IOSR Journal of Mathematics (IOSR-JM)
e-1SSN: 2278-5728, p-1SSN: 2319-765X. Volume 11, Issue 6 Ver. Il (Nov. - Dec. 2015), PP 67-76
www.iosrjournals.org

Exact solutions for weakly singular Volterra integral equations by
using an efficient iterative method

M. A. AL-Jawary !, A. M. Shehan 2

!(Head of Department of Mathematics, College of Education Ibn-AL-Haithem, Baghdad University, Baghdad)
?(Department of Mathematics, College of Education Ibn-AL-Haithem, Baghdad University, Baghdad)

Abstract : In this paper, an iterative method proposed by Daftardar-Gejji and Jafari namely (DIM) will be
presented to solve the weakly singular Volterra integral equation (WSVIE) of the second kind. This method is
able to solve large class of linear and nonlinear equations effectively, more accurately and easily. In this
iterative method the solution is obtained in the series form that converges to the exact solution if it exists. The
main contribution of the current paper is to obtain the exact solution rather than numerical solution as done by
some existing techniques. The results demonstrate that the method has many merits such as being derivative-
free, overcome the difficulty arising in calculating Adomian polynomials to handle the nonlinear terms in
Adomian Decomposition Method (ADM). It does not require to calculate Lagrange multiplier as in Variational
Iteration Method (VIM) and no needs to construct a homotopy and solve the corresponding algebraic equations
as in Homotopy Perturbation Method (HPM). The results reveal that the method is accurate and easy to
implement. The software used for the calculations in this study was MATHEMATICA® 10.0.
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I.  Introduction

A variety of problems in the other sciences, such as physics and chemistry have their mathematical
setting as integral equations. These problems formulated as an integral equations of two types linear and
nonlinear. There are several methods available in iterative to solve these equations which began to take great
interest by researchers in recent years. In this work we will study the second type of weakly singular Volterra
integral equation (WSVIE) where the kernel becomes infinite at one or more points of singularities at the range
of definition. The WSVIE have been investigated by many researchers which has some difficulty to handle [1].
WSVIE appears in applications in mathematical physics and chemical reaction including stereology [2], the
radiation of heat from a semi-infinite solid [3] and heat conduction, crystal growth, electrochemistry,
superfluidity [4].
In this work, the general form of weakly singular Volterra integral equation of second kind given in [5] will be
solved:

u(x) = f(x) +f k(x, u(t)dt x € [0,X], (D

0
Where k(x,t) = ti—ﬂl u > 0and f(x) is a given function, k(x, t) is the kernel function, u(x) is the unknown

function to be determined.

Now we will study the two cases of u.

(a) 0<p <1if0<yu<1thekernel is singular at x = 0 and at t = 0, for all values of t > 0. Eq. (1) has an infinite

set of solutions, but if z = 1 then the kernel is a singularity only at x = 0, and in this case when, f € C1[0, X]

(with £(0) =1), Eq. (1) has an infinite set of solutions in C [0, X], which contains only one particular solution

belonging to 1[0, X] [6].

(b) u > 1 the kernel is a singularity only at x = 0, in this case the equation (1) has unique solution in

c™0,X], f € c™[0,X] [7].

Many attempted have been proposed to solve Eq. (1) for the case when u > 1, the well-known methods contain
the generalized Newton—Cotes formulae combined with product integration rules [8,9], extrapolation algorithm
[10], Hermite type collocation method [11], spline collocation and iterated collocation methods [6,12]. Adomian
decomposition method (ADM) [13], the variational iterative method (VIM) [14], the Homotopy perturbation
method (HPM) [15-16], the optimal homotopy asymptotic method (OHAM) [17]. Also, the reproducing kernel
method is used to solve the WSVIE in [18]. Some of these methods are used to find analytic, approximate and
numerical solutions. On the other hand, most of the methods faced difficulty in solving the equation in the case
0 <p < 1, for example Nystrom interpolant method [19], extrapolation methods [20], graded mesh method [21].
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In this paper, the DIJM will be implemented to solve the linear and nonlinear WSVIE. This method
developed in 2006 by Daftardar-Gejji and Jafari [22, 23], has been widely efficiency used by researchers to
solve linear and nonlinear equations [24, 25, 26, 27].

