r,teT,a pf el andnez, . Leta beA
Uizt J

a,be A. Thena= z ratp, a+na and b = z rjajtjﬁja+ na forrt,r, t€ T, a.pB.a, B, el and
nez, .
Nowa+b= %" ratp ,a+na+> ratpga+na=atbisafinitesum.

Therefore a + be A and hence A is a additive subsemigroup of T.
For t;,,€ T and a€ A.

Thentiafa =tiaty( Y ratfia+na)=> ratp (tat,pa)+n(tat,pa) €A
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Therefore t at, /€A and hence A is a left ternary I'-ideal of T. By theorem 3.18,we have (A] is a left
ordered ternary I'-ideal of T containing a. Thus L(a) S(A].On the other hand, L(a) is also aleft ordered I'-ideal
of T containing a, so we have A c© L(a). Thus (A] €L(a) since (A] is a left ordered ternary ideal of T generated
by A. Therefore L(a) = (A], as required.

Definition 3.15 : A nonempty subset of a PO-ternary I'-semiring T is said to be a lateral PO-ternary ideal of T
if

(1) a, b € Aimplies a + be A.

(2 b,ce T, a feT,ac Aimpliesbhaaste A.

(B teT,ae A, t<a=te A.

Note 3.16: A nonempty subset of A of a PO-ternary semiring T is a lateral PO-ternary I'-ideal of T if and only if
A is additive subsemigroup of T, TTATT < Aand (A] € A.

Theorem 3.18: Let T be a PO-ternary I'-semiring. Then (TTal'T] is a lateral PO-ternary I'-ideal of T for
allae T.

Theorem 3.18: Let T be a PO-ternary TI-semiring. Then (TTTrarTrT] is a lateral
PO-ternary I'-ideal of T for all ae T.

Definition 3.19 : A lateral PO-ternary I'-ideal A of a PO-ternary I'-semiring T is said to be the principal lateral
PO-ternary I'-ideal generated by a if A is a lateral PO-ternary I'-ideal generated by {a} for some ae T. It is
denoted by M (a) (or) <a>,.

Theorem 3.20 : If T is a PO-ternary I'-semiring and ae T then
M(a) = (A], where A =

[ " ]
4LZ reapft+> uayv,pay,péa +nart,uvpqeT, a,p,a,p,,r,6 el andnez J}
i=1 j=1

,and X denotes a finite sum and z," is the set of all positive integer with zero.

Definition 3.21 : A nonempty subset A of a PO-ternary I'-semiring T is a right PO-ternary I'-idealof T if
(1) a, b € A'implies a + be A.

(2)b,ce T,a feT,ac Aimpliesaabste A.

(B teT,aec A, t<a=te A.

Note 3.22 : A nonempty subset A of a PO-ternary I'-semiring T is a rightPO-ternary I'-ideal of T if and only if
A is additive subsemigroup of T, ATTIT < Aand (A] € A.

Definition 3.23 : A right PO-ternary I'-ideal A of a PO-ternary I'-semiring T is said to be a principal right PO-
ternary I'-ideal generated by a if A is a right PO-ternary I'-ideal generated by {a} for someae T. It is denoted
by R (a) (or) <a>,.

Theorem 3.24 : If T is a po-ternary I'-semiring and ae T then

[ | -
R(@) = (A], where A={%" ae rgt +na:r,t,eT,a,f el andne z, {,¥ denotes a finite sum and

Limt J

z, " is the set of all positive integer with zero.

Definition 3.25 : A nonempty subset A of a PO-ternary T-semiring T is a two sided
PO-ternary I'-idealof T if

(1) a,be Aimpliesa+be A

(2) b,ce T,a FeT,ac Aimplies bacsac A, aabste A.

(3) teT,ae A, t<a=teA.

Note 3.26: A nonempty subset A of a PO-ternary TI-semiring T is a two sided PO-ternary
I'-ideal of T if and only if it is both a left PO-ternary I'-ideal and a right PO-ternary I'-ideal of T.
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Definition 3.27 : A two sided PO-ternary I'-ideal A of a PO-ternary I'-semiring T is said to be the principal two
sided PO-ternary T-ideal provided A is a two sided PO-ternary I-ideal generated by {a} for someae T. It is
denoted by T (a) (or) <a>.

