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I.  Introduction
Let A (p) denote the class of f normalized univalent functions of the form

f(z) = 2P + Z AppZ™ ,(angp = 0,p €N = {1,23,..7) (1.1)
n=1

analytic and p-valent in the unitdisc E={z : z € C;|z| < 1}.
A function f(z) € A (p) is said to in the class of Sy () p-valently starlike function of order a (0 < a < p)
if it satisfies, for z € E, the condition

Re (Z f'(z)} a 1.2)
f(2)

Furthermore, a function f(z) € A (p) is said to in the class K, (o) of p-valently convex function of
order o (0 < a < p) if it satisfies, for z € E, the condition

Re (1+MJ > o (1.3)
@

It follows from the definition (1.2) and (1.3) that
f(2)e K, (o) © pr(” e S; (o) 0<a<p) (1.4)

whose special case, when a = 0 is the familiar Alexander theorem (see for example [1] p.43, Theorem 2.12). We
also note that

K, (@) < Sy (o) (0<a<p)

Sp(a) < S;(0)=S; (0<a<p)
and

K, (o) € K, (0)=XK, (0<a<p)

Where S; and %, denote the subclasses of A (p) consisting of p-valently starlike and convex functions
in unit disk E respectively.
Let T, (a, B) denote the subclass of A (p) consisting of functions analytic and p-valent which can be express in
the form

[ee]

f(z) = zP — Z Ap4pz" TP yanyp =0
n=1

The subclass T, (o, B) of p-valent functions with negative coefficients is studied by H. M. Srivastava
and M. K. Auof [2].
Following S. Owa [3], we say that a function f(z) e T, is in the subclass T, (a, B) if and only if
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f'(z) —pz'™®
f'(z) + pz! (1 — 20)

The subclass T, (a, ) was studied by Goel and Sohi [4]. Moreover S. Owa studied several
interesting results on radius of convexity for p-valent function with negative coefficients. In this present paper
we investigate sharp results concerning coefficient inequalities, distortion theorem and radius of convexity for

class the T, (a, B).

1. Main Result
Theorem 2.1 A function

[oe]

— +
f(z) = zP — Z ap4pz" P yangp =0
n=1

is in the class t,(a, B) if and only if

D+ DA+ B)ansy| < 2601 - wp @1
n=1
The result is sharp.
Proof: Assume (2.1) holds. We show that f(z) € T, (a, B).
Let |z] = 1. We have,
f(z) = zP — Z appz" P (2.2)
o n=1
F@) =P~ = ) anyy (0 4+ )2 P! 23)
n=1
Now,
£/ = pzP | = [p22 ™ = > ay., (n o+ pan 0! — P!
o n=1
=\~ Z an+p (n + p)Zn+p_1
n=1
Also,
BIf () + pzP' (1 — 20|
= |BpzP ™' =B ) any, (0 +p)z™ P+ BpzP (1 - 20)
o n=1
= ‘—Bz apsp (0 + p)z" P71+ 2BpzP ! — 20BpzP !
n=1
Then,
If'(z) — pzP~*| = BIf () + pzP~1 (1 — 20)|
=|— Z an+p (n + p)Zn+p_1
n=1 -
- ‘—BZ app (04 p)z" P71 4 2BpzP~! — 20BpzP !
n=1
since |z] =1
If' @ ~pz = BIf @ +pz A -20)
< Z(n + p)'an+p| + BZ(“ + p)'an+p| - 2,819 + ZaBp
o n=1 n=1
< ) A+ )+ Py, | - 26p + 2app
n;l
<> A+ B0+ Py, | - 260 - p
n=1
<0
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Hence by maximum modulus theorem, f(z) € 7, (a, B).
Conversely, suppose that

f' () —pzr?
f' (@ +pzp~(1 - 2a)

Pz’ = X dnyy (M4 )2 P —p2P !

pzP~l =¥ anyp (N +p)zn Pl 4 pzP (1 - 200)

— 2n=-1 An+p (n+ P)Zn+p_1

2zP71(1 — )p — Lioq Gnyp (R + p)zntP!

since |Re(z)| < |z|for all z, we have
©_a n+p)zttr-l
Re _ Zn—l n+p OE P) —| < B
2zP71(1 — o)p — Lp=q Gnyp (n+ p)zntPt
Choose value of z on real axis so that f '(z) is real. Upon clearing the denominator in (2.4) and letting z - 1
through real values, we have

Dt )any| <280 - @p =B Y 0+ Py,
n=1 n=1

(2.4)

D @A P +B Y 1+ plany,| 2Bt - 0p
n=1 n=1

D @+ A+ Blans| <260 - ap

n=1
This completes the proof.

