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Abstract: In this work, we investigate the existence ,uniqueness and stability solution of non-linear
differential equations with boundary conditions by using both method Picard approximation and
Banach fixed point theorem which were introduced by [6] .These investigations lead us to improving
and extending the above method. Also we expand the results obtained by [1] to change the non-linear
differential equations with initial condition to non-linear differential equations with boundary
conditions.
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. Introduction
Many results about the existence , uniqueness and stability solution of non-linear
differential equations have been obtained by Picard approximation method and Banach fixed point
theorem that were proposed by [6 ] which had been later applied in many studies [2,5,7,8,9 ].

Definitionl. Let {f _(t)}~_, be a sequence of functions defined on a set. EC R' We say that

{f _(t)}_, converges uniformly to the limit function f on E if given & > 0 there exists a positive
integer N such that :-

f.@)—f{)<e (m=N_teE).
Theoreml.If f is continuous on [a,b] and if F(x)z]f (t)dt, a<x <b, then F(x) is also

continuous on [a,b] .

Definition 2. Let f be a continuous function defined on a domain G = {(t,x):a <t <b,c <x <
. Then £is said to satisfy a Lipschitz condition in the variable .xon &, provided that a constant Z>0
exists with ythe property that|f(t, x;) — f(t, x2)| < L|x; — x| ,
forall (t,x1), (t,x;) € G. The constant L is called a Lipschitz constant for f .
Definition 3. A solution x(t) is said to be stable if for each € > 0, there exists a § > 0 such that any
solution Xx(t) which satisfies [|x(ty) — x(ty)|l < & for some t, , also satisfies||x(t) — x(t)|| < &
forallt > ¢t .
Definition 4. Let E be a vector space a real-valued function ||. || of E into R called a norm if satisfies
l. ||| =0 forallx€E,
Il. |x]| =0 ifandonlyif x =0,
1. llx + vl < |lx|| + |ly|| forallx,y € E,
V. |a x|| = || ||x|| forallx e Eand @ €R .

Definition 5. A linear space E with a norm defined on it is called a normed space.
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Definition 6. A normed linear space E is called complete if every Cauchy sequence in E converges
to an elementin E .
Definition 7. A complete normed linear space is a Banach space .

Definition 8. if T maps E into itself and z is a point of E such that Tz = z , then z is a fixed point of
T.
Definition 9. Let (C [0, T], |I. ]| ) be a norm space if T maps into itself we say that T is a contraction
mapping on C [0, T] if there exists @ € R with 0 < a < 1 such that
ITx —Tyll < allx - yll, (x,y) € C[0,T].
Theorem 2. Let E be a Banach space , if T is a contraction mapping on E then T has one and only
one fixed pointin E .
(For the definitions and theorems see [6]).

Butris [1] used Picard approximation method for studying the existence and uniqueness solution of
the following differential equations

dx_ (t dx)
dt_f S

with boundary conditions
x(0) + x(T) =d.
where x € D € R™, D is a closed and bounded domain, deR? .
In this paper, we study the existence, uniqueness and stability solution of non-linear differential
equations with boundary conditions which has the form:-

D it fry) )
dt X+ ftxy
x(0) = x,,x(T) = xr
dy
T By +g(t,x,y) ( = (P)
y(0) = yo,y(T) = yr

J
where

T _

Xt = erAT +f0 eA(T 9 [f(S»x(S:xO:YO):)’(S»xo:yo) ) ]dS
and

yr = yoe'" + foT e =) [g(s,x(s,%0,70 ), ¥(s,%0,¥%9) ) ]ds 0< s <t <T <o

and xe D; € R*,ye D, € R™ , D;and D, are a compact domains.

The vector functions f(t,x,y ), g(t,x,y ) are defined and continuous on the domain

Gi, = {(t,x,y);t € R\, x € D,y € D;} . (1)
Also A = (A l.j) and B = (Bl-j) are n X n non-negative matrices.

