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Further results on Antimagic Digraphs
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Abstract: An antimagic labeling of a digraph D with p vertices and q arcs is a bijection f from the set of all
arcs to the set of positive integers f:{1, 2, 3, ...,q} such that all the p oriented vertex weights are distinct, where
an oriented vertex weight is the sum of the labels of all arcs entering that vertex minus the sum of the labels of
all arcs leaving it. A digraph D is called antimagic if it admits an antimagic slabeling. In this paper we
investigate the existence of antimagic labelings of symmetric digraphs using Skolem sequences.
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. Introduction

By a graph G = (V, E) we mean a finite, undirected graph with neither loops nor multiple edges. The
order and size of G are denoted by n and m respectively. For graph theoretic terminology we refer to Chartrand
and Lesniak [2].

A digraph D consists of a finite nonempty set V of objects called vertices and a set E of ordered pairs
of distinct vertices. Each element of E is an arc or a directed edge. If a digraph D has the property that for each
pair u, v of distinct vertices of D, at most one of (u, v) or (v, u) is an arc of D, then D is an oriented graph. An
oriented graph can also be obtained by assigning a direction to (that is, orienting) each edge of a graph G. The
digraph D is then referred to as an orientation of G. A digraph H is called a subdigraph of a digraph D if V
(H)< V (D) and E(H) < E(D). A digraph D is symmetric if whenever (u, v) is an arc of D, then (v, u) is an arc
of D as well.

The underlying graph of a digraph D is obtained by removing all directions from the arcs of D and
replacing any resulting pair of parallel edges by a single edge. Equivalently, the underlying graph of a digraph D
is obtained by replacing each arc (u,,v) or a pair (u, v), (v, u) of arcs by the edge uv. For any graph G the digraph

obtained by replacing every edge uv of G by a pair of symmetric arcs uv and vu is denoted by G” and is called
the symmetric digraph of G.

A labeling of a graph G is a mapping that assigns integers to the vertices or edges or both, subject to
certain conditions. The labeling is called a vertex labeling or an edge labeling or a total labeling according as the
domain of the mapping is V or Eor VU E.

HefeTz et al. [3] introduced the concept of antimagic labeling of a digraph. An antimagic labeling of a digraph
D with p vertices and g arcs is a bijection from the set of arcs of D to f:{1, 2, 3,.., q} such that all p oriented
vertex weights are distinct, where an oriented vertex weight is the sum of the labels of all arcs entering that
vertex minus the sum of the labels of all arcs leaving it. A digraph D is called antimagic if it admits an

antimagic labeling. The oriented vertex weight of a vertex V €V (D) is denoted by w(v). An orientation D of a
graph G is called an antimagic orientation if the digraph D is antimagic.

HefeTz et al. [3] proved the following theorems, posed a problem and a conjecture.

Theorem 1.1. [3] For every orientation of every undirected graph that belongs to one of the following families,
there exists an antimagic labeling.

1. Stars S, on n+1 vertices for every n = 2.
2. Wheels W, on n+1 vertices for every n > 3.
3. Cliques K, on n+1 vertices for every n = 3.

Theorem 1.2. [3] Let G = (V,E) be a (2d +1) — regular (not necessarily connected) undirected graph with
d > 0. Then there exists an antimagic orientation of G.

Question 1.3. [3] Is every connected directed graph with at least 4 vertices antimagic?
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Conjecture 1.4. [3] Every connected undirected graph admits an antimagic orientation.

They observed that the answer to the Question 1.3 is “No” Indeed if G = K,, or K; then G admits an

orientation which is not antimagic. Thus not every directed graph is antimagic. Also they proved that the answer
to the Conjecture 1.4 is “Yes”.

In this paper we discuss the existence of antimagic labelings for symmetric digraphs and we use the concept of
Skolem sequence.

Skolem sequence was introduced by Skolem in 1957, which was used for the construction of Steiner triple
systems.

Definition 1.5. [1] A Skolem sequence of order n is a sequence S=(S;,S,,... S,, ) satisfying the following
conditions:
1. Forevery t €{1,2,3,...,n} there exist exactly two elements S;,S; € Ssuchthat 5; =s; =t.

