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Abstract: The generalized fractional Hilbert transform plays an important role in signal processing, image
reconstruction, etc. This paper generalizes the fractional Hilbert Transform to the spaces of generalized
functions and proved analyticity theorem also obtained many operation formulae for the transform.
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I.  Introduction

The fractional integral transforms has become the focus of many research papers because of its recent
applications in many fields such as image reconstruction, signal processing [5, 6]. Namias [2] introduced the
concept of fractional Fourier transform. Bhosale and Chaudhary [1] had extended fractional Fourier transform to
the distribution of compact support. The fractional Hilbert transform is a generalization of Hilbert transform. It
is a powerful tool in signal processing, image reconstruction.

This paper is organized as follows. In section 2 the fractional Hilbert transform with parameter « is
extended in the sense of generalized function. In section 3 analyticity theorem is proved and in section 4
fractional Hilbert transform of some functions are established. Lastly paper is concluded in section 5.

Il.  Generalized Fractional Hilbert Transform
2.1 The Test function Space E (R"):
An infinitely differentiable complex valued function ¢ on R™ belongs to E(R™) if for each compact set
K c S, where S, = {x € R",|x| < a,a> 0} and
Yex(@) = S IDE@()| <o,  fork =1,2,3, .o vee ver e
Clearly E is complete and so a Frechet space.

Let E'(R™) denotes the dual space of E(R").

2.2 Proposition:
If S, ={x:x€R",|x| <a, a>0}. Lett e R"andx € S, and 0 < & < m such that a ¢0,%,n,then
K,(x,t) € E(R")
.cota _p .cota 2
T etz X
where K, (x,t) =

=D 2.1)

and E(R™) is the testing function space.
Proof: To show that K,(x,t) € E(R")

We show that Ve (K (x, )} = JepIDR{K, (x,t)}] < oo
Consider
_icozta tzeicozta 2

K, (x,t)=

(et = s

ol —E% 42

n — nn e _e
D{K,(x,t)} = D} [ - ] where € = —
Let f =

==y

Taking log of both sides
logf = i% x? — loglift — x)

f'=f[icotax+i]
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f'=f [l cota + )2] [l cota x +Lx]f'

= f{l cota + (t—x)z + [l cota x + ;] }
Continuing in this manner,

1 n
f™=flc,(xt)+ (i cota x +m> ]
where C;(x,t) is a function of x and t.

lF™ | < 171 |16, O] + (icotax+t ! )

- X
jcota 2

e
< =Y [|C1(x, | + |(l cota x +i)n
[f™] <o

DK, (x,t)} <

Ve (K, (6, )} = SR DK, (x, )} < o0
Hence K,(x,t) € E(R").

]

2.3 The Generalized Fractional Hilbert Transform on E'(R") :
The generalized fractional Hilbert transform of f(x) € E'(R™), where E'(R™) is the dual of the
testing function space E(R™), can be defined as
HY[f(x)](t) = (f(x), K, (x,t)), foreach teR. (2.2)

cota (t )

T

where K, (x,t) = =2 for a¢0,2,n
The right hand side of (2.2) has meaning as the application of f€E to K,(x,t) € E(R").

He[f(x)](t) is at" order generalized fractional Hilbert transform of the function £(t).

when the integral exists, where the integral is a Cauchy principal value.

I11.  Analyticity Theorem
In this section we have derived the analyticity theorem for the generalized fractional Hilbert transform.
Theorem: Let f € E'(R™) and its generalized fractional Hilbert transform is defined by H*[f(x)](t) =
(f (%), K, (x,t)). Then H*[f(x)](t) is analytic on R* if Supp fc S, ={x:x € R",|x| <a, a> 0} then
H[f(x)](t) is differentiable and DF H*[f (x)](t) = {f (x), DK, (x, t)).
Proof: Let t: (tl,tz,.... ,t,) ER™,

We first prove that, —H“[f(x)](t) = (f(x) K (x,0)).

We prove the result of k = 1, the general result foIIows by induction.
For some ¢; # 0, choose two concentric circles C and Clwith centre at ¢ ;- and radii  and r; respectively, such
that 0 <7 <7 < |t]. LetAt; be aincrement satisfying 0 < |At;| <.
Consider
H,(t +At) — H,(t) ]
S (), 5K (D) = (), P, () 23)
) /)

1 a
Where y,, (x) = A—tj[Ka(x, ty by b F AL, o, t) — Ko (x,8)] — a—tha(x, t)
For any fixed x € R" and any fixed integer k
e e
(t — x)

D, K,(x,t) =D,

jcota 2
e 2
= Ca,t D, [ (t—) ]

.cota 2
=Cyp e 2 " (t—x)"H(t—x)"' +icotax]
=[(t—x)"' +icota x] K, (x,t)
_cota
e 2
where C,, = -
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Since for any fixed x € R, fixed integer k and « ranging from 0 to w. D, K, (x,t) is analytic inside
and on C?, we have by Cauchy integral formula,

B D, K,(x,T)
Dy, (x)_Z_mf(z— -—At)(z— . dz

M(x,5)
anf(z— t At)(z— )2

where & = (ty, 6y s 61,2, 641 e b))

But for all z € C! and x restricted to a compact subset of R", 0 < a <,
M(x,t) =D, K,(x, %) is bounded by a constant K.