Recently, AL-Jawary et al. [28-32] have successfully implemented the DIM for solving different linear
and nonlinear ordinary and partial differential equations [28-32]. The purpose of this paper is to obtain the
analytic solution of linear and nonlinear weakly singular Volterra integral equation of the second kind, rather
than numerical solutions as done by some existing techniques.

The present paper has been arranged as follows. In section 2, the basic idea of DJM is explained. In section 3,
solving weakly singular Volterra integral equation by using DJM is presented. In section 4, some test examples
are given and finally in section 5 the conclusion is presented.

Il. Basic idea DIM
Consider the following general functional equation [22]:
u=N@)+f, «(2)
Where N is nonlinear operator from a Banach space B — B, u is an unknown function and f is a known
function.
We are looking for a solution u of Eq. (2) having the series from:

u= Z Uu; ..(3)

i=0
The nonlinear operator N can be decomposed as

N (i ul-) = N(ug)

i=0
© i i—-1
i=1 j=0 j=0
From Eq. (3) and Eq. (4), Eq. (2) is equivalent to
oo o) i i—-1
i=0 i=0 j=0 j=0
We define the recurrence relation:
uO =:f'
u; = N(uo), .. (6)
Upe1 = Nug + -+ upy) —Nug + -+ upq), m=12,...
Then
u=f+2ui. (7

i=0
For the convergence of DJM, we refer the reader to [23].

I11.  Solving weakly singular Volterra integral equation by using DIJM
In this section, the DIJM will be implemented to obtain the exact solution for a weakly singular Volterra
integral equation of second kind. Let us consider a form of WSVIE given in Eq.(1).
X
p—1

uG) = fG0 + [ £

0
By using Egs. (6) and (7), we obtain the following recurrence relation.

por u(t)dt x € [0, X].

ug(x) = f(x), ..(8)
X -
w6 =N = [ ru©dt, )
10y (6) = Nty +uy) — N (o)
r et Fophet
- f —~ (u0+u1)(t)dt—f —uo(0)dt, ..(10)
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uz(x) = N(uo +uy +up) — N(up +uy)
X

tht ;e
= f por (ug + uy +uy)(t)d —f por (ug + uy)(t)de , .. (11)
X tﬁ_l Xotu—l
u;(x) = f F(uo + -+ u_)()dt —J- x—u(u0 + -4+ u;_p)(t)dt, ..(12)
Then ° ’
ulx) =) u;. . (13)
2

IV. Testexamples
In this section the applications of the DIJM for the linear and nonlinear WSVIE will be presented for several
examples to assess the efficiency of the proposed method.

4.1 Linear WSVIE
Let us solve first some linear WSVIEs by DJM for two cases:
Casel: u>1:

We applied the DIJM to solve the examples for the WSVIE when x > 1 which already solved numerically by
some existing techniques [8, 9, 11], ADM [13], VIM [14], HPM [15-16], OHAM [13], and obtain the exact
solutions.

Example 1:
Let us consider the following linear WSVIE [17]:

44
u(x) = 1 x705 + x—5.9f t*2 u(t)de, . (14)

0
Where, =59 ,f(x) = gx“’-s , and the exact solution is u(x) = x~%3.

By applying the DJM, we obtain:
22

up(0) = f(x) = g7 x™% = TN ..(15)
u; (x) = x‘5-90f t* uy(t)dt = %, .. (16)
4y () = 2759 Oj 49 (g + ) (Ot~ 1) = o= (7
uz (x) = x‘5-90fx t*° (up +uy +uy)(@)dt — x‘5-90fx t*2 (up +u)()dt = % , ..(18)

and so on.

