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Abstract: It should be noted that a Borel measure may not be determined by its values on compact G5 sets. But
if some of the conditions are imposed on a Borel measure so that it can be determined by its values on compact
Gs sets. The answer to this question is Regularity. We can discus as in this paper by proving the result that a
Borel measure is determined by its values on compact G5 sets and further that every Baire measure has a unique
extension to a regular Borel measure.

Definition: Let X be any set, be § any o-ring on X, C and U be any subclasses of S.

(1) u be any measure on S i.e. (X, S, 1) is a measure space then we say (X, S, i, C, U ) satisfies axiom .

(2) If ¢ is closed for finite unions, countable intersections, ¢ € C and u(c) < o Vc € C, then we say that
axiom Il is satisfied. i.e. we say (X, §, u, C, U ) satisfies axiom II.

(3) If U is clsed for countable unions, finite intersections and for every E € § there exist Ue U s.t. E
U,then we say that (X, 8, u, C, U ) satisfies axiom I11.

Definition: Suppose that (X, S, 1, C, U) satisfy axiom I, Il and lll. LetE € §
(1) Ifu(E)=inf{u(U)/EcUe€ U}, thenE is said to be Outer regular.

(2) If u(E) =sup{u(C)/ E> CeC} thenE issaid to be Inner regular.

(3) The set E is said to be Regular if it is Outer regular as well as Inner regular.
(4) The measure u is called Regular if every measurable set E in § is Regular.

Preposition: Suppose that (X, S, u, C, U) satisfies axiom I, Il and I1l. Let E € § then

(1) Eis Outer regular iff for every € > 0 there exist U € U s.t. Ec Uand u(U) < u(E) +«.

(2) If forevery e > O thereexist Ce Cst. Cc Eand u(E) < u(C) + &, then E is called Inner regular.

(3) If E is Inner regular and  u(E) < oo then for each £ > 0 there exist Ce ¢, st. C c E and u(E) <
u(C)+e.

Proof: (1) Suppose E is Outer regular and ¢ > 0.

Let u(E) = oo, By axiom lll thereexistUe U st.Ec U= u(U) = u(E) =

= u(U) =0 = u(U) < u(E)+e.

Now suppose that u(E) < oo, then we have u(E) < u(E) + ¢ and

u(E) = inf{ u(U)/ E c U € U} then by definition of infimum there exist Ue€ U s.t. E c U and u(U) <

u(E)+ €, shows that the condition is necessary.

Conversely: Assume that the condition is satisfied.

To show that E is Outer regular, Let n be any natural number, By the condition taking ¢ = % we have U, €
U s.t. Ec U, and u(U,) < u(E) +%.

n
Let V, =ﬂl U; then V, € U, (V,) is a decreasing sequence and

i=

W+ = p(Un) 2 u(h) Vo
Therefore lim{ u(E)+ 111} > lim u(U,)

= w(E) =inf{u,)} =inff{u(V)/JEcV, Ve U} .......... *)
On the other hand u(E) < u(V) forallVst.E cV, Ve U.
> uE) <inf{u(M/E cV, Ve U} el (*%)

From (*) and (**) we have u(E) =inf{u(V)/E cV, VeU} shows that E is Outer regular.
(2) And (3) can be proved similarly by using the definition of Supremum.

Preposition: (1) If u(E) = oo then E is Outer regular.
(2) Every member of U is Outer regular.

3)IfV= 01 U, U, € U, u(U) < oothenV is Outer regular.
Proof: (1) Let u(E) =wandU € Us.t. Ec U, then u(U) =
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= inffiu(U)/E c U, Ue U} =ow=u(E)=inf {u(U)/E cU, UeU }. ThenE isOuter regular.
(2) Let W € U then u(W) = inffu(U)/W cU, Ue U}

LetU€E U st. W c Uthen (W) <u(U) = u(W) <inffu(U)/W cU, Ue U}

= u(W) = inffu(U)/W c U, U e U}, shows that W is Outer regular.

