IOSR Journal of Mathematics (IOSR-JM)
e-1SSN: 2278-5728, p-ISSN: 2319-765X. Volume 11, Issue 5 Ver. 1V (Sep. - Oct. 2015), PP 34-37
WwWw.iosrjournals.org

Great Algebra or simply Gr-Algebra

Dr.K.Muthukumaran
Controller of Examinations and Associate Professor / P.G. and Research Department Of
MathematicsSaraswathi Narayanan College, Perungudi MaduraiTamil Nadu, India, Pincode-625022.

Abstract: A new algebraic structure Great Algebra or simply Gr-Algebra with three binary operations is
defined. Additive Commutative Gr-Algebra, Multiplicative Commutative Gr-Algebra, Bi- Commutative Gr-
Algebra, Tri-commutative Gr-Algebra, Gr-Algebra with multiplicative identity, Multiplicative Gr-Algebra Unit,
Division Gr-Algebra, Field Gr-Algebra, R-identity and L-identity and identity of a Gr-Algebra are defined.
Keywords : Gr-Algebra, Division Gr-Algebra, Field Gr-Algebra, R-identity and L-identity and identity, Right-
Unit, Left-Unit.

I. Introduction

Algebraists say group theory is one of the richest branches of algebra. W e study group with one binary
operation. But in rings there are two binary operations. If (R, +, .) is a ring, then with respect to the first
operation, it should be an abelian group and with respect to the second operation it should be a monoid.
Distributive property is also satisfied. After defining ring, commutative ring, ring with identity and division ring
are defined. This motivated me to define the new algebraic structure Great Algebra or simplyGr-Algebra. The
study of the new algebraic structure Great Algebra or Gr-Algebra with three binary operations will motivate the
researcher.

Il. Great Algebra
2.1 Definition : Great Algebra or simply Gr-Algebra: A non-empty subset A together with three binary
operations denoted by +, . and / is called a Great Algebra or simply Gr-Algebra ifl. (A, +)is a group
2. (A, .)isasemigroup
3. . is distributive over + and
4./is closed in A.
A Great Algebra or Gr-Algebra is always denoted by (A, +,.,/).

2.1.1  Example : Let Q be the set of all rational numbers. Then (Q, +, . =), where + is the usual addition, .
is the usual multiplication and + is the division, is a Great Algebra or simply Gr-Algebra.

2.1.2 Example :Let R be the set of all real numbers. Then (R, +, . +), where + is the usual addition, . is the
usual multiplication and =+ is the division, is a Gr-Algebra.

2.1.3 Example :Let S be any set. Consider P(S), the power set of S. Then (P(S), A, N, U ), where A is the
symmetric difference of sets ,N is the intersection of sets and U is the union of sets, is a Gr-Algebra.

2.2 Definition : Additive Commutative Gr-Algebra : A Gr-Algebra ( A, +, ., /) is said to be additive
commutative ifa+ b =b + a, for all a,beA.

221 Example : (Q, +,.+), where + is the usual addition, . is the usual multiplication and + is the
division, is an additive commutative Gr-Algebra.

2.3 Definition : Multiplicative Commutative Gr-Algebra: A Gr-Algebra ( A, +, ., /) is said to be
multiplicative commutative if a.b = b. a, for all a,beA.

231 Example: (Q, +,.+), where + is the usual addition, . is the usual multiplication and + is the
division, is a multiplicative commutative Gr-Algebra.

2.4 Definition : Bi- Commutative Gr-Algebra : A Gr-Algebra ( A, +, ., /) is said to be a bi-
commutativeGr-Algebra if (i) a + b = b + a, for all a,beA and (ii) a.b = b. a, for all a,beA.
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241 Example : (Q, +,.+), where + is the usual addition, . is the usual multiplication and + is the
division, is a bi- commutative Gr-Algebra.

242 Example : (R, +, .+ ), where + is the usual addition, . is the usual multiplication and =+ is the
division, is a bi- commutative Gr-Algebra.

2.5 Definition : Tri-commutative Gr-Algebra : A Gr-Algebra ( A, +, ., /) is said to be a Tri-commutative
Gr-Algebraif (i)a+ b =b + a, for all a,beA and (ii) a.b = b. a, for all a,beA and (iii)a/b =b/a, for all a,becA

2.5.1 Example : Let S be any set. Consider P(S), the power set of S. Then ( P(S), A, N, U ), where A is the
symmetric difference of sets ,N is the intersection of sets and U is the union of sets, is a Tri-commutative Gr-
Algebra.

2.6 Definition : Gr-Algebra with multiplicative identity : A Gr-Algebra (V, +, ., /) is said to be a Gr-
Algebra with multiplicative identity if there exists an element denoted by 1 in A such that a.1 = a = 1.a, for all
acA.

