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Abstract: In this paper, we have proposed and analyzed a mathematical model to study the simultaneous effect
of two toxicants on a biological population, in which a subclass of biological population is severely affected and
exhibits abnormal symptoms like deformity, fecundity, necrosis, etc. On studying the qualitative behavior of
model, it is shown that the density of total population will settle down to an equilibrium level lower than the
carrying capacity of the environment. In the model, we have assumed that a subclass of biological population is
not capable in further reproduction and it is found that the density of this subclass increases as emission rates
of toxicants or uptake rates of toxicants increase. For large emission rates it may happen that the entire
population gets severely affected and is not capable in reproduction and after a time period all the population
may die out. The stability analysis of the model is determined by variational matrix and method of Lyapunov’s
function. Numerical simulation is given to illustrate the qualitative behavior of model.

Keywords: Biological species, Deformity, Mathematical model, Stability, Two toxicants.

AMS Classification — 93A30, 92D25, 34D20, 34C60

I.  Introduction

The dynamics of effect of toxicants on biological species using mathematical models ([1], [2], [3], [4],
[51, [6], [71. [81, [9], [10], [11]) have been studied by many researchers. These studies have been carried out for
different cases such as: Rescigno ([9]) proposed a mathematical model to study the effect of a toxicant on a
biological species when toxicant is being produced by the species itself, Hallam et. al.([6], [7]) proposed and
analyzed a mathematical model to study the effect of a toxicant on the growth rate of biological species, Shukla
et. al. [11] proposed a model to study the simultaneous effect of two different toxicants, emitted from some
external sources, etc. In all of these studies, it is assumed that the toxicants affect each and every individual of
the biological species uniformly. But it is observed that some members of biological species get severely
affected by toxicants and show change in shape, size, deformity, etc. These changes are observed in the
biological species living in aquatic environment ([12], [13], [14], [15], [16], [17], [18], [19], [20]) and in
terrestrial environment, in plants ([21], [22]) and in animals ([23], [24], [25], [26]).

The study of such very important observable fact where a subclass of the biological species is
adversely affected by the toxicant and shows abnormal symptoms such as deformity, incapable in reproduction
etc. using mathematical models is very limited. Agrawal and Shukla [2] have studied the effect of a single
toxicant (emitted from some external sources) on a biological population in which a subclass of biological
population is severely affected and shows abnormal symptoms like deformity, fecundity, necrosis, etc. using
mathematical model. However, no study has been done for this phenomenon under the simultaneous effect of
two toxicants. Therefore, in this paper we have proposed a dynamical model to study the simultaneous effect of
two toxicants (both toxicants are constantly emitted from some external sources) on a biological species in
which a subclass of biological population is severely affected and shows abnormal symptoms like deformity,
fecundity, necrosis, etc.

Il.  Mathematical Model
We consider a logistically growing biological population with density N(t) in the environment and
simultaneously affected by two different types of toxicants with environment concentrations T;(t) and T,(t)
(both toxicants are constantly emitted in the environment at the rates Q; and Q, respectively, from some
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external sources). These toxicants are correspondingly uptaken by the biological population at different
concentration rates U, (t) and U, (t). These toxicants decrease the growth rate of biological population as well
as they also adversely affect a subclass of biological population with density Nj (t) and decay the capability of
reproduction. Here, N,(t) is the density of biological population which is capable in reproduction. Keeping
these views in mind, we have proposed the following model:

dN, rNyN
9 - (b —d)Ny — (1 Uy + r,Up)Ny — KT, T,)
dNp rNpN

7 = (T1U1 + rZUZ)NA — m — (CZ + d)ND
aT;

W = Q1 - 51T1 - lelN + 7T1V1NU1 (21)
daT,

T Q2 — 8;T, — v, ToN + v, NU,

du;

W =y ThN — Uy —viNU;

au,

dt =y, TN — B,U, —v,NU,

N,(0),Np(0) >0, T, (0)=>0, U;(0)>cN(@©), ¢>0 0<m<1 for i=12

All the parameters used in the model (2.1) are positive and defined as follows:
e b — the birth rate of logistically growing biological population,
e d — thedeath rate of logistically growing biological population,
e r — the growth rate of biological population in toxicants free environment, i.e.r = (b — d)
e a — the decay rate of the deformed population due to high toxicity,
e 1 &1, — the decreasing rates of the growth rate associated with the uptakes of environmental
concentration of toxicants T; and T, respectively,
e §; &6, — the natural depletion rate coefficients of T; and T, respectively,
e B1&B, — thenatural depletion rate coefficients of U; and U, respectively,
e y; & y, — the depletion rate coefficients due to uptake by the population respectively,
(i.e. 11N & y,T,N)
e v; & v, — the depletion rate coefficients of U; and U, respectively due to decay of some members of N,
(i.e. viNU; & v,NU,)
e 1w & m, — the fractions of the depletion of U; and U, respectively due to decay of some members of
N which may reenter into the environment, (i.e. m,v{NU; & m,v,NU,)