(3) Let (U ) be any sequence of members of U s.t. u(U;) < )

LetV = ﬂ U,, Defne V, ﬂ Ujthen ¥, e Uand (1) ! ﬂ roi U,=V
= p(V)= llmnqw/x(V) Inf{ ()} = lﬂf{ u()/ Veu c ’U}

= u(V) =inf{u(U)/ VcUe U} N O
Let U be any member of U s.t. V c U then u(V) < u(U)
= u(V) <inf{puU)/ VeUe U} e, (**)

From (*) and (**) we get, u(V) = inf{ u(U)/ Vc U e U}
Shows that V is Outer regular.

Preposition: (1) If u(E) = 0 then E is Inner regular.

(2) Every member of C is Inner regular.

(3) Countable unions of members of C is Inner regular.

Proof: (1) Let u(E) =0 andCe Ccand Cc E thenu(C) < u(E)=> u(C) =0
=>Sup{u(C)/CcE,CeC}=0 = u(E)=Sup{u(C)/CcE,CeC}.
Hence E is Inner regular.

(2) LetDe CthenD < D,and De C

Therefore Sup{u(C)/CcD,Ce ¢} = u(D)

AlsoCcD = u(C) <u(D) =>Sup{u(C)/CcD,Ce ¢} < u(d)
Therefore u(D)=Sup{ u(C)/ Cc D,Ce €} = D is Inner regular.

(3) Let (D,) be asequence of members of C and D = G D,, Define C,= j§1 D; then C,, € C forallnand (C,)

iS monotone increasing sequence with nU C= U D,=D
=(Cy) 1D= u(C,) - u(D)
= u(D) = lim,,, u(C,)= Sup{ u(C,)}< Sup{u(C)/ Cc D, Ce C}
= u(D) < Sup{u(C)/Cc D, Ce C}Onthe other handifCc D,
Cecthenu(C) < u(D)
= Sup{u(C)/CcD,Ce €} < u(d) > u(d)=Sup{u(C)/CcD,Ce C}
= D is Inner regular.
Hence the proof.

Theorem: Countable union of outer regular sets is outer regular.
Proof: Let (E,) be any sequence of outer regular sets and E =

n

I1C8
_

E,

If u(E) = oo, then E is outer regular as proved earlier.

Now suppose that u(E) <o, Let € > 0, since E,, are outer regular we can find a set
U, € UstE, c U, and u(U,) < u(E,) +Zin

LetU= (._jl U,,thenU € U and E c U then
HU =B =u((Y, Un) = (Y, B)
<u(U, Wn=E) < Ty w(Uy = ED=X_, [u(Uy) = u(E,)] [Because u(E,) < ]

<o lxl=e

= u(U—E) < e=> p(U) < u(E))+ e = Eis outer regular.

Theorem: Finite union of outer regular sets is outer regular.

Proof: Let E{ E; ... ......., Ex be k outer regular sets and let E=i§1 E|,
Define E, = Ek for n > k. Then (E,) is a sequence of outer regular sets
and U E, = u E,=E.

Hence Eis outer regular set by the proceeding theorem.
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Theorem: Finite intersection of outer regular sets of finite measure is outer regular.
Proof: Suppose E and F are outer regular sets and u(E) < coand u(F) < oo,

Let € > 0 be given, by the outer regularity of E, we can findasetUe Ust. Ec U
and u(U) < u(E) +§

Similarly we canfindasetVe Us.t. FcVandu(V) < u(F) +§

ThenUnVe U, ENFcUnVand u[(UNV)—(E N F)] < u[(U-E)u (V-F)]
< p(U = B) +u(V = )= [u(U) = p(B)] + [u(V) = u(®)]= 5 +5=¢

= u[(UnV)—(E n F)] <e= E n Fisouter regular.

Theorem: The countable intersection of outer regular sets of finite measure is outer regular.

Proof: Let (E,) be any sequence of outer regular sets of finite measure and E = n§1 E,.

To show that E is outer regular.

