IOSR Journal of Mathematics (IOSR-JM)
e-ISSN: 2278-5728, p-ISSN: 2319-765X. Volume 11, Issue 5 Ver. 5 (Sep — Oct 2015), PP 59-66
www.iosrjournals.org

On Relationships for Moments of k-th Record Values from
Lomax Distribution
Sanjay Kumar Singh

Department of Statistics, PGDAV College
University of Delhi, India

Abstract
In this paper, we establish some recurrence relations satisfied by single and product moments of k-th
record values from Lomax distribution.
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I.  Introduction

Let {X,, n>1} be a sequence of i.i.d. random variables with c.d.f. F(x)= P[X<x] and p.d.f.
f(x). For a fixed k>1 we define the sequence {U ") ,n>1} of k- th upper record times of
{Xn, n>1} as follows:

v =1

u®

n+1

=min{j>U% : X, >X 0l +k-1}

For K=1 and n=1,2,...,we writeU® =U . Then {U_,n>1} is the sequence of record times

of {Xy,n>1}. The sequence {y,gk),n > 1},Where o =X"is called the sequence of k-th

upper record values of {X,,n>1}.Chandler (1952) introduced record values and record value
times. Feller(1966) gave some examples of record values with respect to gambling
problems.Properties of record values of i.i.d. r.v.’s have been extensively studies in the
literature for example see Nagaraja(1988), Nevzorov(1987),Arnold,Balakrishnan and
Nagaraja (1992), Balakrishnan and Ahsanullah (1994) and Ahsanullah(1995).For

convenience ,we shall also take y{ =0. Note that for k=1 we have y{’ = X ,n>1,which are
the record values of {X,,n>1} Moreover ,we see that Yy =min(X,, X,,..X,) = X,,.

Then the pdf of y®and (y%,y®)are as follows:

kn

T _1)![—In(1— F)]" (- F(x)“ f (x)dx;n>1, (1.1)

£09(x) =
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®) _ k" B n1 n-m-1 m-1 f(X) k-1
Ly (x,y) = (m—l)!(n—m—l)![ln(l F(x)) —In@—F())I"™™ [-In(—FO)]" “Fix )[1 F(Y)I™-T(y)
x<y;l1<m<nmnz=2. (2.2)

We present recurrence relations for moment of y* and product moments of (y®,y®) when
X has the Lomax distribution with p.d.f.

f)=yA+x)7 !t ,x=>0y>0. (1.3)

And the c.d.f.
Fx)=1-(1+x)7" ,x=0.

It is easy to see that in this case that
A+x)f(x)=y{1—-F(x)}, x=0,y>0. (1.4)

The relation in (1.4) will be used to derive some simple recurrence relations for the
single and product moments of k-th record values from Lomax distribution. Using these
relations we give characterization of the Lomax distributions.In this paper we will establish
some recurrence relations for single and product moments of k-th record values from Lomax
distribution. Lomax (1954) used this distribution in analysis of business failure data. Similar
recurrence relations from Lomax and other related distribution are also available in the
literature (See David (1981),Similar results for linear exponential were derived by Saran and
Singh(2008).

Notations
L Wy = E(yrg )) ;ron=12, ..,

2.1 05 = E((%) 5F) )it s m<n—1andr,s,mn=12,..,

Il.  Relations for Single and Product Moments
Theorem 2.1. Fix a positive integer k>1. For n>1 and r=0,1,2,...,

r+1

E (K)yr+l _
() ky—r-1

E(y) +———E@¥)™
ky—r-1 """ 2.1)

Proof : For n = 1 and r=0,1,2,..., we have from (1.1) and (1.4)

) +

()" = o Iinl)! f (140 £
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= _1),Ix (LX) (= Ind— F ()" L F ()" f (x)lx

n-1

(n —1)'

Integrating by parts,taking x'as the part to be integrated rest part under differentiation we
get(2.1).

k" r+1 0
= il - Fe - P |
xr+1 - f( )
- [ Z - v ma - ey LD (1 pe)’

+K(1=F) T (=f){=In(1 - F(x)}" dx

kn+1 r+1
BCEE] ] T T = FO T 1 = F@I L f(dx

k™ r+1 ~
(@ -Vz)! f 7 (= FGOF 2 (1= F)' T fGdx

) o)
EG) "+ (5) " = r’jr—le(yék))rH - rJrLlE(yék)l)r+1

Oor (r + 1)E( (k)) +(r+ l)E( (k)) _ kVE(yé ))T+1 VE(yTEk)l)r+1

or (kv -r-DE(P) " =+ DE(G®) T +vE(®)

E(yrgk))rﬂ B kvr_;rl_lE(y’Ek)) +#E(yék)l)r+l

Corollary 1: By repeatedly applying recurrence relation in (2.2) wegetn > 2,1 <m <n —
landr=0,1,2,...,andv >r+1

n-m-—1

e D=
EGn )_(kv—r—l 4 kv—r—1 (y” p)
p:
kv n-m r+1
k)
+ (kv —r - 1) (ym ) (2.3)
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Corollary 2: Write (r + )® = 1 forp=0 &(r + D)® = (r + 1) — (r — p), forp = 1
By repeated application of the recurrence relation in (2.2), we obtain for n > 2, r=0,1,2,..
andv>r+1

r+1
®) -
) r+1 (r + 1) ") r+1-p
(y” ) h vp—O (kv—1r—1+p)e+D (y" 1) (2.4)

Putting p=1 in (2.1) the results of Balakrishnan and Ahsanullah (1994) easily be established