Theorem 328 : If T is a PO-ternary I-semiring and a € T then T(@) = (A], where
( " " ]
n rasfa+y aat,pu+y Lampay péa o +na:
A :J j-1 k=1 L and ¥ denotes a
i=1 .
|L rnsptpudmepod et o B a,. B a.B,.7,.6 €l andne Z, J

finite sum and z " is the set of all positive integer with zero.

Definition 3.29 : A nonempty subset A of a PO-ternary I'-semiring T is said to be PO-ternary I'-idealof T if
(1) a, b € Aimplies a + be A

(2)b,c e T,a FeT,ac Aimpliesbacpac A, baaste A, aabste A.

(B teT,ae A, t<a=te A.

Note 3.30 : A nonempty subset A of a PO-ternary I'-semiring T is aPO-ternary I'-ideal of T if and only if it is
left PO-ternary I'-ideal, lateral PO-ternary I'-ideal and right PO-ternary I'-ideal of T.

Definition 3.31 :An element a of a PO-ternary I'-semiring. T is said to be regular if there exist x, y€ T such that
a<aaxpapydaforall @, g, y, SET.

IV.  Pure po-ternaryI-ideals in ordered ternary I'-semiring
In this section we define pure po-ternary I'-ideals in ordered ternary I'-semiring.

Definition 4.1: Let T be an ordered ternary I'-semiring. A two-sided po-ternary I'-ideal A of T is called a left
(respectively, right) pure two-sided po-ternary -ideal if for each x € A there existy;,zi€ A, @, /i€ T wherei €

Asuch that x < > y,a,z,8,x (respectively, x < 3" xa,y,f,z, ). Apo-ternary I'- ideal A of Tis called left
i=1 i=1

(respectively, right) pure po-ternary I'-ideal if for each x €A there existy; ,z € A, 4, £ € I’ where i €Asuch that

x <> ya,z,p,x (respectively x < > xa,y,f,z, ). Similarly, we define one-sided left and right pure po-
i=1 i=1

ternary I'-ideals.

Theorem 4.2: Let T be an ordered ternary I'-semiring and A a two-sided po-ternaryI-ideal of T. Then A
is right pure po-ternary two-sided I'-ideal if and only if B\A = ([B['AT'A]] for all right po-ternary I'-ideals
Bof T.

Proof:Assume that A is right pure two-sided po-ternary I'-ideal. Let B be a right po-ternary T'-ideal of T. We
have [BI'AT'A] €[BI'TI'T] €B. Then ([BI'AT'A]] <(B] = B. Since [BI'ATA] S[TI'TI'A] €A, so ([BTAI'A]] €(A] =
A.Hence ([BI'AT'A]] SBNA.To prove the reverse inclusion, let x EBNA. By assumption, there exist y; ,z €A, «;,

A€ T wherei €Asuchthat x < 3 xa,y,f,z, .Since > xa,y Bz, €[BIAI'A], we obtain x €([BI'AA]].
i=1 i=1
Thus BNAS([BI'ATA]].

Conversely, suppose that B N A = ([B['AT'A]] for all right po-ternary I'-ideals B of T. Let x €A. Since
(DJUIXCTIT]] is a right po-ternary T-ideal of T and [TITIA] <A, we have ({XJU[XTTIT]] NA =
([ JUXTTITIITATA]] S(IXTATA] U[IXCTITITATA]] S(IXTACA]l.  Since x €({JUXTTITI] NA,
X €([XT’AT'A]]. Hence A is a right pure two-sided po-ternaryI'-ideal of T.

Definition 4.3: An ordered ternary I'-semiring T is said to be right weakly regular if for any
XE T, X€ ([[XCTTTIC[XTCTCT]C[XTTTCT]]]
Note that every regular ordered ternary I'-semiring is right weakly regular.

Theorem 4.4: Let T be an ordered ternary I'-semiring. The following are equivalent.

(i) T is right weakly regular.

(i) (JATAT'A]] = A for all right po-ternary I'-ideals A of T.

(iii) BNA = ([BTAT'A]] for all right po-ternary I'-ideals B and all two-sided po-ternary I-ideals A of T.
(iv) BNA = ([BT'AI'A]] for all right po-ternaryI'-ideals B and all po-ternary I'-ideals A of T.
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Proof:(i) = (ii). Assume that T is right weakly regular.

Let A be a right po-ternary I'-ideal of T.

Since [ATATA] € [ATTIT] €A, we have ([ATATA]] € A.

Let x € A. By assumption, xe ([[XTTI T]C[XTTTT]T[XTTIT]]] € ([ATATCA]].