Continuing in this manner, the approximation of the exact solutions for the unknown functions u(x) can be
achieved as:

u=ug+u +u, +uz+--

_ + 110 + 550 + 2750 + (19)
C27Wx  729Vx  19683Vx  531441Vx

We get an infinite geometric series.

Zar" =a(l+r+r¥+--), ..(20)

i=0
Where a > 0 and r is base of series.
if |r] <1, and n - oo, then

Zar"= e , .. (21)
1-7r

i=0

DOI: 10.9790/5728-11626776 www.iosrjournals.org 69 | Page



Exact solutions for weakly singular Volterra integral equations by using an efficient iterative method

22
u=x0° < 275 ) =x705, .. (22)
1-—=

Which the exact solution for Eq. (14) [12,17].

Example 2:
Let us consider the following linear WSVIE given in [17]:

65 7
ulx) = - x3 + §x3'5 + x‘4'5f t35 u(t)d, .. (23)

0
Where, i = 4.5, and the exact solution is u(x) = x5 + x3,
Using the recurrence relation defined in equation Egs. (6) and (7), we obtain

13 7
— —_~,3,°.35
ug(x) = f(x) =% +X8x , .. (24)
26x3  7x7/?
uy () = N(up) =x'4'5f S up(Ddt =+ . (25)
X ° 52 3 7 7/2
— 45 [ 35 _ 24X X
- _ = (2
w () = x f 5 (ug +u) (Ot~ () = Sk 26)
E r 104x3  7x7/2
X X
— 445 3.5 — +—45 3.5 —
us (x) =x f t3°(ug + ug + uy)()dt — x J- t35(uy + uy)(®)dt 50625+—4096 , .. (27)
0 0
and so on. The solution in a series form is given by:
u=uyg+u +u, +uz+--
_13x° N 7x7/2 N 26x3 N 7x7/2 N 52x3 N 7x7/2 N 104x3 N 7x7/2 N 28
~ 15 8 225 64 3375 512 50625 4096 ’ - (28)
_(13c% 267 527 104x° 7x7/2 N 7x7/? . 7x7/? N 7x7/? N -
w= 15 225 3375 50625 8 64 512 4096 )’ - (29)

BN\ 7
u=x3< 152>+x5< 81>=x3+x3'5, ..(30)
1-5 1-5

Which the exact solution for Eq. (23) [12, 17], obtain upon using the sum of infinite geometric series in Eq.
(20).

Example 3:
Let us consider the following linear WSVIE given in [17]:

55 7
u(x) = o x5+ §x6'5 + x‘1'5f tOS u(t)dt, ..(31)

0
Where, p=15 ,f(x) = % x5+ %x"’-s , and the exact solution is u(x) = x5 + x>,

By applying the DJM, the following recurrence relation for the determination of the components u,,,,(x) are
obtained:

11 7
— —__-~.5,". 65
up(x) = flx) =3« +X8x , ..(32)
22x5  7x13/2
— — ,—15 0.5 —
s () = NGuwo) =275 [ €09 ug0)de = Joo+ 2 .(33)
X ’ 44 5 7 13/2
— ~—15 0.5 _ __X X
Uy (%) = x Jt (o +u) (Ot =y () = 5o+ ) (34
OX X
uz (x) = x‘l'sf t05(up + uy +uy)(t)dt —x‘l'sf tO5(ug + uy)(t)dt
0 0
88x5  7x13/2
= 28561 ' 4096 ’ - (35)

and so on. The solution in a series form is given by:
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u=ug+u +u, +uz+--
11x5  7x13/2 22x5 7x13/2  44x5 7x13/2  ggx5S  7x13/2

..(36
13 + 8 + 169 + 64 +2197+ 512 +28561+ 4096 te (36)
11x5 22x5 44x° 88x° Tx13/2  7x13/2 7x13/2  7,13/2
= eee es 37
“ ( 13 169 T 2197 " 28561 >+< 8 ' 64 | 512 ' 4096 ' ) 37)

N7
u=x5< 132 >+x7<%>=x5+x6'5, ..(38)
1-+3 1-5

Which the exact solution for Eq. (31) [12, 17], obtain upon using the sum of infinite geometric series in Eq.
(20).