Therefore we have,

@) = ag] =

Thus as |At]| -0, Dxlletj (x) tends to zero uniformly on the compact subset of R" therefore it
follows that 1/;At]_ (x) converges in E(R™) to zero. Since H, € E' we conclude that (3.4.1) also tends to zero
therefore H, (t) is differentiable with respect to ¢;. But this is true for all j =1,2,....,n. Hence H,(t) is
analytic and

DEHL[f()]() = (f(x), Df Ko (x, ).

V. Fractional Hilbert Transform Of Some Functions
1 1
4.1 Result: H [;] (0 = H110)

.cota .o ®

1 e 2 ¢ 1 cota o
Proof: H® [—] (t) = f e 2 ¥ dx
x T x(t —x)

_.cota o ©

e 7 ¢t 1/1 1 cota
=—J—(—+ )eledx
s t \x t—x

—00

_.cota 2 @ _ ,cota 2 @
e 2 1 jcota 2 e 2 1 jcota
= - e 2 dx + e 2 dx
tm X tm t—

[X 0=t E

1 le 72 1 .cota 1
4.2 Result H* | = | (t) == — e 2 *dx+=H[1]()
x2 t x2 t2

T
.cot ©
1 e_lcoza ¢ 1 cota o
Proof: H® [—] (t) = ez ¥ dx
x? T x%(t —x)

.cota ]
t2

e "2 1/1 t 1 cota o
=—f—(—+—+ x) ez * dx

s t?\x  x? t-—
—00
_cota 2 » _cota 2 @
e 2 1 .cota - e 2 1 .cota
_ i——x i x
=0 —e 2 dx + — - e 2 dx
tem X tm X
—00 —00

1 e_i 2 1 cota o
+—= f e 2 *dx

1 le lcota 2 1 , 1
cota
“[F](t)zz—f—ze 2 drt S HO11®

X

4.3 Result: For any integer n > 0

cota 2 n-1 @
1

[wlo=5° ; [ o e e 110
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.cota
2 %

—i
2 1 cota o
f ez ¥ dx

Proof: H“ [xi"] ) =

T x™(t —x)
—0
cota g ©
ez ¢ f 1/1 ¢t ¢t2 tn—1 1 Lot
=— | —|-"+=+—+ i vei e . +
s t"\x  x%2 X3
EDtlZ tz n— 1 o0 COLL(I

k—n 1 cozta 2 d 1 1 cota 2 d
t prasic x + — x
=0 —o0

cota 2 n—1 ®
2t 1 ota_3 1
“N= (t)—— T dx+ — HU[1](0)
XN - T xk+1 X tn
k=0
l ) —ia e_lcozta tz ocel.coéa xz d
4.4 R tH [ - ] t) = - f
esu (x +ia) © (t+ia) T Z+ar
.cota .2 © -
1 Tyt X jcota p 1 "
+ 2 +—H*1|(t
(t+ia) T fx2+aze x (x + ia) [11®
COC(Z
Proof: H* [ 1 ](t) = j lwzm x? dx
' (x +ia) - (x + la)(t )

_l.cota 2 © .

e 2 f (x —ia) icozta 2 dx
T (x? 4+ a?)(t —x)

.cota 2 _oooo

e—lz t

x ia 1 ;cota o
= - (2 5= 3 >+ )e 2 dx
(t+ia)m x“+a* x“+a* t—x

—00

.cota 2 0
e = t

X (cota 2 iae "2 1 jcota 2
= - > s ez dx — - 5 s e 2 dx
(t+ia)mw J x* +a (t+ia)m ) x*+a
—o0

—00

.coti
cota 5 o

1
+m1'1 [1]()

_icota 2 © .cota 2

. [ ] © —ia e "2 j ez ¥ J
- = x
(x +ia) (t +ia) T x% + a?

_l.cozta t_zm ©

T j Y5 g v L e
(t+ia) T Zt+a’ x (x +ia)
.cota
X
4.5 Result: H*le 2 =0

icotzz 2 .cota _»

,imxz e 2 t OOeI 2 X iwxz
Proof: H_|e 2 |(t)= j e 2 dx
V4 =X

,%tZ
e 2 %1
= = dx
T =X
cota
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Tabular form of fractional Hilbert transform of some functions

Sr. Function Fractional Hilbert Transform
No. H[Function]
l 1 1 (o4
P cH 1o
2 1 ﬂ.mta 2 ©
_ le 2 1 _cota 1
x2 ——J’—ze‘z "zdx+—2Ha[1](t)
t T X t
3 1 _jfota 2 p—1 «©
il le ' 2 1 jcota , 1 a
p — ;ka+le P axr o H 110
4 1 —ia e fei#xz dr+ 1 e fxeimzm - d
1 X X
(x+ia) (t +ia) bia x2 + a? (t +ia) s x2 + a?
+ H*[1](t
(x +ia) [11®)
5 cota 0
—1I—X
e 2

V.  Conclusion

In this paper brief introduction of generalized fractional Hilbert transform is given and the analyticity

theorem is proved. Fractional Hilbert transform of some functions are established which are useful in solving the
differential equation occurring in the many branch of engineering.
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