Then A < ([ATATA]], whence ([ATATA]] = A.

(i) = (i). Assume that ([ATAT'A]] = A for all right po-ternary T'-ideals A of T.

Let x € T. Since ({X}U[xXI'TI'T]] is a right po-ternary I'-ideal of T, we have
(LFUIXCTITI] = ([(QGUIXTTTTIT X GUIXTTITIIN({XFUXTTI T
C{[XTXOX]FUIIXOXIX] TT TJU[XDXC T TIX]U[[XOXT TIT TE[XT T T]JU[[XTTTT]IXIX]
U[[IXTTTT]OXC[XCTET]U[[XT T T [XT T TIDX]JU[[XT T T|T[XT T T]T[XCTIT]]].

Since xe ({x}uU [xI'TT'T]], we obtain (by calculations) xe ([[XCTTT]C[xTTTT]C[xTTTT]]].
Hence T is right weakly regular.

(i)=(iii). Assume that T is right weakly regular. Let B and A be a right po-ternary I'-ideal and a two-sided po-
ternary I'-ideal of T, respectively. Since [BTATA] € [BI'TI'T] € B, ([BFATA]] < B.
Similarly, ([BTATA]] € A.Then ([BFTATA]] € B N A.

Let x€ BN A. We have ([[xTTTT]T[xI T T]C[XITTT]]] € ([BTATA]].

By assumption, we get x€ ([[XTTTT]C[XTCTTT]T[XTTTT]]], hence xe ([BTATA]].

Thus BNA € ([BIATA]], whence BNA = ([BIATA]].

That (iii) =(iv) is clear.

(iv) = (i). Assume that BNA = ([B[ATA]] for all right po-ternary I'-ideals B and all po-ternary I'-ideals A of T.
To prove that T is right weakly regular, let xe T.

We have ({XJUIXTTIT]] and ({GUXTTITJU[TTTIXJU[TIXTTJU[TT[TOXTT]IT]] are rightpo-ternary I'- ideal
and ideal of T, respectively.

Then (PGUIXTCTITIIN(XGUIXTTITIU[TTTIXJU[TOXTTJU[TT[TIXTTITT]]
=(PGUIXTTI T UXCTITJU[ T TOXJU[TOXC TJU[TT[TOXCTICT]IT
(LGUXCTTTIU[TTTIXJU[TOXC TJU[TT[TOXCTICT]]]

S ({XIXTXFUXTXTX]I T T TUXTXT T TIXJUIXT[XTCTIX]TT]
UXCXTTTTICXCTTT]JUIXT[TETIX]CXJU[XCTTT]C[XIXTTICT]

U[IXTTT T XTI T TIDXJU[[IXT T T XTI TOX] T TJU[[XT T T]T[XT T T]T[XTTIT]]
U[[IXTTOX]TTOXJU[IXCTOX]C[TIXT TITT]U[[XTCTOX]T[TTTIX]CT]]

C ([IXTTITICXTTTTIT[XTTTT]].

Thus X €([[XTTIT]C[XITTT]C[XTTTT]]].

Hence T is right weakly regular ordered ternary I'-semiring.

Theorem 4.5.Let T be an ordered ternary I'-semiring. The following areequivalent.
(i) T is right weakly regular.

(i) Every two-sided po-ternaryI-ideal A of T is right pure.

(iii) Every po-ternaryI'-ideal A of T is right pure.

Proof: This follows from Theorem 4.2, and Theorem 4.4.

Definition4.6: An element a of a po-ternary I'-semigroup T is said to be zero of T provided aecbst = baast =
bacfa=aanda<tv b,ce T, a feT.

Theorem 4.7.Let T be an ordered ternary I'-semiring with zero 0.

(i) {O}is a right pure po-ternaryrI'-ideal of T.

(if) Union of any right pure two-sided po-ternaryI'-ideals (respectively, po-ternary I-ideal) of T is a right
pure two-sided po-ternaryrI-ideal (respectively, po-ternary I-ideals) of T.

(iii) Finite intersection of right pure two-sided ideals (respectively, ideal) of T isa right pure two-sided po-
ternaryr-ideal (respectively, po-ternary I-ideals) of T.

Proof:(i) This is obvious.

(ii) Let A;, i €1 be right pure two-sided po-ternary I'-ideals of T. We have |J A, isa

two-sided po-ternary I'-ideal of T. Letx €[ J A, . Then x €A; for some j €l.