Case2:0<p<1:

We applied the DIM to solve some examples of the WSVIE when 0 < u < 1 which already solved numerically
by some existing techniques [19, 20, 21], and obtain the exact solution.

Example 4:
Let us consider the following linear WSVIE given in [17]:
X

w() = x5+ x + 1+ 1705 f £705 u(t)dt, . (39)

0
Where, u = 0.5, f (x) = x*° + x + 1, and the exact solution is u(x) = 2x1° + 3x — 1.
By Appling the DJM, we obtain:

ug(x) = f(x) =14+ x+x15, .. (40)
r 2x  x3/2
u; (x) = N(ug) = x—o.sf t 05 u(t)dt =2+ 5 +T , .. (41)
X 0
4x x3/?
Uy (x) = x5 J £05 (g ) (Ot =y () = 44+ . (42)
0
X X
uz (x) = x705 f 705 (ug + uy +uy)(@®)dt — x5 J- 705 (uy + uy)(t)dt
0 0
8x x3/2
=124+, - (43)

and so on. Therefore, we get
u=ug+u +u, +uz+--
3/2 x3/2 x3/2

RN, B S S NP P S AP 44
TaTxTx 372 9 "2 27778 ’ - (44)

2x 4x 8x 15 x3/2 3/2  43/2
)+< > .. (45)

= “e —_— —_— —_— e 1_0 —_— [ [ een
u=(1+2+4+12+ )+(x+3+9+27+ X104k bt

1 3( 1 1 15
u=x + x2 +( )=3x+2x' -1, .. (46)
2 1 1-2
1-3 1-5

Which is the exact solution of integral equation (39) [12, 17] obtain upon using of infinite geometric series in
Eqg. (20).

Example 5:
Considering the following linear WSVIE given in [17]:
1 X

35 5 2 2
e e I (4
u(x) R jt u(t)dt, (47)

0
Where, 1 = § () = %x“ + %x + § and the exact solution is u(x) = gxl-s + 5x — %
By using DJM, we get
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35 5 2
= = — 15 - -
up(x) = f(x) =53 X+4x+3, ...(48)
1 2 15x  70x3/2
= = 3 3 = _ P
uy () = Nug) = x ft up(Ddt =2 +—+ 2, .. (49)
x o, 45x  420x%/2
_1 _2 X x
= 3 3 — = - 4
u, (x) =x ft (ug+uy)@®)dt —u (x) =6+ i + 1331 " ..(50)
0
X X

1 2 1 2
us () =x‘§f £ 3w + 1y +u2)(t)dt—x‘§f £ 3w + up) (O)dt
0 0
135x  2520x3/2

and so on. Thus, the approximate solution
u=uyg+u +u, +uz+--
3 . 5 2 15x  70x%/2
u—ﬁx +ZX+§+2+1—6+W+6
+ﬁ + 4200072 +18+ 13>x + 20200372 + (52)
64 = 1331 256 = 14641 ’
(35 .., 70x%/%  420x%/2 2520x%/2
“ (ﬁx T 21 T T133T T et
5 15x 45x 135x 2
+<ZX+1_6+E+ 256+"'>+(§+2+6+18+"'), ..(53)

|

3 35 > z 7 1
2 33 3 _’.,15 _Z
u=x2 3 + 3 x+ T-3]=3% + 5x 3 ..(54)
117 1-7

Which the exact solution for Eq. (47) [12, 17], obtain upon using the sum of infinite geometric series in Eq.
(20).