In the above model (2.1), total density of logistically growing biological population N is equal to the
sum of density of biological population without deformity N, and with deformity Np, (i.e. N = N, + Np).

So, the above system can be written in terms of N, Ny, T;, T», U;and U, as follows:

oA VO L P81

ac VTR, ¢ D

dN, rNyN

=22 N=Np)——2 N
T (r Uy + 1Up)( p) KT, Ty (a + d)Np
dr,

E = Ql —_ 51T1 —_ lelN + 7T1V1NU1 (22)
4T,

P Q2 — 6T, — v, ToN + v, NU,

du,

a y1iTiN — B Uy — viNU;

du,

dt =y, ToN = B,U; —v;NU,
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N@©)=0, Ny(0)=0  T(0)>0  U(0)>¢N@O), O0<m<1 for i=12

where ¢y, ¢, > 0 are constants relating to the initial uptake concentration U;(0) with the initial density
of biological population N(0).

In the model (2.2), the function K(Ty,T,) > 0 (for all values of T; & T,) denotes the carrying capacity
of the environment for the biological population N and it decreases when T; or T, or both increase.

we have,

initial carrying capacity, K, = K(0,0) and % <0 for T;>0, (i=1,2) (2.3)

I11.  Equilibrium points and stability analysis
The model (2.2) has two non — negative equilibrium points E; = (0,0,?—1,2—2,0,0) and E, =
1 2

(N*,Np, T, T5, U7, Us). It is obvious that equilibria E; exist, hence existence of E; is not discussed.

Existence of E,: The value of N*, N, Ty, T,, U; and U; are the positive solutions of the following system of
equations:

N= %(r — Uy — 1 UDK(Ty, Ty) (3.1)
Mo =N+ ((r:lll]]ll: r?;z[Zz e %)?(Tl, ) (32)
() 33)
r= 2D g 3.4)
Uy = %&g’ = B (V) (3.5)
U, = %(VIZVI;' = hy(N) (3.6)
where, fi(N) = 681 + (11 + 81viN + yv (1 — m)N*? (3.7)
fo(N) = 8,8, + (282 + 8,v2)N + y,v,(1 — )N 2 (3.8)

Using equations (3.1-3.8), we can assume a function

F(N) =N = (r = rihy (N) = 12h,(N))K (g1 (N), g2 () (3.9)
From (3.9), we can say that

F(0) <0 and F(Ky) >0
this implies there must exist a root between 0 and K, for the equation F(N) = 0, says N*.

Uniqueness of E,:
For N* to be unique root of F(N) = 0, we must have

dF dh dh 0K d 0K d

ﬁ [7”+K(91(N) QZ(N)){r1 1 +1 dNZ} (r—r1h1(N)—Tzh2(N)){aT d‘?Vl-l_aT d}gvz}]

where
dh
= TS (6 — v (L= mN?) (310)
dhy _ Q2v2 s 1 ) 311
N =7z (N){ 2B2 — v2v, (1 — mp)N*?} (3.11)
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%= —%{ﬁf +2Bvi(1 — )N +vi(1 —m)N?} < 0 (3.12)
% = _szzz()I/\;) {B +2Bv,(1 = )N +vi(1 —m)N?} < 0 (3.13)
Since, STKl 2—;(2 < 0 (fromeq. (2.3)) and %, % < 0 (fromeq. (3.12-3.13)), this implies that:
[ = s — ) S5 52+ S50 >
then Z—Z > 0, only when
[r +K(g:(N), g, (\)) {rl % +1 %}] > [(r —11hy (N) — rph,(N)) {g—i% 2_71"(2%}] (3.14)

Hence, if the conditions (3.14) is satisfied, the root N* of F(N) = 0 is unique and lower than the carrying
capacity of the environment.

After that, we can compute the value of Ny, Ty, T;, Ui and U; with the help of N* and equations (3.2-3.8).