Let e > 0, Define F, =]_£11 E;, then (F,) is a decreasing sequence of outer regular sets and lim,,_,.,(F,)= nrjl E,=

n?jl E,=E.Thus (F,) L E and u(F) <oo for all i.

By continuity of measure for decreasing sequences we obtain that

p(E) =lim,,_,, u(Fy,) i.e. u(F,) — u(E)

= There exist k s.t. u(F) < u(E) +§ , Since Fy is outer regular and p(Fy) <, we can find
Ue Ust F, c Uand u(U) < u(F,) +§,

Thus E c U and (U — E) = u[(U — F) U(F, — E)]

< u(U=F) +pu(Fy —E) < p(U) — (R + p(Fry — u(E) =5 +
= u(U— E) <&, Shows that E is outer regular.

£
-=E&
2

Theorem: Finite union of inner regular sets is inner regular.

Proof: Let E and F be two inner regular sets. To show that EUF is also inner regular.

(1) Let u(E) = oothen Sup{ u(C))Eo CE€C} =

= Sup{u(C)/IC cEUF,Ce C}=w

The fact u(E) = oo gives that u(E UF) = 0 = u(E UF)=Sup{u(C)/IC cEUF,Ce C}

= E U Fis inner regular.

(2) Let u(F) = oo, then the argument is same as above.

(3) Finally suppose that u(E) < o, u(F) < o, Consider any &> 0, as E is inner regular and u(E) <
oo, therefore there exist C € € s.t. C c E and u(E) < u(C) +§

By the same argument there exist D, D c F and u(F) < u(D) +§

NowCuDe G, CUDcEUFand u[(EUF)— (CuD)] < u[(E—C)] + u[(F—D)]
< WI(E = O] +KI(F = D)] = u(E) = p(C) +k(F) — u(D) <5+5= e

= pu[(EUF)—(CuD)]< ¢ = u(EUF) <u(CuD)+ & = EUFis inner regular.

Theorem: The countable union of Inner regular sets is Inner regular.
0

Proof: Let (E,,) be any sequence of inner regular sets and E= UlEn,
n=
n
Let Fn:,UlEi, then in view of the above theorem E, is inner regular for all n. Also E, is monotonic increasing
i=

sequence and lim,,_,,(F,,) = Uan = UlE": E
n= n=

ie.(E) TE= u(E) - u(E) *

Case (1) Suppose u(E) = o. Let n be any natural number.

Since u(F,) — oo, we can find k s.t. u(F,) > n,

As F, is inner regular, we have u(F,) = Sup{u(C)/Cc F,,C € C}and Cc F, c E
=>CeC,CcEandu(C) >n = Sup{u(C))EDCE C}=w

= u(E) = Sup{ u(C)/ E> C € €} = E is inner regular.

Case(2) Let u(E)< o, Then take € > 0, as u(E)<oand u(F,) — u(E), we can find k s.t.
u(F) < u(E)+ % for inner regularity of F;, we can find De Us.t. D c F,

And u(F,) < u(Dy) +§,
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Then p(E = D) = ul(E = F) U (Fe = D)l = u(E) — u(F) + p(F) —pD) < S+ = ¢
> u(E-D)< & > u(E) —ulD) < ¢ = u(E) < u(D) + €, Proves that E is inner regular.

Theorem: Countable intersection of inner regular sets of finite measure is inner regular.
Proof: Let (E,) be any sequence of inner regular sets s.t. u(E,)< «,V n.

LetE = n1 E,, Let € > 0, Since E, is inner regular and u(E, )< o, we can find aset C, € C s.t. C, € E, and
n=
w(E)< u(C,) + 2— DefineC= n C, ThenCe C,CcE
n=
and w(E =)= ul(,0, B = (0, G 1< 1 (L, =€) < B uBa = G)
D WICOEDNICOEDIEEE
= u(E) —pu(C)<e = u(E) < u(C) +& = Eis inner regular.

Theorem: Finite intersection of inner regular sets of finite measure is inner regular.