Example 6:
Now, we consider the linear WSVIE [18]:

xt

u(t)dt, ..(55)

16
ulx) = x(1 x)+105x (7 — 6x) J-x—t
0

Where, 4 = %,f(x) =x(1-x)+ %x7/2(7 — 6x), and the exact solution is u (x) = x(1 — x). According to
the DJM we achieve the following components
16x7/2  32x9%/2

= = — 2 —_——
up(x) = f(x) =x Xx + ¢ T ... (56)
) = N(uy) = J xt ©dt = 16x7/2 N 32x92  21mx® N 33mx’ 57
g LX) = o) = Tt =T 715 35 80 ' 160 = (57)
0o (x—1t)2
X
xt
1y (x) = f ——Cup +u)(Odt -y ()
0 (x—1)2
_ 21mx®  33mx’ N 1792nx'7/2  20487x1%/? -
T80 160 10725 16575 ' - (58)
X X
xt xt
us (%) =f (o + 13 +u2)(t)dt+j (g + u)(O)de
0 (x—t)f 0 (.X—l‘_')E
_ 1792mx17/? N 2048mx19/2 . c
10725 16575 T = (59)

and so on. Considering the first two components for u,, u,, u,, we observe the appearance of the noise terms.
By cancelling the identical terms with opposite signs gives the exact solutions. This called noise phenomena, for
more details about necessary conditions see [1, 33]. Consequently, the approximate solutions are given by
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15 35 15 1 35
+< 21mx® 33mx7  21mx® 33nx7>

16x7/2 32x%2  16x7/2  32x9%/2
u=x(1-x)+ < - )

80 ' 160 ' 80 _ 160 - (60)

Hence, the exact solution is u (x) = x(1 — x) for Eq. ( 55) [18].

4.2 Nonlinear WSVIE
In this subsection we will use the DIJM to handle the nonlinear WSVIE. The noise terms phenomenon will
be used wherever it is appropriate.

Case1l: u > 1:
We will discuss examples of the nonlinear WSVIE when ¢ > 1, and will be solved by DJM to obtain the exact
solution.

Example 7:
Consider the nonlinear WSVIE of second kind.

5 _lz o2
ulx) = \/E—Hx+x 10f tTo u?(t)dt , ..(61)
0

Where, u = %,f(x) =+x
By using DJM, we get

- %x, and the exact solution is u (x) = /x.

5
uy(x) = f(x) = \/E—Hx , .. (62)
X
12 [ 2 5x  100x3/2  125x2
= = x 10 10 y? = — - - —
u; (x) =N(ug) =x t10 u?,(t)dt 11 297 + 1936 (63)
0
X
12 2 100x3/2  14375x%2 625x5/2
A 5 3 _ _
Uy () = x wf 70 (g + )20t~y (1) = o = S . (64)

OX X
202 1202
us; (x) =x 10f t10(uy + uy + uy)?(t)dt —x~ 10 f t10(ug + ug)?(t)dt
0 0
125x%2  14375x%  71875x5/2

= ~"To36 " 32272 483516 e .. (65)

X
12

2 12 2
uy (x) = x_ﬁf t10(up + ug + uy + u3)?(t)dt —x~ 10 J- t10(uy +uy +uy)?(t)dt
0

0
_ 625x5/2 N 71875x5/2 N 66
T 17908 483516 ’ - (66)

In view of (66), the solution in a series form is given by

11511 297 T 1936
100x3/2  14375x2 125x2+14375x2+
1936 ' 52272 ' )T

5 5x  100x3/2  125x2
el |

297 52272 - (67)

obtained upon using the decomposition (7). The solution in a closed form u = +/x, is readily obtained by
cancelling the all noise terms.

Example 8:
We consider the nonlinear WSVIE

2x3 150 1
ulx) =x — T+ x lof tz2 u3(t)dt, ..(68)
0
x3

Letu=i—(5),f(x) =x—ZT
(6) and (7), we obtain,
3

2
() = fG) =x =, .(69)