2.1f s; =s; =t . with i < j, then j—i=L.
Skolem sequences can also be written as a collection of ordered pairs {(a; b;):1<i<n, b, —a; =i}
n
and U{ai,bi} ={1,2,3,...,2n}. For example, when n = 4 the Skolem sequence S = (1, 1, 3, 4, 2, 3, 2, 4) can
i1

be rewritten as {(1, 2), (5, 7), (3, 6), (4, 8)}. When n = 5, the Skolem sequence S =(2, 4, 2, 3,5, 4,3,1,1,5) can
be rewritten as {(8, 9), (1, 3), (4, 7), (2, 6), (5, 10)}.

Theorem 1.6. [5, 1] A Skolem sequence of order n exists if and only if N=0 or 1 (mod 4).

We now describe a method for the construction of a Skolem sequence of order N >5 where N=0
or 1 (mod 4). We use the ordered pair notation for the Skolem sequence.
When n = 4s, a Skolem sequence of order n is given by

(4s+r—-18s—-r+1) 1<r<2s,
(ri4s—-r-1) 1<r<s-2,
(s+r+13s—r) 1<r<s-2,

(s-13s),(s,s+1),(2s,45 -1),(25 +1,69).
When n = 4s + 1, a Skolem sequence of order n is given by

(4s+r+18s—r+3) 1<r<2s,
(rds—r+1) 1<r<s,
(S+r+23s—r+1) 1<r<s-2,

(s+1s+2),(2s+1,6s+2),(2s+ 2,45 +1).

Il.  Main Results
HefeTz et.al [3] introduced the antimagic labelings of digrraphs problems and they proved basic results and
proved some families of directed graphs admits an antimagic labelings. Also in [4], Arumugam and Nalliah
proved some few families of symmetric directed graphs are antimagic using skolem sequences. Now in this
section investigate few families of symmetric directed graphs are admits antimagic labeling using skolem
sequences.

Theorem 2.1. Let G =S, be the double star where r <sand r+s+1=0 orl(mod4)

Then G is antimagic.
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Proof. Let V(G)={c, uc,}U{u,,u,,..,u.}u{v,,v,,.,Vv.} be the vertex set of G. Then
E(G) ={c,c,}U{c,u,,c,u,,.., cu, FU{c,v,,c,v,,.., C,v }.Clearly the size of G is
g= E(G)|=r+s+1=0 orl(mod4). Hence there exists a Skolem sequence S of order ¢ and let
S={(a;,b)), (a,,b,),.... (@;,0,)} where 1<a, <2q, 1<b, <2qand b, —a; =i. Now we define
f 1 E(G") > {123..,2q}by

f'(c,c,) =ay,

f'(c,c,)=h,,

f'(c,u)=a,,,1<i<r,

f'(u,c,)=b,,,1<i<r,

fi(c,v))=a,,,,1<j<s,

f'(vic,)=b

rH
1< j<s.
r(r+1
2
W(v;) =—(r+1+ j),1< j<s. Clearly all the oriented vertex weights are distinct and hence f" is an

r+l+j?

Then w(c,) = , w(c,) =(r+1)s+ -Lw(;)=—(@+1, 1<i<r and

s(s+1)
2

antimagic labeling of G . O

Example 2.2. Let G=S,,,sothatr=4ands=4. Clearly I +s =1(mod4). A Skolem sequence of order
9 (in ordered pair notation) is given by S ={(3, 4), (13, 15), (6 ,9), (12, 16), (2, 7), (11, 17), (1, 8), (10, 18), (5

,14)}. The corresponding antimagic labeling of the symmetric digraph G is given in Figure 1.

3

—2 -3 -4 -5 -6 -7 -8 -9
Figure 1: An antimagic labeling of S} ,.

Agraph G =S  © K, isobtained from double star S, where I <'S attaching K, in pendent
vertices of S (. The order and size of Gis given by p=2r+2s+2and ¢=2r+2s+1.Suppose
1
g =0(mod4). Then 2r+2s+1=4k, k>1 which implies r +s= 2K "3 which is impossible. Hence
g=1mod4).
Theorem 2.3. Let G =S, ; © K, be the double star where I <S and 2r +2s+1=1mod4). Then G~
is antimagic.