3.1 Local stability analysis

To study the local stability behavior of the equilibrium points E;

(o,o,%,%,o,o) and E, =

(N*,Np, Tf, T;, U7, U3), we compute the variational matrices M; and M, corresponding to the equilibrium points
E; and E, such as:

r —(@+b) 0O 0 0 07
0 —(@+d 0 0 0 0
_n& 0 -5 0 0 0
61
M, = —yi;jz 0 0 -5 0 0
N 0 0 0 —f 0
81
Y2Q2 0 0 0 0 -8,
5, |

From My, it is obvious that E; is a saddle point unstable locally only in the N — direction and with
stable manifold locally in the N, — T; — T, — U; — U, space.

And
2N* 2 . 2 o
-r (m - 1) —(ll + b) rN K1 (Tl ) Tz) rN Kz(T1 , Tz) 0 0
rNp N*
nUf +nU; — ——— —(mUf +nU3)— vN'NpK(T1,T3) rN*NpK(T1,T;) n(N*—Np)  12(N*— Np)
M, = K(T7,T5) N;
- Ty + mv Uy 0 —(6, +y1N") 0 m Vi N* 0
—y,T; + myv,Us 0 0 —(6, +v,N") 0 TV N*
1Ty —wnUf 0 y1iN* 0 =L +vN) 0
V217 —v,U; 0 0 y2N* 0 —(B2 +voN™)
Here,
Ky (T3, T9) ! aK] <0 and K(T},T9) ! [aK] <0
1\t1,42 KZ (Tl*: TZ*) aTl - 2\t1, 142 KZ (T]_*r TZ*) aTZ -
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According to the Gershgorin’s disc, all the eigenvalues of variational matrix M, are negative or having

negative real parts if
K(T{,T;) < 2N*

|(a + b)| + |[rN*2K, (T;, T3)

+ |rN*2 K, (T1, T5)

< ( 2N° 1)

T\ s 7y

K(T!,T5)

+ [rN*Ny K, (T1, T)| + [rN*Np Ko (T7, )| + | (N* — Np)|

*

rNp

7"1U1* + rZUZ* - K(T* T*)
1,52

N*
+ [ (N* = Np)| < (,Up +TZU§)F
D
|=v1 Ty + mvi Ur| + |mviN*| < (61 + y1N¥)
|=v2T5 + mv Uz | + |mpv,NY| < (6, + v, N™)
[Ty —viUf| + lyaN*| < (By + viN™)
[v2T; —v3Uz| + ly2N*| < (B, + v,N¥)

Hence, we can state the following theorem.

(3.15)

(3.16)

(3.17)

(3.18)
(3.19)
(3.20)
(3.21)

Theorem 1: The equilibrium point E, is locally asymptotically stable if the conditions (3.15-3.21) are satisfied.

3.2  Global stability analysis

To found a set of sufficient conditions for globally asymptotically stable behavior of the equilibria E,,

we need a lemma which establishes the region of attraction of E,.

Lemma 1: The region
(r +1)(Q1 + Q2)Ky
+7,)(Q1 + Q) + Sy (@ +d)’

Q:{(N,ND,Tl,Tz,Ul,Uz):OSNSKO, OSNDS(T'
1

Q1+ Qz)}

0<Ti+T,+U +U, <
Om

Where 6m = min(61, 52',81132)

attracts all solution initiating in the interior of the positive orthant.

Proof: From the first equation of model (2.2),
we have d—N<rN—ﬁ=r(
’ dt — K,
Thus, limf&up,_., N(t) < K,.
From the last four equations of model (2.2),
dT; dT, dU; dU,
A ar Tar Tar
= (Q1 + Q2) — (61T + 8,T; + 1Uy + foU) — (1 — m)viNU; — (1 — ) v, NU,
<Q1+Q) =0, (Ty +T, +U; +Us)

we have,

where &, = minidy, 8,, B, B,)

+
Thus,  limsup(Ty + T, + Uy + Uy) < 2 = A

t—oo m

From the second equation of model (2.2),

dNp NN
we have, Tl (r Uy + n,U,)(N — Np) — KTy (a + d)Ny
rn+r +
GRS TR S PR

(r1 + 1) (Q1 + @)K,
+712)(Q1 + Q2) + 8 (a+d)

Thus, lim sup,_,,, Np(t) <
(ry
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proving the lemma.o
The following theorem establishes global asymptotic stability conditions for the equilibrium point E,.
Theorem 2: Let K (T) satisfies the following inequalities in Q with the assumptions in equation (2.3):
oK oK
KmSK(T)SKO, OS__(TllTZ)lel OS__(Tl,TZ)SKZ
Ty aT,

where K, k1 & Kk, are positive constants.
Then E, is globally asymptotically stable with respect to all solutions initiating in the interior of the
positive orthant, if the following conditions hold in Q:

. . rKo(r + 1) (Q1 + Q) ]2
nUi 12U = (@ D) e S G + )00 + G + @+ D)
sy N2V . 209
(T1 1+t Z)Npm ] (3.22)
[ Qi+ Qz) kg’ 4r [ 2N
_(V1 + myv1) 5 + K2 ] E((Sl +v1N¥) [m - 1] (3.23)
[ Q1+ Q) TKZ|P  4r [ 2N
»(Vz + myv,) 5 + Kz ] E(52+y2N )[m—1] (3.24)
[ Q1 + Qz)] 4r 2N*
_ N |———1 3.25
0+ ) 5 B+ N [y 1] (3:25)
[ Q1 + Qz)] 2N*
N |o———1 3.26
_(Vz +v3) (ﬁz + v,N*) [K(Tf,Tz*) ] ( )
rKoky (rp + 12)(Qq + Q2) 2 *
| K2 {(r +71)(Q1 + Q2 (61 NI UL+ U N (3.27)
Ko (ry +1)(Q1 + Q2) ? N
(K2 {(r + rz)(Ql ¥ 0, (52 + 12 N)(Uf +1,U3) N; (3.28)
N*
[rKo]? < —(ﬁ1 + v N (U7 + rzUz)N (3.29)
D
N*
[rKo]? < E(ﬁz +v,N")(r Uy +1,U3) N (3.30)
4
[(y1 + mv)N*]? < 9 (61 + N (B +viN¥) (3.31)
4
[(v2 + mav)N*]? < g (82 + 72N (B2 +v2N7) (3.32)

The proof of Theorem 2 is given in Appendix A.

IV.  Numerical simulation
To make the qualitative results more clear, we give here numerical simulation of model (2.2) by
defining the function:

by Ty b1 T,
K(T,,T;) = Ky — - 4.1
(10, T2) = Ko 14 b Ty 14 byyT, 1)
and assuming a set of parameters
b = 0.005, d = 0.00001, . = 0.0007, r; = 0.0005, @, = 0.001, @, = 0.0004
5, =0.004, §&,=0.001, y;=0.0005 y,=0.0003, m =0.0004, mw, =0.0006 4.2)

v; =0.005 v, =0003, B =0006 B, =0.004 K,=100, by =0.0002,
by, =10, by =0.0001, by =20, Kk =0001, K, =0.001, K, =3.0

For the above function and set of values of parameters (4.1-4.2), we have obtained equilibrium point
E,(N*,Np, T{, T, U7, Uy) with values N* = 9.7771, N;j = 0.0227, Ty = 0.1113, T, = 0.1002, U; = 0.0099
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and U; = 0.0088. Here, condition (3.14) satisfies which shows that the values N*, Np, Ty, T, Uy and U; are
unique in the region Q. The eigenvalues of variational matrix M, corresponding to the equilibrium point E, for
the model (2.2) are obtained as —0.0559, —0.0339, —0.0090, —0.0039, —0.0050 + 0.0002i and
—0.0050 — 0.0002i. We note that four eigenvalues of variational matrix are negative and remaining two
eigenvalues have negative real parts which show that equilibrium point E, is locally asymptotically stable. Also,
the equilibrium point E, satisfies all the conditions of global asymptotic stability (3.22-3.32). (see Fig.1)

0o .

0.045 - 4

0ok -

0.035 -1

003 - -

0.025 - .o E
(N NG)

Deformed population (NJ)

o L L L L
8

Total Population (M)

Fig.1: Nonlinear stability of (N*,Np) in N — N plane for different initial starts

In Fig.2 & Fig.3, we have shown the changes in density of deformed population with respect to time
for different values of emission rates of toxicant in the environment Q; and Q, respectively. Here, we take all
the parameters same as eq. (4.2) except Q; and Q,. In both figures, we can see that when emission rate of
toxicant Q; as well as emission rate of toxicant Q, increases the density of the deformed population also
increases, which shows that more members of the population will get deformed if the rate of toxicant emission
increases.