26.1 Example: (Q, +,.+), where + is the usual addition, . is the usual multiplication and + is the
division, is a Gr-Algebra with multiplicative identity

26.2 Example: (R, +,.+), where + is the usual addition, . is the usual multiplication and + is the
division, is a Gr-Algebra with multiplicative identity.

2.7 Definition : Multiplicative Gr-Algebra Unit : Let ( A, +, ., /) be a Gr-Algebra with multiplicative
identity 1. An element a+0 in A is said to be a multiplicative Gr-Algebra unit if there exists an element b + 0 in
Asuchthat ab=1=b.a.

2.8 Definition : Division Gr-Algebra : A Gr-Algebra ( A, +, ., /) with multiplicative identity 1 is said to
be a Division Gr-Algebra if every non-zero element in A is a multiplicative Gr-Algebra unit in A.

2.8.1 Example :. Every non-zero element in ( Q , +, . + ), where + is the usual addition, . is the usual
multiplication and + is the division, is a multiplicative Gr-Algebra unit in Q.

2.8.2 Example : Every non-zero element in (R, +, . + ), where + is the usual addition, . is the usual
multiplication and + is the division, is a multiplicative Gr-Algebra unit in R.

2.9 Definition : Field Gr-Algebra : A Bi-commutative Division Gr-Algebra ( A, +, ., /) is said to be a
Field Gr-Algebra.

29.1 Example: (Q,+,.+), where + is the usual addition, . is the usual multiplication and + is the
division, is a Field Gr-Algebra.

29.2 Example: (R, +,.+), where + is the usual addition, . is the usual multiplication and + is the
division, is a Field Gr-Algebra.

2.10 Definition : A Gr-Algebra ( A, +, ., /) is said to have a right-identity or simply a R-identity if there
exists an element 1’ in A such thata /1’ = a, for all acA.
The element 1° is called right-identity or R-identity of the Gr-Algebra( A, +, ., /).

2.10.1 Example : In the Gr-Algebra (R, +, . +), where + is the usual addition, . is the usual multiplication
and =+ is the division, 1 is the R-identity.

2.11 Definition : A Gr-Algebra ( A, +, ., /) is said to have a left-identity or simply a L-identity if there
exists an element 1’ in A such that 1’ / a = a, for all acA.
The element 1’ is called left-identity or L-identity of the Gr-Algebra( A, +, ., /).

2.12 Definition :A Gr-Algebra (A, +, ., /) is said to have an identity if there exists an element 1’ in A such
thata/1’=a =1"/a, for all acA.
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2.12.1 Example : Let S be any set. Consider P(S), the power set of S. Then ( P(S), A, N, U ), where A is the
symmetric difference of sets ,N is the intersection of sets and U is the union of sets, is a Gr-Algebra. In this Gr-
Algebra (P(S), A, N, U), $, the empty set, is the R-identity and L-identity and hence the identity of the Gr-
Algebra.

2.13 Definition : Right-Unit : An element a # 0 in a field Gr-Algebra ( A, +, ., /') with R-identity is said to
be a Right-Unit of the Gr-Algebra or simply a R-Unit of the Gr-Algebra if there exists an element a’+ 0 in A
such thata/a’ =1’

2.13.1 Example : (R, +,. <), where + is the usual addition, . is the usual multiplication and + is the
division, is a Field Gr-Algebra. Every non-zero element in the Gr-Algebra (R, +, . +) is a R-unit.

2.14 Definition : Left-Unit : An element a # 0 in a field Gr-Algebra ( A, +, ., /) with L-identity is said to
be a Left-Unit of the Gr-Algebra or simply a L-Unit of the Gr-Algebra if there exists an element a’+ 0 in A such
that a’/a=1".

2141 Example : (R, +, .+ ), where + is the usual addition, . is the usual multiplication and + is the
division, is a Field Gr-Algebra. Every non-zero element in the Gr-Algebra (R, +, . +) is a L-unit.

2.15 Definition : Unit : An element a 0 in a field Gr-Algebra ( A, +, ., /) is said to be a Unit Of the Gr-
Algebra if it is both Left-unit and Right-unit..

2.15.1 Example : (R, +,. <), where + is the usual addition, . is the usual multiplication and =+ is the
division, is a Field Gr-Algebra. Every non-zero element in the Gr-Algebra (R, +, .+ ) is unit.

2.16 Definition :Let ( A, +, ., /) be a Bi-commutative Gr-Algebra with multiplicative identity 1.
Define A>={ab/abeA}

Define / on A? by the following ;

For x, y € A, where x=ab and y=cd, x/y=ab/cd = (a/c).(b/d) = (a/d).(b/c)

2.17 Definition : Let ( A, +, ., /) be a Bi-commutative Gr-Algebra with multiplicative identity 1. An
element a #0 in A is said to be a multiplicative zero divisor if there exists an element b # 0 in A such that a.b
=0.