Proof: Let Ey, E,, ... ....., E, be finitely many inner regular sets with u(E;) <o for1<i<k
Define E,, = E; forn>k.

Then (E,,) is a sequence of inner regular sets with p(E,) <o for all n.

By the proceeding theorem 21 E, is inner regular.
n=

But N E, = r]f\ E, = F\ E,, is inner regular.
n=1 n=1 n=1
Note: From the above said theorems we can say that
(1) Countable union of regular sets is regular.
(2) Finite union of regular sets is regular.
(3) Countable intersection of regular sets of finite measure is regular.
(4) Finite intersection of regular sets of finite measure is regular.

Properties of Baire Measure

Remark: Let v be any Baire measure on L.C.H. space X, £ be the o-ring of Baire sets, Let C denote the class of
compact G5 sets and U be the class of open Baire sets. Then axioms I, 11,111 are satisfied.

Proof: (1) Axiom (1) is obvious.

(2) ¢ € C, Let AB € C, then A and B are compact G5 sets = An B is compact G5 set, A U B is also compact G
set=>ANB,AUBEC.

By v(C) <oV C € C, By definition of Baire measure.

Let (C,,) be any sequence of members of € and C = f%l C,, Since each C,, is compact, C is closed and C c C, =
e

C is compact. As countable intersection of G4 sets is Gy Set,
Hence C € C. Therefore axiom Il is satisfied.
(3) Let A, B € U, then A and B are open Baire sets = ANB is open Baire set= AnB € U.

Let (4,,) be any sequence of members of U and A= UlAn, Since A,, are open for all n and union of open sets is
n=
open, it follows that A is open. 4, € 2 = UlAn EN A€,
n=

Thus A is a open Baire set = A € U. Let E€ 0. Since 2= &(C), we have E c UlKn,where K, € CVn
n=

= K, cXVn.

=There exist an open Baire set V, s.t. K, c 1, [By Sandwich Theorem]

LetV = U1V;“ then V is an open Baire set and hence V € U. FromE c UlKn =>EcVandV e U. Shows
n=

n=

that axiom Il is also satisfied.

Definition: Let v be any Baire measure on X, C be the class of compact G5 sets and U be the class of open
Baire sets. If v be inner regular w.r.t. € and outer regular w.r.t. U then v is called a Regular Baire Measure
i.e. v is called regular if it is regular w.r.t. (X, 2, v, C, U)where C is the class of Gs sets and U be the class of
open Baire sets.

Theorem: Let C be any compact G set then C is regular.
Proof: As proved earlier that every member of C is inner regular. Therefore it is enough to show that C is outer
regular.
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As C is a Gy set, therefore there exist a sequence (U,,) of open sets s.t. C = n1 U,
n=

= C c U,, Cis compact, U, is open for all n.
Hence by Baire Sandwich Theorem there exists Baire setsV}, and D,, s.t. Cc V, € D, c U,,.

V, is open, D,, is compact G; set, Obviously C = n51 V., V, is open Baire set = V, € U,V n.

= 1}, is outer regular for all n.

AsV, c D,and v(D,) <o V n, It follows that nrjl 17, is outer regular, Shows that C is outer regular. Follows
that C is regular.

Theorem: Let C and D be compact G4 sets, then C-D is regular.
Proof:

Case (1): Assume that C o D, since D is a G; set there exist a sequence (U, ) of open sets s.t. D = n U, =

D c U, for all n = There exist open Baire set |, s.t.t Dc I}, € U, forallnand V}, isa countable union of
compact G sets. [By Baire Sandwich Theorem]

fee]

c 0
Obv1ouslyD— n V,',L,HenceCD C- (n )=cn(n1Vn) =Cn( U V)
n= n=
= U (CNVE) = U (C—1)
n=1 n=1

= C-D= Ul(C—Vn) ............. (D
n=
As V, is open is open and countable union of compact G; sets, it follows that V is closed G set.
=X -1, isclosed Gz set =CnN (X-1}) is compact Gs set = C - V, is compact G set
= C-V, isregular = U1 (C-1,) isregular = C-D is regular.
n=

Case (2): Let Cand D be any compact Gs sets, Define E = C N D then C-D = C-E = C N D is compact G set,
then C D E and C and E are compact G; sets, therefore from case (1) C-E is regular
= C-E = C-D is regular.