, and the exact solution is u (x) = x, using the recurrence relation defined in Egs.
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X
_15 1 2x3  4x5  8x7
Uy (X) =N(u0) =X 10f t2 u3o(t)dt ZT—E'FE'F'“, (70)
0
X
15 1 4x5  320x7
= _E 7 3 - = ee——— “ee e
up () = x f 2 g+ ) (Ot 4, (1) = =g 71)
OX X
_15 1 _15 1
uz; (x) =x 10f t2(up + ug+ uy)3(t)dt — x 10f tZ(ug +uy)3@)dt
0 0
B 8x7 N 320x7 N 72
. 745975967 ' -0
and so on. In view of (72), the solution in a series form is given by
- 2x3 N 2x3  4x° N 8x7 N 4x5  320x7 8x7 N 320x7 N 73
u=x 9 "79 T739 "459)7\39 T 5967 459 ' 5967 ~(73)

obtained upon using the decomposition (7). The solution in a closed form u = x, is readily obtained by
cancelling the all noise terms.

Case2: 0<p<1:

We will discuss examples of the nonlinear WSVIE when 0 < p < 1, and will be solved by DJM to obtain the
exact solution.

Example 9:
Consider the nonlinear WSVIE [34]
3 o1
u(x) = x1/2 + gxz + f - rud(Ode - (74)
o (x—1)2

Letpu= % fx) =x2 + %"xz, and the exact solution is u (x) = +/x. Applying the DIJM, we obtain the

following components:

3
up() = () =xM2 +—=x? . (75)
X
wy () = N(ug) = J - ud(0)dt
o (x—-02
3mx? 36 . 1701m3x5 36m3x1%/2
= — ——nx"/? — - , ..(76)
. 8 35 16384 1001
1
() = [ = (g +1)*(Dde — 1, 2)
b (x—1)2
_ 36 ., 243m2x> N 1701m3x> N 77
~ 3 320 16384 =77
1 1
s () = 5 () = [ = (g 1+ 00 (Ot — [ ——— Catg + ) (00
(x—0)2 (x—1)2
243, N -
= 322071.'x , . ..(78)
3 3nx 36 1701m°x
- 22 _ A V7 Bk A
Uy () =x+ ( 8 ~ 8 35 16384 )
. 36 7/2+243n'2x5+1701rr3x5+ +( 243 . . )+ 79
~T\3s™ 320 16384 320" © ’ = (79)
which is the exact solution of integral equation (74) [34].
Example 10:
Consider the following nonlinear WSVIE [34]
X
16 4t
uGe) = /2 105502 +f LONPN ...(80)
0 (x - t')E

Letp= %,f(x) =x/2 — gxs/z_ and the exact solution is u (x) = v/x. Using the recurrence relation defined in
Egs. (6) and (7), we obtain,

ug() = fx) = 61/ — 10452, (81
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X
ud(t 16x5/2  16384x9/2 1048576x13/2
ul(x)=N(uo)=f 0()1dt = -

+ o, ..(82)
) -0 15 4725 225225
X
(up +ug)*(t) 16384x%/2  200278016x13/2
Uy (x)—fi1 dt —u,(x) = 4725 14189175 + -, ..(83)
0 (x—1t)2
X X
Uy + ug+ uy)4(t ug + uy)*(t
u3(x)=f( o + Ui+ uy) ()dt_f( 0 1)1()dt
5 (x —t)2 b (x—1t)2
_ 1048576x13/2 . 200278016x1%/2 . a4
) 225225 14189175 ’ - (84)
and so on. In view of (82), the solution in a series form is given by
16 16x5/2  16384x%% 1048576x13/2
= — — 5/2 — e
“ ‘/E+< 55 TS 4725 | 225225 >
16384x%/2  200278016x3/2  1048576x13/2 . 200278016x13/2 .
4725 14189175 225225 14189175 ’ - (85)

obtained upon using the decomposition (7). The solution in a closed form u (x) = v/x. is readily obtained by
cancelling the all noise terms.

V. Conclusion
In this paper, an efficient iterative method namely (DJM) is implemented to obtain the exact solutions for
solving linear and nonlinear WSVIE in two cases: case 1: u = 1 and case 2: 0 < p < 1. In this method the

solution is obtained in the series form that converges to the exact solution with easily computed components.
The DJM is used directly without required or restricted assumptions for the nonlinear terms and the main
advantage of the method is its simplicity in solutions also this method does not require complicated calculations.
The method gives rapid convergent and can be easily comprehended with only a basic knowledge of Calculus. It
is economical in terms of computer power/memory and does not involve tedious calculations. Moreover, by
solving some examples, it is seems that the DJM appears to be very accurate to employ with reliable results. The
software used for the calculations in this study was MATHEMATICA® 10.0.