Suppose that the vector functions f(t,x,y ) and g(t,x,y ) satisfy the following inequalities

If (& x,y)Il <My, llg(t,x,y)ll < My, )

IIf (t,x1, 91 ) — (@ x2, y2)l < Kyllxg — x2]1 + Kz llyy — ol \ - (2)

gt x1,¥1) — g€ x2, ¥l < Lyllxs — x|l + Lo llyy — y2ll,
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forallt € R, x,x,,x, € D1, ¥,y1,y; € D;, where My, M3 ,Ky,K,and Ly, L, are positive
constants, provided that

X <0 [ <p -
where aand [ are positive conistants, [|. || = max.¢[orl-| -

We define non-empty sets as follows:-
D1a=D1—(TaM1+ hl) }

Dzﬁ = DZ - (T,BMZ + hl) (4)

where
hy = (lxoll(IEN +]| e*T [y and hy = CllyolICIEIN +[| BT ).
Furthermore, we suppose that the largest Eigen- value of the matrix

w1 W2
!2=< W3 Wy > does not exceed unity, i. e

1
5 [((1)1 + (1)4) + \/((1)1 + (1)4) + 4((1)1W4_ - (1)2(1)3) ] <1 . (5)
where w1 = KlaT , Wy = KzaT,a)3 = LLBTaTld Wy = LzﬁT

Define a sequence of functions
{0 (&, %0, Y0 ), Yin (£, %0, Y0 ) Jin=o by the following
Xm+1(t, %0, Y0 ) = x0e™ + fot e [£(s, % (5, %0, Y0 ), Y (S, %0, Yo ) )ds

- (6)
with
x0(0,x0,Y0 ) = X
and
t
Ym+1(E %0, Y0 ) = y,e5t + f eB) [g(s, % (5, %0, Y0 ), Y (S, X0, o ))ds
0
- (7N
with

¥0(0,x0,¥0) = Yo
I1.  Existences Solution Of (P).
The investigation of the existences solution of the problem (P) will be introduced by the
following theorem.

Theorem 3. Let the vector functions f(t,x,y )and g(t,x,y ) are satisfying the inequalities

(2), (3) and the conditions (4), (5).Then there exist a sequences of functions (6) and (7) converges
uniformly on the domain
Gop=(t,x0,¥0) €[0,T1 X Dy, X Dy, -+ (8)

to the limit vector function <y 0(t, %0, Vo )) which is a continuous on the domain (1.1) and satisfies

the following integral equations:-
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t —

x(t, %0, Yo ) xoeAt + fo et [f(s,x(s, x0, Y0 ), ¥ (S, X0, Yo )) ]ds

Y(EX0:70) I\ gyt + [§ eBC [g(s,x(5, 20,30 ), ¥(5,%0,%0) ) Jds -0
and it’s exist solution of the problem (P).
Provided that

[|%° (¢, x0, 0 )- %o | TaM, + hy

”3’ 0(t, 0,0 )—3’0” = \TAM; +hy ... (10)
and

Il 2 (5, %0, 0 ) — x° (t, %0, 70 .

m _
| Y (5, %0, 70 ) =¥ ° (t,x0,70) 1| | = A" (E-Q)™" %o (1D

forallte [O,T] and X0 € Dla’ Yo € Dzﬁ,m=1,2,... P

T(lMl + h1
where lzuo = (TﬁMz + hz )

Proof. Setting m=0 in (1.6), we have

t
f A9 £(5,x0,y0) dsl|
0

< TaM1 + h1
Hence x; (t,xp,y0) € D4, forallte[0,T]

|y (t, x0, 0 ) — %ol <

Then by mathematical induction we can prove that
26 (&, %0, ¥0 ) — Xoll < TaM; + hy - (12)
That is x, (t,x0,y0 ) € D4, forallte€[0,T].
Similarly, from the sequence of functions (7), when m=0, we get

ly1(t. %0, %0 ) — yoll S TBM; + h,
Hence y; (t,x0,V9 ) € Dy, forall t € [0,T]

and by mathematical induction also we can obtain that

lym (£, %0, ¥0 ) — Yoll < TaM, + h, -+ (13)
then y,,, (t, xo, Vo ) € D, forallte[0,T].

Next, we shall prove that the sequence of functions (6) and (7) converges uniformly
on the domain (1).