@, =00m

@ =005

@, =000

Deformed population ()

L L L L L
0 500 1000 1500 2000 2500 000
time ()

Fig.2: Variation of deformed population Np with time for different values of Q4
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——— @, =0.0004

o,-000

——q, =000

Deformed Population (1)

time (t)
Fig.3: Variation of deformed population Np with time for different values of Q,
In Fig.4 & Fig.5, we have represented the variation in the density of deformed population for different
values of the uptake rate coefficients y; and y, (all the parameters same as eq. (4.2) except y; and y;
respectively). Here figures are showing that when the uptake rates of toxicants increase, density of deformed
population increases.

0.045 : :
—y, =008
———y, = 00050

——y, = 00100
0.0

=2
=1
5}

0025

Deforrmed Population (r\b)

0.02

Il Il 1 1
] 500 1000 1500 2000 2500 3000
time ()

Fig.4: Variation of deformed population N with time for different values of y4
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¥, =00003 |

¥, =00010

¥, =0.0080

0.025

Deforrmed papulation (i)
o
=
5]

0.015

1 1 1 1 1
0 500 1000 1500 2000 2500 3000
time (1)

Fig.5: Variation of deformed population Np with time for different values of y,

In Fig.6, we have shown the variation in density of deformed population corresponding to the decay
rate of the deformed population due to high toxicity a (all the parameters same as eq. (4.2) except «). In this
figure, we can see that when the decay rate of deformed population increases density of deformed population
decreases.

0.025

0015

Deformed population ()

o
2

o= 0.00001

o= 0.00040

0005 o= 0.00400

1 Il Il Il Il
0 500 1000 1500 2000 2500 3000
time (1)

Fig.6: Variation of deformed population Np with time for different values of a

#¥ _Total Population (V) 4
vo - Deformed Population (Np)

Density

0 08
Emission rate of toxicant T‘ in the emvironment (O‘)

Fig.7: N and N, for large emission rate of toxicant T, in the environment
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wREE _Total Population (V) i
oooo - Deformed Population (Np)

L 1 1 L 1
05 06 07 08 09 1
Emission rate of toxicant T, in the emvironment (Q)

Fig.8: N and Ny, for large emission rate of toxicant T, in the environment

In Fig.7 & Fig.8, we have represented the variation in the densities of Total population (N) and
Deformed population (Nj) for large emission rate of toxicants Q; and Q,. These figures show that density of
total population gets severely affected and is not capable in reproduction for large emission rates.

V.  Conclusion

In this paper, we have proposed and analyzed a mathematical model to study the simultaneous effect of
two toxicants on a biological population, in which a subclass of biological population is severely affected and
exhibits abnormal symptoms like deformity, fecundity, necrosis, etc. Here, we assume that these two toxicants
are being emitted into the environment by some external sources such as industrial discharge, vehicular exhaust,
waste water discharge from cities, etc. The model (2.2) has two equilibrium points E; and E, in which E; is
saddle point and E; is locally and globally stable under some conditions. The qualitative behavior of model (2.2)
shows that the density of total population will settle down to an equilibrium level, lower than its initial carrying
capacity. It is assumed that a subclass of biological population is not capable in reproduction. Under this
assumption, it is found that the density of this subclass increases as emission rates of toxicants or uptake rates of
toxicants increase and when the decay rate of deformed population increases, density of deformed population
decreases. For large emission rates, it may happen that the entire population gets severely affected and is not
capable in reproduction and after a time period all the population may die out. So, we need to control the
emission of toxicants from industries, household and vehicular discharges in the environment to protect
biological species from deformity.

Appendix A. Proof of the Theorem 2.

Proof: we consider a positive definite function about E,
W(N’ ND: Tl; TZ; Ul! UZ)

1 1 1 1 1
= E(N — N*)2 +§(ND — Np)? +E(T1 —T)? +§(T2 —T3)? +§(U1 - Up)?

1
t3 (U, = U3)?
Differentiating W with respect to t along the solution of (2.2), we get
2

dw _ . r
ar = W=D [”V NS

T —(a+ b)ND]

rNpN
K(Ty,T,)
+ (T, = TH[Q1 — 81Ty — viTiN + mvy NU | + (T, — T3)[Q2 — 8, — v, ToN + m,v,NU; ]
+ (U = UDN TN = B1Uy — vy NU;] + (Uy — U3 [y, ToN — U, — v, NU,]

+ (Np — Np) [(7’1U1 + U )(N = Np) — — (a+d)Ny
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using (3.1-3.8), we get after some calculation
aw _ 2N”
ac -~ |"\k@, )
= (6, + V2N ) (T, = T)* =
+ [_(a + b) + T1U1* + TZUE
+ [(ryv Uy
+ [(m2v, U,
+ 1Ty —viUpDIN = N*)(Uy