References

[1]. Abdul-Majid Wazwaz, Linear and Nonlinear Intagral Equations Methods and Applications, Saint Xavier University, Higher
Education Press, Beijing and Springer-Varleg Berlin Heidlberg, 2011.

[2]. P. Linz, Analytical and Numerical Methods for Volterra equations, ch. 8, SIAM, Philadelphia, 1985.

[3]. J.B. Keller, W.E. Olmstead, Temperature of a nonlinearity radiating semi-infinite solid, The Quarterly of Applied Mathematics, 29,
1972, 59-566.

[4]. N. Levinson, A nonlinear Volterra equation arising in the theory of superfluidity, Journal of Mathematical Analysis and
Applications, 1, 1960, 111.

[5] Z. Chen, W. Jiang, The exact solution of a class of Volterra integral equation with weakly singular kernel, Applied Mathematics
and Computation, 217, 2011, 7515-7519.
[6]. T. Diogo, P. Lima, Superconvergence of collocation methods for a class of weakly singular Volterra integral equations, Journal of

Computational and Applied Mathematics, 218, 2008, 307 — 316.
[7]. W. Han, Existence uniqueness and smoothness results for second-kind Volterra equations with weakly singular kernels, Journal of
Integral Equations and Applications, 6, 1994, 365-384.

[8]. P. Linz, Numerical methods for Volterra integral equations with singular kernels, SIAM Journal on Numerical Analysis, 6, 1969,
365-374.
[9]. F.D. Hoog, R. Weiss, High order methods for a class of Volterra integral equations with weakly singular kernels, SIAM Journal on

Numerical Analysis, 11, 1974, 1166-1180.

[10]. P.M. Lima, T. Diogo, An extrapolation method for a Volterra integral equation with weakly singular kernel, Applied Numerical
Mathematics, 24, 1997, 131-148.

[11]. T. Diogo, S. McKee, T. Tang, A Hermite-type collocation method for the solution of an integral equation with a certain weakly
singular kernel, IMA Journal of Numerical Analysis, 11, 1991, 595-605.

[12]. T. Diogo, Collocation and iterated collocation methods for a class of weakly singular Volterra integral equations, Journal of
Computational and Applied Mathematics, 229, 2009, 363-372.

[13]. G. Adomian, Frontier Problem of Physics: The Decomposition Method, Kluwer Academic Publishers, Boston, 1994.

[14]. M. Khan, M.A. Gondal, S. Kumar, A new analytical approach to solve exponential stretching sheet problem in fluid mechanics by
variational iterative Padé method, The Journal of Mathematics and Computer Science, 3, 2011, 135-144.

[15].  J.H. He, Homotopy perturbation technique, Computer Methods in Applied Mechanics and Engineering, 178, 1999, 257-262.

[16]. S. Kumar, Om P. Singh, S. Dixit, Homotopy perturbation method for solving system of generalized Abel’s integral equations,
Applications and Applied Mathematics: An International Journal, 6, 2011, 268-283.

[17]. M.S. Hashmi, N. Khan, S. Igbal, Numerical solutions of weakly singular Volterra integral equations using the optimal homotopy
asymptotic method, Computers and Mathematics with Applications, 64, 2012, 1567-1574.

[18].  Z.Chen, Y. Lin, The exact solution of a linear integral equation with weakly singular kernel, Journal of Mathematical Analysis and
Applications, 344, 2008, 726—734.