Putting m=1 in (6) and by the inequalities (2), (3), we get
122 (¢, %0, Y0 ) — %1 (£, %0, ¥o )l

eIAIT _ glANT=0y e
S<”E”_ AT — [IE]| )fo leA |11 (s, x1.(5, %0, ¥0 ),

Y108, %0,¥0)) — f(s,x0,¥0 ) llds +

GlIAIT _ A=y (T
A(t—s)
||e || ||f(5,x1(5:x0;3’0 ),3/1(5;350;3’0);
t

elAlT —||E||
—f(s,x0,¥0)ll ds

< ta(Kqllx1 (¢, x0,¥0 ) — xoll + K2 lly1 (¢, %0, ¥0 ) — yolD).
Then by mathematical induction we can prove that
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|2 41 (E, X0, Y0 ) — Xm (£, X0, Yo )|l
< ta(Kql|xm (¢, %0, Y0 ) — Xm—1(t, x0, Yo )l +
Ko ||y (8, %0, Y0 ) = Yim—1(t, x0, Y0 )II) - - (14)

And similarly ,when we use the sequence of functions (7), we have

v (¢, x0, Y0 ) — y1 (&, x0, Yo )l
< tB(Lallxy (8 x0, ¥0 ) — x0ll + Lz |ly1 (E, %0, ¥0 ) — Yol
And by mathematical induction also we find that

|ym+1(t X0, Y0 ) — ¥m (&, X0, Yo )l
< tfB (L llxm (t, %0, Yo ) — Xm—1(t, X0, Yo )l +
Lo ||y (t, %0, Y0 ) = Ym—1(t, %0, Y0 )l ) ... (15).

Rewrite (15) and (16) in a vector form , we get

P10 < 2O, (1) ..(16)
where

|2 +1 (t, X0, Y0 ) — Xm (£, X0, Yo )|l
st = | 1yim+1(E %0, Y0 ) = Yim (8, %0, Y0l |5

|2, (£, X0, Yo ) — X —1(t, X0, 0 )l
P = | lym (£, %0, Y0 ) = Ym—1(t, x0, ¥o )l

and
Klat Kzat
n() = (Llﬁt L,pt )
Now we take the maximum value for the both sides of the inequality (16) we get

Y. < 0¥, -~ (17)
KlaT KzaT
where 0 = maxe[o 2(t), 2 = (LlﬂT L, ST )

By repetition of (17) we find that ¥,,,; < 2™¥; and also we get

m m
ZW" sZQH v, - (18)
i=1

i=1
Using the condition (1.5), thus the sequence of functions (6) and (7) are uniformly

convergent, that is

m (o]
lim Nty = Zgi—1 Y, = (E-02)"ly, - (19)
T i=1
Let
o [*m (t, %0, ¥0) x® (t,%0,¥0)
|y (50,00 ) = | v (%0, 70 ) -+ (20)
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Since the sequence of functions (6) and (7) are defined and continuous in the domain (1)

0
x° (t,%0,¥0)
then the limiting vector function ( y O(t, x0,y, ) | 1S also defined and continuous in the same

domain.
By using the same method above, we can proved that the inequalities (10) and (11) will be
satisfied for all for all t € [0,T],xy € D4, yo € D; p and m=0,1,2,...

) x (t,x0,¥0) x (t,%0,¥0) ) ) )
So that the vector function |  0(¢,x,,v,) | =| ¥ (t,x0,70) | is exist and it’s a solution of the

problem (P).
Il. Uniqueness Solution Of (P).
The investigation of the uniqueness solution of the problem (P) will be introduced by the
following theorem.
Theorem4.Let all assumptions and conditions of Theorem3 be satisfied.

x(t'xO'YO ) Y(t:xO:)’O )
Then the solution| y(t, x,,y, ) | is a unique of the problem (P). Let | 3(t, x4, yo )

be another solution of (P),i.e.

t
H(670.30) =y + [ A [£(5, %05, %0,30), 3670, 1ds
0

and
t

y(t, %0, Y0, 20) = y,e”" +f eB=9) [g(s,%(s, X0, ¥0 ), (s, X0, ¥o ) lds
0

Now, taking
”x(tJ X0, Y0 ) - E(t' X0, Yo )”