Theorem: Every Baire measure is regular.
Proof: Let v be any Baire measure (2 be the o-ring of Baire sets, C be the class of compact G4 sets, U be the
class of open Baire sets.

Let R be the ring generated by C, then every member of R is of the type 'Gl(Ai — B;) where 4; and B; are
i=

members of C i.e. compact G5 sets and A; O B; and A;— B; are disjoint for
1<i<n
Since difference of compact G sets is regular = A;— B; is regular for each i

n
=>,U1(Al- — B;) is regular.

i=
Thus every member of R is regular ............ Y
Let C be any compact G set. Define M’ = {E € 2/C N E is regular}
Let A € R, then A is regular from (1), Also C is regular [ Because compact G; set]
Hence CN Aisregular > AeE M
ShowsthatR c M . 2

Let (E,) be any increasing sequence of members of M then Cn E,, is regular for all n.

> Ul(C N E,) isregular = CN( U1 E,) isregular = U1 E, eM.

n= n= n=

Let (E,) be any decreasing sequence of members of M then CN F, is regular for all n and v(CN F,) <
v(C) <
= n (CnF) 1sregular:>Cn( n F)1sregular: n F, EM.

Shows that M is closed for monotone limits, Hence M is the monotone class. From (2) we have R c
M.

Therefore by lemma on monotone classes we have G(R) c M = Qc M = CNE is regular V E
eEN 3

Let E be any Baire set. ThenE € Qand 2 =&(C) = E= 61 K, where K,, € C V n.
n=
i.e. K, isa compact G5 set V n. Thus E = En ( U1 K,) = U1 (ENnK,)
n= n=

From (3) we have EN K, isregularVn = U1 (ENK,)isregular = E isregular VE € 2
n=
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Prove that v is regular.

Properties of Borel Measures:

Definition: Let X be L.C.H. space, A be the o-ring of Borel sets, u be the Borel measure, C be the class of
compact sets and U be the class of open Borel sets. If i is regular w.r.t. the system

(X, A\, 4, C,U). Then u is regular Borel Measure.

Preposition: Let X be L.C.H. space, A\ be the o-ring of Borel sets, i be the Borel measure, C be the class of

compact sets and U be the class of open Borel sets. Then (X, A, &, C, U) satisfies axiom LILIIIL.

Proof: Axiom I is obviously satisfied.

Axiom II: € C, as ¢ is compact.

Let A, B € C then A and B are compact sets. = AU B is compact = AUBEC.

Let (4,) be any sequence of members of C. Let A = ﬂ An, since A, is closed set. As AC A,,, A, is compact,
nel

It follows that A is compact= A € C. The measure pu is finite on C. Hence by definition Axiom II is also

satisfied.

Axiom III: Let A, B € U then A and B are open Borel sets = AN B is open Borel set = AN B € ‘U

Let (4,) be any sequence of members of U. Let E = U A, since A,, are open Borel sets. = U A, is open
et

Borel set = U1 A, €U.
n=

Finally consider any Borel setS,thenS€ Aand A= S(C) =S < U1 K, where K, € C for all n.
n=
By Baire Sandwich Theorem there exist an open Baire set I/, such thatK,, € I}, ¢ X for all n.
LetlV, = U V,,thenVisan open Bairesetand S c U1 K, c U1 I, ie.ScV.
n= n=

Since every Baire set is a Borel set, we have S c Vand V € U.
Proves that axiom Il is satisfied.