Since A; is right pure two-sided po-ternary TI-ideal, there exist y, z €A, @ 4 € T such that

x <[xaypz]. Sincey, z eAS|J A, , we have | J A isright pure.

(iii) Let A, A, ...... Aqbe right pure two-sided po-ternary I'-ideals of T.
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Then( A, is a two-sided po-ternary I'-ideal of T.

i=1

Letxe N A .Forke {12 ..., n }, there exist yy, Zk€Ay, @, Felsuch that x <[xays4z].

i=1

We have x <[[Xey.FZ] -...... [Y2az,6y1]y21].Since [[ynazond] -..... [Y2p226Y1]€24] eﬁ A, , we have ﬂ A is a

i=1 i=1

right pure two-sided po-ternary I'-ideal of T.

Theorem 4.8.Let T be an ordered ternary I'-semiring with zero 0 and A is a two-sided po-ternary I-ideal
of T. Then A contains the largest right pure two-sided po-ternary I'-ideal of T, denoted by S(A). S(A) is
called the pure part of A.
Proof: Since {0}is a right pure two-sided po-ternary ideal of T contained in A, it follows thatthe union of all
right pure two-sided po-ternary I'-ideals of T contained in A exists, and henceit is the largest right pure two-
sided po-ternary I'-ideal of T contained in A.

Similarly, we have the following.

Theorem 4.9.Let T be an ordered ternary I'-semiring with zero 0 and A is a po-ternary I'-ideal of T. Then
A contains the largest right pure po-ternary I'-ideal of T.

Theorem 4.10.Let T be an ordered ternary I'-semiring with zero 0. Let A, B and A;,

i€l be two-sided po-ternary I'-ideals of T.

(i) SCANB) = S(A)NS(B).

iy sy esiy A

Proof:(i) Since S(A) €A and S(B) =B, we have S(A) N S(B) €A NB.

HenceS(A)NS(B) € S(ANB). Since S(ANB) SANB SA, we get S(ANB)SS(A).

Similarly, S(ANB)< S(B). Then S(A NB) € S(A) N S(B), whence S(A NB) = S(A) N S(B).

(i) Since S(Aj)) € A foralli € I, we have | J S(A) S[J A . Then [JS(A) Es(J A).

Definition4.11: A right pure two-sided po-ternary I'-ideal A of an ordered ternary I'-semiring T is said to be
purely maximal if for any proper right pure two-sided po-ternary I'-ideal B of T, A < B implies A = B.

Definition 4.12: A proper right pure two-sided po-ternary I'-ideal A of an ordered ternary I'-semiring T is said to
be purely prime if for any right pure two-sided po-ternary I'-ideals B;,B, of T, B; NB,S A implies B;S A or
B,c A.

Theorem 4.13:Every purely maximal two-sided po-ternary I'-ideal of an ordered ternary I'-semiring T is
purely prime.

Proof: Let A be a purely maximal two-sided po-ternary I'-ideal of T. Let B and C be right pure two-sided po-
ternary I'-ideals of T such that BNC € A and B € A. Since BUA is a right pure two-sided po-ternary I-ideal
such that A c BUA, so T = BUA.

We have C=C NT=C N(BUA) = (C NB)U(C NA) € A. Then A is purely prime.

Theorem 4.14:The pure part of any maximal two-sided po-ternary I-ideal of an ordered ternary T-
semiring T with zero is purely prime.

Proof: Let A be a maximal two-side po-ternary I'-ideal of T. To show thatS(A) is purely prime, let B,C be right
pure two-side po-ternary I'-ideals of T such that B NC < S(A). If B € A, then B €S(A). Suppose that B € A.
We have BUA is a two-side po-ternary I'-ideal of T. By maximality of A, T = BUA, and hence C € A.

Thus C €S(A).

Theorem 4.15: Let T be an ordered ternary I'-semiring and Aa right pure two-sided po-ternary I'-ideal of
T. If xe T \A, then there exists a purely prime two-sided po-ternary I'-ideal B of T such that A € B and x¢
B.