Proof. Let V(G) ={c, L C, U{uy, Uy ey U FULVL, Vg ooy VFULX, X vy X F UYL, Yoo Yo e
the vertex set of G. Then E(G) ={c,c,}U{c,u,,cu,,.., c,u, 3U{c,v,,c,v,,..., c,v.} U
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LU, X, U Xy e, U X ULV YV, Yy 0 VoY 3 Clearly the size of G is = E(G) |=2r +2s+1=1
(mod 4).Hence there exists a Skolem sequence S of order ¢ and let S ={(a,,b,), (a,,b,),..., (a,,b,)}
where 1<a, <2¢,1<b <2qand b, —a, =i. Nowwe define f :E(G") —{1,2,3,..., 20} by
f'(c.c,)=a,,

f'(c,c,) =by,

f (c,u;)=b
fruic,)=a .
f*(CZVJ—): b
f*(Vjcz) = 8gsur 1S I S8,

f (ux)=a,, 1<i<r,

f (x,u)=b,,,1<i<r,
fr(vy,)=a,.;, 1< j<s,
f7(y,v,)=b,.,, 1< j<s.
Then W(X;) =—(i+1), 1<i<r,
w(y;)=—(r+j+1),1<j<s,

1<i<r,
1<i<r,

1< j<s,

r+s+i+1?

2r+s+1+j?

w(U;)=r+s+2+2i,1<i<r,
W(v;)=3r+s+2+2j,1< j<s,

w(c,) = {(r +S+r+ r(r2+1) —1} and

s(s+1
w(c,) = —[1+ (2r+s+1)s+ ( 5 )} :
Clearly all the oriented vertex weights are distinct and hence f “isan antimagic labeling of G "

Example 2.4. Let G=35,,©K, sothat r=s=2. Clearly q=2r+2s+1=1(mod4). A Skolem
sequence of order 9 (in order pair notation) is given in S={(3, 4), (13, 15), (6, 9), (12, 16), (2, 7), (11, 17), (4,
8), (10, 18), (5, 14)}. The corresponding antimagic of the symmetric digraph G is given in Figure 2.

-2 -3 -4 -5
Figure 2: An antimagic labeling of (S22 ® Ka)*.
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Agraph G =K, @K, ,1<i<n isobtained from star K, , with attaching K, , in every pendent
vertex of K, =~ where @, <a, <... < «,,.
n
Theorem 25. Let G =K, @K, , beagraphwhere & <, <... <, and [ZaiJ+ n=0 or

i1
1(mod4).Then G is antimagic.

Proof. Let V(G)={c}U{u;1<i<n}U{v;1<j<o;1<i<n}be the vertex set of G Then
E(G) ={cu;,1<i<n} U{uyv;,upVv;,...,uv;}h1<i<nand 1< j<a. Clearly the size of G

n
is = E(G) |=(ZaiJ+nEO or 1(mod4). Hence there exists a Skolem sequence S of order

i=1
q(Theorem 1.6). Let S={(a,,b) (a,,b,).., (a,,b,)} where 1<a <2q, 1<b, <2qand
b, —a, =i. Nowwe define f :E(G") —{L,23,...,2q}by
f*(CUi):bﬁ ,1<i<nand 1< j<¢q;,

a;i+]
i=1

f'(uc)=a, ,1<i<nand 1<j<gq,,

Yait]
i=1

f*(uivj):a(, ] ,1<i<n,1<j<q; and , =0,

Yoy |*]
k=1

(élakA}fi
Then w(C) = —{n(i a, } + @} :

f (vu)=b ,1<i<n,1<j<@q; and ¢, =0.

i=1

W(ui)=(a1 +a, +----+(1i,1)(1i +w, 1<i<nand a, =0,
W(V,-)={j+2ak_1}, 1<i<n,1<j<a and , =0.
k=1

Clearly all the oriented vertex weights are distinct and hence f “isan antimagic labeling of G "

3
Example 26. Let G=K, 0K, be a graph where, a, =a, =a; =2. Clearly (= Zak_l

k=1
+3=1(mod4) . A Skolem sequence of order 9 (in order pair notation) is given in in S ={(3, 4), (13, 15),
(6, 9),(12, 16), (2, 7), (11, 17), (1, 8), (10, 18), (5, 14)}. The corresponding antimagic of the symmetric digraph

G’ isgiven in Figure 3.
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~1 -2 -3 —4 -5 -6
Figure 3: An antimagic labeling of (K13 ® Ki1,0,)".

I11.  Conclusion and Scope
In this paper we have discussed the existence of antimagic labelings of digraphs. In particular if G’ is

the symmetric digraph associated with an undirected graph G , we have used the concept of Skolem Sequences
to prove the existence of antimagic labelings of G~ for several classes of graphs. This proof technique can be
used to prove the existence of antimagic labeling of G’ for other families of graphs.

1.
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