—1rNNpn1(Ty, T.)(Np
+ 1 (N = Np)(Np — Np)(U;y —

where,

1
[K(Tl,Tz) G
N1 (T, T2) = < T =T¢ ’

1 0K (T 1),
KZ(T1.T2)6T1 v

1
[K (rim) K (Tf-Tz* )
N2 (T, T,) = T,—-T; '

1 0K
~RE, T an, )

can be written as sum of the quadratics,
dw

Thus

dt

1
+¥—mﬂw_wy+mxw—wxn—ﬁ%-
+ __bll(N N* )2+b14(N N* )(TZ )

+1—5biy (N = N")? + bjs(N - N*)(U; — Up) —

—+

+

b, (Np

—+

b, (Np

+

22 (ND

—+

b, (Np
+ b33 (T,

+

-2
-
5
-
5
-
5
-
5

NI»—!NIHNI»—!NM—\NU—!NI»—‘NI»—‘

where,

b 2 2N~ 1
nTs\ka ) )

2
by = 5(52 +y,N"),

1<(T1,T2

= y1T1) = rN*ny (T}, T)I(N = N*)(Ty = T{)
—¥2T2) = rN?,(T{, T)J(N — N*)(T, — T5)
= Up) + (1, T,
— Np)(Ty = T7)
Ur) +12,(N — Np)(Np
+ (myviN* + yN*)(Ty — T7)(Uy —

by (N = N*)? + by (N — N*)(U; — U3)
— Np)? + by (Np
— Np)? + by (Np
— Np)? + bys(Np
— Np)? + by (Np
— T1)? + b3s (Ty

by (Ty — T3)? + by (T, —

N
by, = 5 [(7”1U1 +nU7)—

bss = 5(51 +v;N%),

N*
> (N—-N*)? - [(r1U1 +1,U3) ] (Np = Np)* = (8; + 1 N*)(T; = T1)?

By + V1N YUy —

U2 — (B +voN*)(U, — U3)?
]w N*)(Np — Nj)

—vU)(N = N*)(Up — U3)
—rNNpn,(T1, T.)(Np — Np) (T, — T3)
— Np)(U, — U3)

U7) + (v N™ + v, N*)(T, — T3) (U — U3)

T, % T}

’

Tl = Tl*

T, # Ty

TZ =T2*

1
O = 3 bua (N = NP2 4 by (N — Ny — N3) 5 baa Ny — N)?)

1
§b33(T1 —Tf)z}
1 2
§b44(T2—T2) }
1 2
Ebss(U1 -Up) }
1 .
—Ebee(Uz -U3) }
1
= NIy = T7) = 5 by (T = T17]
1
—§b44(T2 —Tz*)z}
1 2
—Ebss(U1 - Up) }
i)

)
Ui — %bss(lh - Uf)z}
|

NPT~ T)
NP, - V)
~ N3, ~ U5) ~ 5o (U
- T U, -

1
T3)(U, — U3) —Ebee(uz - U;)?

* 2
Ak by = 5(51 +y1N¥)

2
bes = §(ﬂ2 +v,N¥)
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rN
b12 = —(0(+b) +T'1U1* '|'7"2Uék - ],

D
_T bz = [(eviUy — 1Ty — N2, (T, T,)
K(TpTz) 13 = [(mvUy — 1Ty n1(Ty, T2)]
biy = [(mv, Uy — 2 Tp) — rN?n,(T5, T2)1, bis = (11 Ty — v1Uy), big = 2Tz — v, Up)

bys = —rNNpny (T, T2), byy = —rNNpn,(T7, T2), bys = ri(N — Np), bye = 1,(N — Np)

bss = (mviN* +y;N¥), bys = (mvoN* + y,N¥)

dw
Thus, — will be negative definite provided

dt
b, < byy by (3.33)
bfy < by1bss (3.34)
biy < byibyy (3.35)
bfs < byy bss (3.36)
bis < b11bes (3.37)
b3; < byybs; (3.38)
b3y < byybyy (3.39)
b3s < byybss (3.40)
b3s < byybgg (3.41)
b5 < b33bss (3.42)
bis < basbee (3:43)

We note that (3.33-3.43) = (3.22-3.32) respectively. So, W is a Lyapunov’s function with respect to

the equilibrium E, and therefore E, is globally asymptotically stable under the conditions (3.22-3.32). Hence the

theorem. o
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