Proof: LetP = {B | B is a right pure two-sided po-ternary I'-ideal of T, A € B and x¢ B}. Since A € P, P #0.
Under the usual inclusion, P is a partially ordered set. Let By,ke K be a totally ordered subset of P. By Theorem
4.7, B, is aright pure two-sided po-ternary I'-ideal of T. Since A € B, and x¢ | J B, , we have | J B, € P.

keK keK keK keK

By Zorn’s Lemma, P has a maximal element, say M. Then M is a right pure two-Sided po-ternary I'-
ideal, AS M and x¢ M. We shall show that M is purely prime. Let A; and A, be right pure two-sided po-ternary
I'-ideals of T such that A€ M and A& M. Since A;, A; and M are right pure two-sided po-ternary I'-ideals of
T, we obtain A;UM and A,UM are right pure two-sided po-ternary I'-ideals of T such that M < A;UM and

DOI: 10.9790/5728-11540513 www.iosrjournals.org 10 | Page



On Pure PO-Ternary I'-Ideals in Ordered Ternary I'-Semirings

M c A,UM. Thus xeAjUM (k = 1,2). Since x¢ M, xe AjNA,.Hence A; NA,Z M. This shows that M is purely
prime.

Theorem 4.16:Any proper right pure two-sided po-ternary I'-ideal A of an ordered ternary I'-semiring T
is the intersection of all the purely prime two-sided po-ternary I'-ideals of T containing A.
Proof:By Theorem 4.15, there exists purely prime po-ternary I'-ideals containing A.

Let {B;: | € I}be the set of all purely prime two-sided po-ternary I'-ideals of T containing A. We have A < O B,
. Toshow that ") B, = A . Let x €A. By Theorem 4.15, there exists purely prime po-ternary I'-ideal B; such that
keK

A €B; and x €B;. Hence ne, -

V.  Weakly pure ideals in ordered ternary PO-semi-rings
In this section, we introduce the concept of weakly pure po-ternary T'-ideal in ordered ternary I'-
semiring.

Definition 5.1.Let T be an ordered ternary I'-semiring. A two-sided po-ternary T-ideal A of T is called left
(respectively, right) weakly pure if A NB = ([ATAl'B]](respectively,A NB = ([BI'AT'A]]) for all two-sided po-
ternary I'-ideals B of S.

In an ordered ternary I'-semiring, every left (right) pure two-sided po-ternary I'-ideals is left(right)
weakly pure.

Theorem 5.2:Let The an ordered ternary semigroup with zero 0. If A and B are two-sidedpo-ternary I'-
ideals of T, then

BrA™ = {teT |V x, yEA, &, ST [xayp] €B}

A I'B={teT |V x, YEA, @, feT [taxpy] EB}
are two-sided po-ternary I'-ideals of T.
Proof: We shall show that BTA™ is a two-sided po-ternary I-ideal of T. That A ;T'B is a twosided po-ternary I
ideal of T can be proved similarly. Clearly, 0 € BFA™.Let u, vé T, @, £€I and t€ BFA™. To show that
[uavs] € BFA™, letx, ye A. Since [yyuav] € A for y, & € T, we have [xey[udvA]] = [xdyudv]A] € B. Thus
[uavA] € BTA™. Let x€ BTA *and ye T be such that y < x. Let z, we A. Since [zawsy] <[ zawyx] and [zawyx]
€ B, we have [zaw] € B. Hence ye BI'A™%. Therefore, BTA™ is a two-sided po-ternary I-ideal of T.

Theorem 5.3:Let T be an ordered ternary I'-semiring and Aa two-sided po-ternary I-ideal of T. Then A is
left (right) weakly pure two-sided po-ternary I-ideal if and only if (BTA™)N A = ANB ((BTA_)NA =
ANB) for all po-ternary I'-ideals B of T.

Proof:Suppose that A is left weakly pure two-sided po-ternary I'-ideal. Let B be a po-ternary I'-ideal of T. By
Theorem 5.2, BFTA™ is a two-side po-ternary I-ideal of T, and thus ANBIA™* = ([ATAT(BTA H]]. Since
[ATAT(BTA )] < [AITIT] € A, we have ([ATAT(BIFA™])] € (A] = A. Let te ([ATAT(BI'A™)]] be such that t
< [xaypz] for some x,y€ A, a, fel’,z€ BIA™. By Definition of BTA™, [xayz] € B. Thus t€ B. This proves that
ANBTA™c ANB. For the reverse inclusion, let a€ ANB. Since [xay/4a] € B for any x,y€ A,z, FeT, we have
a€ BTA™. We get acBI'A ™' NA, and then ANB SBIA™ ! NA.