'[0 eA(T_S) [f(S,X(S, X0,Y0 )' Y(S' X0, Y0 ) ) - f(S,Y(S, X0, Yo )'y(s! X0, Yo ) )]dS ”

eIAIT _ lAlT-0\ o
< <”E” - e”A”T _ ”E” >.f0 ||€ (t_S)” ” f(S;X(S.XO,}’O ):

Y1(8,%0,¥0,20) — f(8,%(s,%0,¥0 ), Y($, %0, Y0 ) )llds +
eMAIT_eIAIT=0N 0y _ _
<—e||A||T_||E” )ft ||e |||| f(s,x(s,%0,¥0 ), ¥(5, X0, Y0 )) — f(5,%(s, X0, ¥0 ), ¥(S, %0, 0 )) Il ds.

<

So that
| (t, 0, Yo, 20) — X (¢, x0, Y0, Zo) |
< ta(Kqllx(t, xo, yo ) — x(t, x0, Yo )l +
Kally (¢, x0, 0 ) — ¥ (&, %0, ¥0 ) -(21)
Now similarly
ly (¢, x0,¥0 ) — ¥ (& x0, Yo )l < tB(Ly|lx(E, x0,¥0 ) — X (&, 20, Yo )l +
Ly ly(e, x0,y0 ) — ¥ (& %0, ¥0 ) . (22).

Rewrite the inequalities (21)and (22) in a vector form, we get
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”.')C(t, X0, Yo ) - Y(tl X0, Yo )”
ly (¢, x0,¥0 ) — Y (& x0, y0 )l

”X(t, X0, Yo ) - E(t; X0, Yo )”
< 2\ ly(t xo0,¥0) = y(t, x0,¥0)l - (23)
By iterating the inequality (23), we have
Il (¢, x0, ¥0 ) — X (&, x0, Yo )l Il (¢, x0, y0 ) — X (&, %0, ¥0 )l
j— m j—
ly(t, %0, 0 ) = ¥(t, x0,¥0 )l | = 2" | |y (t, x0,¥0 ) = ¥ (&, %0, yo )l
Then by the condition (1.5), we fine that
||x(t;x0:}’0)—E(t,xo,J’o)” 0
ly(t, x0,¥0 ) = Y(t, %0, ¥0)Il | 2| O
Thus
x(thOlyO ) E(LLJXO'yO )
y(tx0,¥0) | = | ¥(t x0,%0) |-
x(¢, %0, Yo )
Hence the solution{ y (¢, x,, y, ) | of the problem (P) is a unique on the domain (1).
V. Stability Solution Of (P ).
In this section, we study the stability solution of the problem (P) by the following theorem:
X(t, xq,
Theorem 5.If the inequalities (2) , (3) and the conditions(4),(5) are satisfied and <~( 0 y0)>
y (5: X0 ,}’0)

which was defined bellow as different solution for the problem (P), then the solution was stabile if

satisfy the inequality:-
(||X(t'x0'J’0 ) — %(t, xo ,}’0)”) < (61)
=<(e,)

~ €1,60 =20
||y(tx0JJ/0;)—}’(t'xo'}’o)” bz

where

x(t, %0, Y0 ) = xpe* + fot e £ (s,x(s,%0 Y0 ), (s, %0, ¥0))ds,
x(t,x9,¥0) = Xoe* + fot eAlt=s) f (S,f(S, X0, ¥0), ¥ (5, %o ,J/O)) ds
and

(s, x0,y0) = yoeBe + [5 €2 g(s,x(s, %0 y0 ), ¥(s. %0 ¥0)))ds,

t

y(t' X0 ,}’0) = yOeBt + f eB(t_S) g(S,’Xv(t, X0 ,3’0): y(t, X0 :yO))dS
0
Taking

”x(tJXOJyo ) - f(t'xo')’o) ” <
< llxo — Xollx
+ aT[k1||x(t, X ,yo) — J?(t, Xo ,yo)”

+ ko ||y (6,20 y0) — (¢, x0 ¥0)||] - (24)
and
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ly(s, %0 ¥0) = 7(tx0,¥0)

