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Abstract: There are many identities on Jacobsthal sequence of numbers. Here we try tofind some more
identities on Sums of Squares of Consecutive Jacobsthal numbers using Binet forms.
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. Introduction
The Jacobsthal and Jacobsthal —Lucas sequences [, and j,, are defined by the recurrence relations
Jo=00;=1 Jo=Jos+ 2o forn = 2, e @)
Jo= 2y =1 fp Doy +2fp_g forn = 2, e (2)
Applications of these two sequences to curves are given in [1]. Sequence (1) appears in [2] but (2)
does not. From (1) and (2) we thus have the following tabulation for the Jacobsthal numbers [, and the
Jacobsthal —Lucas sequences .

n 0 1 2 3 4 5 6 7 8 9 10
In 0 1 1 3 5 11 21 43 85 171 341
Jn 2 1 5 7 17 31 65 127 257 511 1025

When required we can extend these sequences through negative values of n by means of the recurrence
(1) and (2). Observe that all the [, and j,, except j; are odd by virtue of the definitions.

In [3], the Binet forms of Jacobsthal form are given as
o™ — g

E _l n n
Jn= 2 —3[{2] - (-1D"]

jn=a™+p"= [(2" 4 (-1)"]
Considering Binet forms, Jacobsthal sequences can also be represented as
Jn=:[(2a + B)" - @A)"] = 1[@" ~ (-1)"]
jo= (26 +8))" + @] = [ + (1"
Based on this construction, we obtain some identities.

Proposition 1.
For every n = 0 the following equality holds

5 1 -
Ji + Jnsy = glla = )22 + 2774 (ap)™ + 2(a + B)]

Proof. )
Ji= i[(Z(E{ +/) —(ap) ”]
- 1 " 2
Jrs1 = 5 [(2{@ + ﬁ}} L (gﬁ}n+1]
O L Ch Dk 1+ (20a+ )|+ (@p)[1+ (@p)?]-
moAm e 2(2(a+8) (@)1 + (2(a + B)) (@B)]
Ji+ T3 = 5lla - 2 + 20V ap)" + 20a + ).
Remark:

For every n = [ the following equality holds
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243, = [la—p)F2m — 2" (gp)™ + 2(a + F)].

Proposition 2.
Foreveryn =0

J2+ ]2 iR+, =252 (g — )2 — 2n+4(af)" + 5.2%(a + B)]

W |

Proof.

Ja+Jass +in +ines
= a[{a —B)F2 £ 2 (g + 2(a + B)] + [(a — B)P2%" — 2"+ (gB)" + 2(a + B)]

=[5.2*1(a — §) > — 27*¥(af)" +5.2%(a + §)]

Proposition 3:
Forevery n =0

D G- JD =Tk -1
n=1

Proof . . s
TGk -3 =:[Ce+/)" T + @)™ - 202 + )" (@p)"]

5[+ £) + @p - 22 + 1)’ @p]

= 5[e+ o) - @] -5 [2w) - (-17]
D Qi I =Ja 1.
n=1

Proposition 4.
Foreveryn =10

iﬁ. =%E{2=n —1n+ zi{_z:]n]
* n=1

n=
Proof . ) )
b e

By the formula [; = —— we have

n 1 )
Zj’; =5l + (2 + (@0 + -+ @) 4 n - 2[2(-1) + 22(-1) + 22(-1)* + =+ 2°(-D)"]}
n=1

VLAt _ n
=l[{2] (2% 1]+ﬂ+22{_23n]

q 22 -1

n=1
n ] 1 4. . n .
ﬂzﬂf;_ :a[gfiz* ) B 2;{—23 ]

Proposition 5.
For everyn =0 i = 0 the following equality holds

i n it |
Janazi = 2% nn + 2
Proof. ) )
By the formula [z = —— we have
'"_ i (2)3n-2 _ (_q)n-2 o+l _ 4
RHS = 244¢ ( 3 )-l— 3
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2In+il _ 2:l+:{_1:]:r!—2 22+ _ 1

3 T 3

I+ _ (_q)In+l
3

g2 _y

_ aZi+l
Jomezi = 2% ana + 2

Proposition 6.
Forevery n = 0 ,i = 0 the following equality holds

Zi+3
Janszier = 29 2 +

2EE

Proof. ) )
b o N

By the formula [; = —— we have

2In+2i+l {_-D:r! +2r+1

3

LHS =

22+3 gIn—2 _ (_1)h+3(_1)in-2
3

[—q330%3 [_yym=2

3 I

2043

2 +1

Zi+3
Janszier = 29 n 0 +

Proposition 7.
Forevery n = 0.1 = 0 the following equality holds
Janeai + Janeaies = 257235, 0 + 11
Proof.
o 2:l+: -1 . 2:l+! +1
Janezi FJanezier = 29 gn o + — 3 +29 o+ — 3

Tr4+2

=22+ G+ 2]+ [1+2]

=3 2:[+:-_|ir:iq_: 1 2:[+:
Jansai + Janszies = 25703, + 11
Proposition 8.
For every n = 0. k& = 0 the following equality holds

; ; ; ; —_ n+E[on+k+3
In+krzJntbrr — In+vk Jntkel T 3.2 h[z " + a.lrn+ic+1.]

3

Proof .
Jnsk Jnsker = 2an +2R+1 1 2n+k{_1:]r!+k 1 {_1:]:?!+:R+L
T S 2:n+:k+5 L 2ﬂ+k+:{_1:]r!+k+: 1 {_1:]:i’!+:;i+5
= 7 +:Fi+1|:24 _ 1:] 1 2i’!+i‘|:_1:]i’!+k|:2:|:_1:]: _ 1:| 1 {_1]!?’!+2R+1.{{_1:]4 _ 1:]
15, 2:i’!+:R +1 L 3I2ﬂ+R{_1:]i’!+R
=12, 2:ﬂ+:k +1 1 3I2n+k[2n+k+1 _ {_1:|r! +Fc+1.]

— In+Ik+1 n+
= 12,2343l L g oy Ly

; ; ; ; — n+R[an+E+3
Tn+i+z In+ivz — Insk Ineker = 3.2 h[z " + a.liri’!+Fn'+l]

Tn+k+2 In+i+z — In+k Invk+1
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