Conversely, assume that (BTA™)NA = ANB for all po-ternary I'-ideal B of T. To showthat A is left
weakly pure two-sided po-ternary I-ideal, let C be any po-ternary TI-ideal of T. To show that ANC =
(IATATC]]. By assumption, ANC = CTA'NA. Since [ATATC] € [AI'TIT] € A, ([ATAIC]] € A.Let te
([ATCAI'C]] such that t < [xaygz] for some x,ye A,a, felze C and let a,be A. Since [a[bgkpy]dz] =
aabAxpydz] € C, we obtain [xpydz] € CTA™, and so te CTA™. Then ([ATAI'C]] < CT'A L. This proves that
(IATATC]] € ANC. For the reverse inclusion, we have C € ([ATATC]JTA ™" because c€ C,a,b€ A, @, feT
implies [azbst] € [ATAIC] € (JATATC]]. Then ANC € ([ATAIC]ITA 'NA = AN([ATAIC]] € ([ATATC]].

Theorem 5.4: Let T be an ordered ternary I'-semiring. The following are equivalent.

(i) Every two-sided po-ternary I'-ideal is left weakly pure two-sided po-ternary I'-ideal.

(ii) For every two-sided po-ternary I'-ideal A of T, [ATAIA] = A. i.e. each two-sided po-ternary I'-ideal is
idempotent.

(iii) Every two-sided po-ternary I'-ideal is right weakly pure two-sided po-ternary I'-ideal.

Proof : (i) = (ii) Suppose that each two-sided po-ternary I'-ideal of T is left weakly pure. Let A be the two

sided po-ternary I'-ideal of T, then for each two- sided po-ternary I'-ideal B of T we have A N B = ATAI'B. In

particular A = A N A= ATATA. Therefore each two-sided po-ternary T'-ideal of T is idempotent.
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(ii) = (i) Suppose that each two-sided po-ternary T'-ideal of T is idempotent. Let A be a two-sided po-ternary
I'-ideal of T, then for any two-sided po-ternary I'-ideal B of T we always have ATATB = A N B. On the other
hand, AN B = (AN B)I'(A N B)['(A N B) < AIAI'B. Hence we have A N B = ATAI'B. Thus A is left weakly
pure.

(i) = (iii) Similarly as (ii) = (i)

(iii) = (ii) Suppose that each two-sided po-ternary I'-ideal of T is right weakly pure two-sided po-ternary I'-
ideal. Let A be any two-sided po-ternary I'-ideal of T. Then A is right weakly pure. Therefore for each two-
sided po-ternary TI'-ideal B of T, we have A N B = BTATA. In particular A N A = ATATA. Thus each two-
sided po-ternary I'-ideal of T is idempotent.

6. Pure spectrum of an ordered ternary I'-semiring

Notation 6.1 :Let T be an ordered ternary I'-semiring with zero such that [TTTI'T] = T.The set of all right pure po-
ternary I-ideals of T and the set of all proper purely prime po-ternary
I'-ideals of T will be denoted by P(T) and P’(T), respectively. For A € P(T), let

IAa={0€P(T)|A LI} and «(T)={In| A € P(T)}.

Theorem 6.2: 1(T) forms a topology on P'(T).
Proof: Since {0} is a right pure po-ternary I'-ideal of T and I = @, we have @ € t(T). Since T is a right pure po-
ternary I'-ideal of T such that I+ = P'(T), we get P'(T) € t(T).

Let {1, | @« € A}JS T). We have [J I, ={JeP(T):A, & J for some « € A} =
ael

Un Whence (J I, €t (T). Let 1, 1,

aeh ael

L, N1, = 1,4, thereforeletJe 1, N1, . Wehavel € P(T), Ay & Jand A, & J. Suppose that A;NA; S J.

{JeP(M):UA, €]} =1 € ©(T). We shall show that

Since J is purely prime, A; € J or A, € J. A contradiction. ThenJe 1, N1,  hence I, N1, S . For

|
AN A,

the reverse inclusion, letJ € 1 . SinceA; N A, €J,A; € Jand A, € J. This implies that J € Ly, N Ly, , thus

ANA,

| ct1, Nt, . Consequently, I, N1, =1 which implies 1, N 1, € (T). Therefore ¢(T) forms a

ANA, — ANA, !

topology on P'(T).

VI. Conclusion

In this paper mainly we start the study of pure po-ternary I'-ideals, weakly pure po-ternary I'-ideals and
purely prime po-ternary T-ideals in po-ternary I'-semirings. We characterize po-ternary I'-semirings by the
properties of pure and weakly pure po-ternary I'-ideals.
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