Theorem 2.2: For m > 1 and r,s=0,1,2,....
e [) 642
= [ _kz_ 1E(yrglk))r+s+1 +,WS_;51_1E (}’rglk)) (Yrglkjl) ] (2.5)

Fori<m<n-—2andrs=0,1,2,....,

E[(r) ()]

kv s+1 s+1
= (k) (k) (k) (k)
Thkv—s—1 [ yn ) +kv—s—1E[(y’”)(y” )] (2.6)
Proof: From (1.2) for 1 <m < n — 1 and ,s=0,1,2,... and using (1.4) we get

E|(y (k)) (%) +E[ ©) ( *) s+1] fL<y(x VS + xS f (x,y)dydx

L
(m-D!(n-m-— 1)'

x{=in(1 - F@))}"~ 11f§j‘())1( Ydx 2.7)

n-m-—1

Where I(x) = fxooys(l + y){— ln(l — F(y)) + ln(l — F(x))} fO)dy

n-m-—1

= vj y{-In(1-F®»))+In(1 - F(x))} {1-F)Ydy

(Upon using(2.1))

Ts+1 [ f YOy - x 1 - FY| | forn =m +1

kv
S+1

f y H=In(1 = FO) +In(=1 - FC)" ™ [1 = FO)I* £ (5 dy
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n-m-2 [ ()

Toroy - Fo)

—(n—-m-1) f{— ln(l — F(y)) + ln(l — F(x))}

fomn>m+2

The last two equations are derived by integrating by parts upon substituting the above
expression of 1(X) in equation (2.7) and simplifying the resulting equations,we obtain

E[( (k)) ( (k) +E[ ) (y,ﬁ"))m]

kn
= =D i—m=D! f x" {—Ini{il
k
O e et EAR G CEL0))
n—-m-1

+1n(1 - F(x))} [1—FODI* ' f(y)dy
—(n—m-— 1)] {-In(1-F@®»)) +In(1-F(x))}

f(y)
1-F@y)

kv s+1 s+1
_ (k) (k) (k) (k)
= atE ) () =B ]00) ()]

We obtain,when n=m+1 that

E[(yrglk)) (yrglk-l)-l +E[ (k) (yrﬁkll)m]—slfl{(%ik)) (yrglk-?-l)s-i-l E(yrglk))r+s+1}

BO) () " = e B ) T e [0) ()]

n-m-—2

(1-F0) T fONdyldx,  forn=m+2

Putting k=1 in (2.5) and (2.6) we get the recurrence relations simply by rewriting the above
equations

Theorem 2.3: For m > 2 and r,s=0,1,2,...,

B[ 6]
_rl:/l{E( ) r+s+1 E[ yrglk)l r+1 (k)) ]}
E[(nP) (y,i"il)] (2.8)

AndFori1<m<n-2andr,s=0,1,2,...,
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SIS
) ) =08 O£ 687 64)]

Proof From (1.2), let us consider for2 <m <n — 1 and r,s=0,1,2,...,

E[0) () + 08) T ()| = ﬂ@y+ﬂ“fmmmwww

x<y
k" o
= oo o YOIy (2.10)
Where
n-m-1 f(x)

JO) = J§ x" (1 + 0){-Inf@ — £} HIn(1 - F(x)) — InffL — F ()} L dx

= kv ] ’ (=l — FOY™ 1. {In(1 — F(x)) = Infi — F())" " dx (Using(1.4))
0

kv

=— [y”l{—lniiﬁ}l —-F"l-(m-1) Joy x" T —Iniil — F(x)}™ 2.

f()
F()

—Hjm m—nﬂf“{mm H@leﬁ)&wm—mw+mm_

for izm+2

As before the last two equations are obtained by integration by parts upon substituting the
above expressions of J(y) in equation (2.10) and simplifying the resulting equation

B k™ . kv
_(m—1)!(n—m—1)!f0 IO

g r+ i — m— f(X)
J;)x LH—Inif1 — F(x)} 11—yF(x)

[n—m—1]

{~Inif1 — F(y) + Inifl — F(x)}* ™ 2dx — (m — 1) f x" T H{—Iniifl — F(x)}m 2

f()
— F(x)

We obtain when n= m+1 that

L2 (nifil — F(x) — Inifl — F(y)}* ™ ldx]
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687 ) 06 0 =) - o) 02

And when n > m + 2 that

[ (k) (k) (%;k)) (%Ek))]

=ﬁﬁﬂﬁﬁ7ﬁ0 #ons) (64

The recurrence relations in (2.8) and (2.9) are derived simply by rewriting the above
equations

Corollary: By repeated application of the recurrence relations in (2.8) and (2.9) form > 1&
rs=0,1.2,...,

B[ (8]

m—1

Z(_ » (r+ 1)p {rlfl (y’glk-)l’)m+1 (yf(nk)v) (ysik)r’ﬂ)s}

p_

Andforl<m<n-2andrs=0,1,2,...,
(k) r+1 (k) N
E|(n?) () |

Z< 1>p( ){r’flE(y,gw,,)f“(y,sﬁ; D) - E(0e2) (65)}

p=0

I11.  Applications

For the Lomax distribution, exact distributional results for appropriate pivots useful
for relevant inference are not available (Ahsanullah(1991)). The results established in this
paper and some similar generalization can be used to compute all moments of order up to
four and hence can be utilized to determine mean,varience, skewness and kurtosis etc.

IV. Conclusion
In the study presented above, we demonstrate the recurrence relation for single and

product moments of k-th record values from Lomax distribution. These results generalized
the corresponding results of Saran and Singh(2008).
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