2.18 Propositions
2.18.1 Proposition : Let ( A, +, ., /) be a Bi-commutative Gr-Algebra with multiplicative identity 1, R-
identity 1” and without multiplicative zero divisor. Then the set of all R-units of A is closed under . in A.

Proof : Let (A, +,.,/) be a Bi-commutative Gr-Algebra with multiplicative identity 1, R-identity 1’and without
multiplicative zero divisor.
Let R be the set of all R-units of A.
Leta,beR
Then a and b are R-units of A.
Therefore,a #0andb #0
Also there exist elements ¢ Z0andd #0in A suchthata/c=1andb/d=1".
Since ¢ #0andd #0 and A has no multiplicative zero divisor , cd # 0.
Since a #0 and b #0 and A has no multiplicative zero divisor , ab # 0.
Now ab / c¢d = (a/c).(b/d)
=10
=71
Therefore, ab is a R-unit in A.
Therefore, ab € R.
2.18.2 Proposition : Let (A, +, ., /) be a Bi-commutative Gr-Algebra with multiplicative identityl, L-identity
1’and without multiplicative zero divisor. Then the set of all L-units of A is closed under . in A.

Proof : Let (A, +, .,/) be a Bi-commutative Gr-Algebra with multiplicative identity 1, L-identity 1’and without
multiplicative zero divisor.

Let L be the set of all L-units of A.

Leta,belL
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Then a and b are L-units of A.

Therefore,a #0andb #0

Also there exist elements ¢ #0andd #0in Asuchthatc/a =1’andd/b=1".
Since ¢ #0and d #0 and A has no multiplicative zero divisor , cd # 0.

Since a #0 and b #0 and A has no multiplicative zero divisor , ab # 0.

Now cd / ab = (c/a).(d/b)

=1.r
=71

Therefore, ab is a L-unit in A.
Therefore, ab e L.

I11. Conclusion
The study of the new algebraic structure Great Algebra or simply Gr-Algebra with three binary

operations will motivate the researcher. Additive Commutative Gr-Algebra, Multiplicative Commutative Gr-
Algebra, Bi- Commutative Gr-Algebra, Tri-commutative Gr-Algebra are very interesting nto study. Gr-Algebra
with multiplicative identity, Multiplicative Gr-Algebra Unit, Division Gr-Algebra, Field Gr-Algebra, R-identity
and L-identity and identity of a Gr-Algebra are also interesting and thought provoking.

[1].
[21.

3.
[41.

[51.
[6].

[71.

8.

9.

Bibliography
1.N.Herstein, Topics In Algebra, Wiley Eastern Limited.
John T.Moore, The University Of Florida /The University Of Western Ontario, Elements Of Abstract Algebra, Second Edition, The
Macmillan Company, Collier-Macmillan Limited, London,1967.
K.Muthukumaran And M.Kamaraj, “Artex Spaces Over Bi-Monoids”, “Research Journal Of Pure Algebra”, 2(5), May 2012,
Pages 135-140.
K.Muthukumaran And M.Kamaraj, “Subartex Spaces Of An Artex Space Over A Bi-Monoid” ,“Mathematical Theory And
Modeling”(With Ic Impact Factor 5.53), An Usa Journal Of “International Institute For Science, Technology And Education”,
Vol.2, No.7, 2012, Pages 39 — 48.
K.Muthukumaran And M.Kamaraj, “Bounded Artex Spaces Over Bi-Monoids And Artex Space Homomorphisms”, “Research
Journal Of Pure Algebra”, 2(7), July 2012, Pages 206 — 216.
K.Muthukumaran And M.Kamaraj, “Some Special Artex Spaces Over Bi-Monoids”, “Mathematical Theory And Modeling”(With
Ic Impact Factor 5.53), An Usa Journal Of “International Institute For Science, Technology And Education”, Vol.2, No.7, 2012,
Pages 62 — 73.
K.Muthukumaran And M.Kamaraj, “Boolean Artex Spaces Over Bi-Monoids”, Mathematical Theory And Modeling” (With Ic
Impact Factor 5.53), An Usa Journal Of “International Institute For Science, Technology And Education”, Vol.2, No.7, 2012,
Pages 74 — 85.
K.Muthukumaran And M.Kamaraj, “Cap-Cosets And Cup-Cosets Of A Subset S In An Artex Space A Over A Bi-Monoid
M?”, “Tosr Journal Of Mathematics”, A Journal Of “International Organization Of Scientific Research”, Volume 2, Issue 1(July —
August 2012) Pages 17 - 22.
K.Muthukumaran And M.Kamaraj, “M-Artex Spaces Over Monoids And Cap-Quotient And Cup-Quotient M-Artex Spaces”,
“Iosr Journal Of Mathematics”, A Journal Of “International Organization Of Scientific Research” Volume 2, Issue 4(Sep —-Oc T
2012) Pages 22 - 28.

DOI: 10.9790/5728-11543437 www.iosrjournals.org 37 | Page