Theorem: Let 1 be any regular Borel measure and C be any compact set, then there exist a compact G set
Ds.t.Cc Dand u(C) = u(D).
Proof: Since p is regular, the set C is regular, hence C is outer regular, therefore for any natural number n

there exist an open Borel set U, s.t.C c U, and u(U,,)) < u(C)+ %
> u(C) < u(U,) < p(O+7
= u(C) < Inf{u(U,)} S Inf(u(C)+3= w(C) < Infu(U,) < p(0)

> u(C) =Infu(v,) . ™
Since C is compact contained in U, then by Baire Sandwich Theorem there exist a compact G4 set D,, s.t. C

cDh, c U,.
LetD = n1 D, then D is compact G5 set and C c D.

From C c Dc U, for all n, we get u(C) < u(D) < u(U,) for alln
= u(C) < u(D) < Infu(U,) for alln
= u(C) < u(D) < u(C) = u(C) = u(D), Proved.

Theorem: Let u;, u, be two Borel measures and p; (C) = p, (C) for every compact set C then g = .
Proof: Let C be the class of compact subsets of X, R be the ring generated by C then every member of R is

of the form .61(AL- — B;) where 4;,B; € C, A; D B; and 4; — B, are disjoint.
i=
Let A€ Rand A = ,Gl(Ai ~By), then p(A) = ' (4~ B)
i =
= Z?zl[ul (4) — w1 (B)] [ Because p is finite on C]
n
= 30 [ (A) — wa(B)] [ Because iy = 4, on C]
n
=itz (A — B) = [V (A = B)] = p2(A), shows that u; =, on R.

By Caratheodory’s Extension Theorem gy = p; on G(R) = u; = u, on S(C)

i.e. uyy = W, on o-ring of Borel sets.

Remark: By the above theorem we show that a Borel measure is uniquely determined by its values on
compact sets. It should be noted that a Borel measure may not be uniquely fixed by its values on compact
Gs sets. However the result holds in case of regular Borel measures.
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Theorem: Let 11, u, be two Regular Borel Measures and u; (D) = u,(D) for every compact G5 set D then
U1 (E) = uy(E) for every Borel set E.

Proof: To prove that p(E) = p,(E)foreveryBorelsetE it is enough to prove that
U1 (C) = uy(C) for every compact set C.

Let C be any compact set, since y, is regular Borel measure we can find a compact Gg set D; such that C
cC D1 and H1 (C) = ,le(Dl) .................. (1)

By the same argument we can find a compact G4 set D, such that C € D, and

12%) (C) = ﬂz(Dz) .................. (2)

Define D = D; N D, then D isacompact G5 setand C ¢ D; and C € D, =C cD.

= (0 < (D) < (D) =, (D) < pp (D7) = 1 (C) = 1y (C) < p,(0)

By the same argument we get u, (C) < u;(C).

Hence p; (C) = u,(C), this completes the proof.

Theorem: Let u;, u, be two Regular Borel Measures then the following statements are equivalent
(a) U1 (E) = u, (E) for every Borel set E.

(a) uy(C) = p,(C) for every compact set C.

(@") p;(U) = uy (V) for every open bounded set U.

(b) py(F) = puy(F) for every Baire set F.

(b') (D) = u,(D) for every compact G set D.

(b") 1 (F) = p, (F) for every open bounded Baire set F.

Proof: For the proof we draw a picture here
n I

a < a » a
v
bl’ b’
< <

From the picture it is obvious that we simply need to prove that (b") — (a)
Suppose that (b") holds, to show that y; = u,
For this it is enough to prove that (D) = p, (D) for every compact G set D.

As u; and p, are regular, so consider any compact G setD, LetD = nl U,,, where U,, are open sets.
n=
By Baire sandwich theorem, for every n there exist an open Baire set 1}, and a compact Gs set D,, such

thatDcV, cD,cU,=D= nl V,, V;, is open bounded Baire set because I/, € D,, and D,, are compact.
n=

Define W, = }l\l V;, then (W,) is a decreasing sequence of open bounded and Baire sets and
i

n VVn = ngl Vn =D= (VVn) iD= H1 (D) = limn—mo H1 (VVn) and M2 (D) = limn—mo 125 (an)

n=1

But u; (W,) = u, (W,) for all n from the supposition.