< llyo = ollB
+ BT[11||x(t, X ,yo) — f(t, X ,yo)”
+ lz”}l(t, X0 ,yo) - y(t, X0 ’yo)”] (25)

Rewrite (24 ) and (25) in a vector form ,that is
<||x(t,x0,y0 ) — x(¢, on’o)”)
ly(s. %0 .y0) = 5(t, %0, 50)||
- (llxo — J?Olla) N (klaT kzaT> (”x(terwYO ) — %(t, x0,y0) |l >
~\llyo = ¥ollB UBT  LBT)\ |ly(t.x0 y0) — (& x0,¥0)||
For ||lxg — %ol < 61, llyo — Joll < & then
<I|x(t,xo,yo ) — x%(t, x0,v0) |l >< (61> N (klaT kzaT) (llx(t,xo,yo ) — %(t, x0,v0) |l )
ly(s.%0 ¥0) = F(t.x0,30)|| ) ~ \62 UBT  LBT)\ |ly(t.x0,y0) — F(t.x0,¥0)|
By using the condition(5), we have
(¢, x0,¥0 ) — %(&, x0, y0)l €1
<
(o) = S memo) =€)
By the definition of the stability we find that
<f(f; X0,Y0)
7 (s.%0 ¥0)

€1,€ = 0.

) is a stable solution of the problem (p).

VI. Existence And Uniqueness Solution Of (P) .
In this section, we prove the existence and uniqueness theorem of the problem (P)by using
Banach fixed point theorem .

Theorem 6. Let the vector functions f(t,x,y ) and g(t,x,y) in the problem (P) are defined and
continuous on the domain (1) and satisfies assumptions and all conditions of theorem 3, then the
problem (P) has a unique continuous solution on the domain (1).

Proof . Let (C[0,T], ||.]| ) be a Banach space and T* be a mapping on C [0,T] as follows :-

t

T*X(t, xO'yO) = erAt + f eA(t_S) f(S,X(S, xO'yO)! }’(5' X0, yO) )dS,
0
t

T*i(t' xO'yO) = iOeAt + eA(t_S) f(S,f(S, inyO)' 37(5' X0, yO))ds

o

and

t

T*y(t, X0, YO) = yOeBt + f eB(t_S) g(s, x(sl xO;yO)' 3’(5: X0, YO))dS,
0
t

T*5(t,x0,¥0) = Foe5t + | €5 g(s,%(s,x0,¥0), $(s, %0, ¥0))ds

o

Then
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”T*X(t, X0, yO) - T*f(t, X0, }’0)”
< aT[kq||lx(t, x0,y0) — %(t, x0, yo)l
+ ko lly(t, x0,y0) — F(t, x0, ¥o) ] . (26)

and

”T*Y(t' X0, }’0) - T*j;(tr X0, yO)”
< BT l1x(t, x0, ¥o) — X(t, 0, yo)l
+ L |ly(t, x0, ¥0) — F(t, x0, yo)ll] - (27)

Rewrite (26") and (27) in a vector form, that is

<||T*x(t, x0,¥0) — T*X(t, Xo;}’o)”) < (aTkl aTkz) (llx(t, X0,Y0) — X(t, xo.)’o)”)
Ty (t, xo,¥0) — T*¥(t, x0,yo)l/ — \BTly BTl ) \|[y(t, x¢,¥0) — F(t, x0,¥0)|l
From the condition (1.5), we get

T* . . . . . .
( *x(t' X0,V 0)) is a contraction mapping on [0,T]. By using Banach fixed point theorem , there
T"y(t, %0, Yo)
exists a fixed point (x(t' xo’y‘)))in C [0,T] such that
y(t, x0,¥0)

t
/ xpeldt + f e2(=9) £ (s,x(s, %0, ¥0), ¥ (5, X0, ¥p))ds \
<X(t, xO'YO))

(T*x(t, X(),yo)) _ _ | 0
T*y(t, x0, o) y(t, %0, ¥0) ;
yoe®* +feB(H)g(s.x(s.xo,yo)(S),y((s,xo.yo)S))dS
0

So that

T*x(t, xo,yo)) L . : .

. is exist and it’s a unique solution of the problem (p).
<T y(t, %0, ¥0) a P )
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