DOI: 10.9790/5728-11626776 www.iosrjournals.org 75 | Page


http://www.sciencedirect.com/science/journal/01689274
http://www.sciencedirect.com/science/journal/01689274
http://www.sciencedirect.com/science/journal/03770427
http://www.sciencedirect.com/science/journal/03770427
http://www.sciencedirect.com/science/journal/00457825
http://www.sciencedirect.com/science/journal/0022247X
http://www.sciencedirect.com/science/journal/0022247X

Exact solutions for weakly singular Volterra integral equations by using an efficient iterative method

[19].
[20].
[21].
[22].
[23].
[24].
[25].
[26].

[271.
[28].

[29].

[30].
[31].

[32].

[33].

[34].

P. Baratella, A. Nystrom interpolant for some weakly singular linear Volterra integral equations, Journal of Computational and
Applied Mathematics, 231, 2009, 725-734.

P. Lima, T. Diogo, Numerical solution of a nonuniquely solvable Volterra integral equation using extrapolation methods, Journal of
Computational and Applied Mathematics, 140, 2002, 537-557.

J.T. Ma, Y.J. Jiang, On a graded mesh method for a class of weakly singular Volterra integral equations, Journal of Computational
and Applied Mathematics, 231, 2009, 807-814.

V. Daftardar-Gejji, H. Jafari, An iterative method for solving non linear functional equations, Journal of Mathematical Analysis and
Applications, 316, 2006, 753-763.

S. Bhalekar, V. Daftardar-Gejji, Convergence of the New lterative Method, International Journal of Differential Equations, 2011,
Article 1D 989065, 10 pages.

S. Bhalekar, V. Daftardar-Gejji, Solving a System of Nonlinear Functional Equations Using Revised New lIterative Method, World
Academy of Science, Engineering and Technology, 68, 2012, 08-21.

S. Bhalekar, V. Daftardar-Gejji, New iterative method: Application to partial differential equations, Applied Mathematics and
Computation, 203, 2008, 778-783.

V. Daftardar-Gejji, S. Bhalekar, Solving fractional boundary value problems with Dirichlet boundary conditions using a new
iterative method, Computers and Mathematics with Applications, 59, 2010, 1801-180.

M. Yaseen, M. Samraiz, S. Naheed, The DJ method for exact solutionsof Laplace equation, Results in Physics, 3, 2013, 38-40.
M.A. AL-Jawary, A reliable iterative method for solving the epidemicmodel and the prey and predator problems, International
Journal of Basic and Applied Sciences, 3, 2014, 441-450.

M.A. AL-Jawary, Approximate solution of a model describing biological species living together using a new iterative method,
International Journal of Applied Mathematical Research, 3, 2014, 518-528.

M.A. AL-Jawary, A reliable iterative method for Cauchy problems, Mathematical Theory and Modeling, 4, 2014, 148-153.

M.A. AL-Jawary, Exact solutions to linear and nonlinear wave and diffusion equations, International Journal of Applied
Mathematical Research, 4, 2015, 106-118.

M.A. AL-Jawary, H. R. AL-Qaissy A reliable iterative method for solving Volterra integro-differential equations and some
applications for the Lane-Emden equations of the first kind, Monthly Notices of the Royal Astronomical Society, 448, 2015, 3093-
3104.

A.M. Wazwaz, Necessary Conditions for the Appearance of Noise Terms in Decomposition Solution Series, Applied Mathematics
and Computation, 81(1997) 265-274.

Z. Chen, W. Jiang, Piecewise homotopy perturbation method for solving linear and nonlinear weakly singular VIE of second kind,
Applied Mathematics and Computation, 217, 2011, 7790-7798.

DOI: 10.9790/5728-11626776 www.iosrjournals.org 76 | Page


http://www.sciencedirect.com/science/journal/03770427
http://www.sciencedirect.com/science/journal/03770427
http://www.sciencedirect.com/science/journal/03770427
http://www.sciencedirect.com/science/journal/03770427
http://www.sciencedirect.com/science/journal/03770427
http://www.sciencedirect.com/science/journal/03770427
http://www.sciencedirect.com/science/journal/0022247X
http://www.sciencedirect.com/science/journal/0022247X