Hence lim,,_,q, py (W,) = lim,_o, pty (W) = (D) = p, (D) for all compact Gy set D.

= 1y (E) = pu, (E) for every Baire set E. Proved.

Note: The above theorem, in addition brings out the fact that a Baire measure can have at the most one
extension to a Regular Borel Measure. It will be proved here that every Baire measure can be extended to
a regular Borel measure. This will settle the question that every Baire measure possess a unique
extension to a regular Borel measure.

Definition: If U- C € U for every U € U and C € C, then we say that (X, S, u, C, U)satisfy axiom IV.

Theorem: Suppose (X, S, u, C, U) satisfies axiom I to IV and every member of C is outer regular then C-D is
outer regular foe every Cand D € C.

Proof: Assume first that C 2D, then from the hypothesis of the theorem C is outer regular, Let € > 0, we
canfindVeUs.t.CcVand u(U) < u(C)+«.

As axiom IV be satisfied, it follows that U-D € U.

Alsou[(U-D)—(C—D)]= ul(WU -0O)]=u(U) —u(C) < = [Because u(C) < o]

> u[(U-D)—=(-D)]<e=>u[(U-D)]< ul(C-D)]+e

Shows that C-D is outer regular.

Now suppose that C and D be any members of C.

DefineE=CNDthenC-D=C-(CND)=C-E, SinceCe C,E=CnNDe CandCDE.
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It follows from above that C-E is outer regular = C-D is outer rgular.

Definition: Let A cX, Suppose there exist C € Cs.t. A C C, then A is said to be bounded.

Definition: Suppose every member of C is conained in a bounded member of U, i.e. for every C € C there
existU € U,D € Cs.t.Cc Uc D, Then we say that (X, S, i, C, U) satisfies axiom V.

Theorem: Suppose (X, S, u, C, U)satisfies axioms [ to V, assume that every bounded member of U is inner
regular, then C-D is inner regular forall Cand D € C.
Proof: Let Cand D € C, assume that C D D. Let € > 0, by axiom V there exist a bounded member U € U s.t.
C c U.By axiom IV, U-D € U, also U-D is bounded.
By hypothesis of the theorem U-D is inner regular.
Lete >0,LetE€ Cs.t. EcU-D
And u[ (U—-D)]<u(E) +&CNE cC-Dand CNE € Calso (C-D)- (CNE) c U-D-E
= u[(C-D) - (CNE)] < pu[ (U - D) — E]
=ul(U-D)]— u[(E)]<e¢ [Because u(C) < »,E € C]
= u (C-D) < u (CNE) + ¢, shows that C-D is inner regular.
Now suppose that C and D are any members of C, Let E=C ND then E€ C, C D E therefore C-E is
inner regular, But C - E = C-D, Hence C-D is inner regular.
Definition: Suppose C-V € C forallC€ C,U € U, then we say that (X, S, 1, C, U) satisfies axiom VI.

Theorem: Suppose axiom [ to VI are satisfied, then the following statements are equivalent.

(a) Every member of C is outer regular.

(b) Every bounded member of U is inner regular.

Proof: Suppose (a) is true. Let U be any bounded member of U. Let C € C s.t. U c C, then by axiom VI, C-U
€ C. By supposition C- U is outer regular.

Let £ >0, then there exist Ve Us.t.C-U cVand u [V-(C-U)] <€ ........ (€Y

From Uc Cand C-U c Vwe get U-(C-V) cV - (C-U)

Therefore u [U-(C-V)] <u[V-(C-U)]<e [From (1)]

2> u)<uCV)+ e andC-V € ¢ C-V cU, Shows that Uis inner regular, Hence (a) = (b).
Further Let (b) holds, to show that (a) is true, let C € C. By the axiom V, there exist a bounded member U
of U st.Cc U, But by axiom I[Vwe getU-C€ T,

Also U- Cis bounded and by supposition U-C is inner regular.