1. Distortion Theorem
Theorem 3.1 If f(2)e 1,(a,p), then

2Q—a)p 26Q—a)p _
o Taeaen” Il cew Ty LU
an
L -, L, 20— _
r-1 —WTP < If'@l =< pr? Ly a+p P Lzl =7 (3.2)

The result is sharp.
Proof: from Theorem 1, we have

D @+ P+ Plans,| <260 - @p
n=1

A+D)A+B) ) [ansy] < D @+ pA+Plany,| < 2601 -a)p
This implies that " "

oo

28(1—a)p
Dlaan| < Gros s

Z, T+p) (1 +5)

Hence
@IS 12P + ) Jansy| 21"
n=1 o
<1+ ) gy I el =
28(1 20
<r M p+1 (3.3)

Q+pA+p

and

[oe]
@2 (217 = ) Jansy |12
n=1
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> |rP = S|y | I vzl =71
2p(1 —a)p
> P ————_pptl 3.4
EDIET) G
From (3.3) and (3.4) we get,
2B(1 —a)p 2(1 —a)p
P ————— P < |f(D)| S TP+ ———— 1P |z =7
A+ma+p. = VO YT de g
Thus (3.1) holds.
Also
@I plzP + ) (@ |r+ p) l2m0
n=1
<rp! <p+r2|an+p|(n+p)> vzl =7
n=1
28(1 —a)p
< (p+r 20
PTTTaEp
28(1—a)p
<prPl4—— pP 3.5
P a+h G2
Also,
@12 plalP™ = Y [ag | n+ p) Iz
n=1
207 p =1 ) [ans, | (4 p) < lzl =7
n=1
2(1—a)p
>t (p-r P
PTTTap
4 28 —-a)p
>prPt———— P 3.6
Thus from (3.5) and (3.6) we get,
4 28 —-a)p 4, 2B —a)p
Pl — P < @< prPlt————1P |zl =7
a+p f@rsw a+p
Thus (3.1) holds.
This completes the proof.
IV.  Radius of convexity
Theorem 4.1 If f(2)e 1,(a, p) is p-valently convex in the disc then
1
1+pp |
z| < ,n=1,23,.. 4.1
g [Zﬂ(l — O+ p) D
The result is sharp.
Proof: Let
f(z) =27 - an+pzn+p
Then,
F@=p™ =Yy (e pa !
n=1
@) =p(p = D2 = ) @y, (4 p)n+p = D22
n=1
Now,
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zf (2)
f'(@

- p(p—DzP =37 ayyy, (m+p)(n+p—1)z" P71
pzP~t =¥ apyy (R +p)zntPl

1+

_ pr—l - 2:10=1 An4p (Tl + P)Zn+p_1 + p(p - 1)Zp_1 - Z‘;.lo=1 An4p (Tl + p)(?’l +p - 1)Zn+p—1
- pzP~t = X Ay (0 + )zt

_ PP T =B any (A )22

Pz = B Gy (0 p)2h P

To prove the theorem it is sufficient to show,

of @)\
K” f'(Z)> p‘sp

Now, )
o @)\
|<1+ f’(2)> p‘

P’z = ¥l Gy (n+ p)P2" P
R T R

p*zP Tt =¥ Ay, (M p)22" P — PP 4 p Y ayy, (n 4+ p)zt P

pzP~t =¥ Apyp (D + p)zntPl

- Z?lo=1 Apip M (n + p)Zn+p_l

pzP~1 — ZZ’=1 A 4p (n+p)zrtr-l

Yn=111p In (n +p)lz|"
B p— 2:10=1 |an+p| (‘I’l + P)|Z|n

2f" ()
|<1+ f,(z))_p|3p

Thus

2=t @nip n (n + p)|2|"
p—Xn=1 @G| (M +p)lz|" ~

D n+pla |l < p? = > p 0+ play|l2l”
n=1 o n=1

D n@tp)+p 0t pans, |l < p?

n=1

[oe]

Z(n2 +2np + p?)|ansp |1zl < p?

n=1

D+ p2lan iz < p?
n=1
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> /n+ p\2
2 () lansle < 1

n=1

But from Theorem 1, we get

[EN

i (n+p)(1+ B)lans| _
& 2pQ-wp T

hence f(z) is p-valently convex if

n + p\? L (+p)A+B)ans
(557) lawsplil” < 2[3(1—0()|p !

(n + p)z ] < (n+p)A+B)

21 -wp
or
1
1+8B) n
|z] < [ B)p ,h=1,2,3,..
2p(1 = o) (n +p)
This completes the proof.
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