Let &€ > 0, by inner regularity we can find D € Cs.t. D c U- Cand u [(U-C)-D] <¢....(2)

By axiom IV, U-D€ U, From CcU,D c U-C,wegetCc U-Dand

W [(U-D)-C] = u[(U-C)-D] <& [From (2)]

= uU-D)<u(C)+ ¢ V-De€ UandC c U-D, Shows that C is outer regular.

Hence (b) = (a).

Definition: Suppose § = &(C), then we say that (X, S, u, C, U) satisfies axiom VII.

Theorem: Suppose (X, S, i, C,U) satisfies axioms I to VII, then the following statements are equivalent.

(a) pisregular.

(b) Every member of C is outer regular.

(c) Every bounded member of U is inner regular.

Proof: In proceeding theorems we proved that (b) & (c), Thus obviously (a) = (b) and (a) =(c),
therefore it is enough to prove that (c) = (a).

Suppose that (c) holds, then (b) is also true, to show that (a) holds.

Let R be the ring generated by C. Let S € R then S = _LnJl(Al- — B;) where A;,B; € C, It is earlier proved
i=
that C-Disregular forall Cand D € C. Hence A; — B; is regular for each i.
n
= ,Ul(Al- — B;) isregular = Sis regular for every S € R.............. (D
i=

Consider any C € C define M ={E €S /Cn Eisregular },If S € R then S is regular, As C € C and every
member of C is outer regular hence regular, it follows that C is regular. This implies that Cn S is
regular= S € M.ShowsthatR ¢ M............. (2)

Let (E,) be any increasing sequence of members of M.

Then C N E,, is regular for all n. Therefore 81(C N E,) is regular. This implies that
n=

cno( 31 E,) isregular = 31 E, € M =1lim, ,o(E,) € Moo *)
n= n=
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Let (E,) be any decreasing sequence of of members of M then CnN F, is regular for all n. Therefore
nl(C N F,) is regular. This implies that C N ( n1 F,) is regular.
n= n=

N °r§1Fn € Molim, o (F)E M. (%)
n=

From (*) and (**) we note that M is closed for monotone limits of its members, therefore M must be a
monotone class.
From (2) wehave R ¢ M = S(R)cM {ByLM.C}= S(C)cM
=S8 c M {Axiom VII]
= CN Eisregular foreveryEES L 3
Let A€ S,as § = S(C), every member of § is contained in a countable union of members of C.

Therefore A C U1 K, ,where K, € C V n.
n=
This givesA=AN ( U Kn) = U (ANnK,)
n=1 n=1

From (3) we see that A N K,, is regular for every n. This gives that U1 (ANK,)isregular.
n=
= Aisregular V A € §, that means u is regular and this completes the proof.

Theorem: Let i be a Borel measure on X, then the following statements are equivalent.

(a) pisregular.

(b) Every compact set is outer regular.

(c¢) Everybounded open Borel set is inner regular.

Proof: Let A be the o-ring of Borel sets, C be the class of compact sets, U be the class of open Borel sets of
X. Itis proved earlier that (X, A, u, C, U) satisfies axioms I, II, III.

Now we have

Axiom IV: Let U € U and C € C, then C is compact = Cis closed = C° is open.
Since U is open we get UN C°¢ is open = U-C is open. Also U-C is Borel set as U and C are Borel sets. Shows
that U-C € U. Therefore Axiom IV is satisfied.

Axiom V: Let C € C, then C is compact.
By Baire sandwich theorem there exist Baire sets Vand D s.t. C €V c D and V is open, D is compact G set.
Shows that axiom V is satisfied.

Axiom VI: Let C€ C and U € U then U is open = U°€ is closed and C is also closed
= CN U° is closed = C-U is closed subset of a compact set C, hence C-U is a compact set
= C-U € C, shows that axiom VI is satisfied.

Axiom VII: As § = S(C), then we say that (X, S, 4, C, U) satisfies axiom VII.

Definition: Let X be a topological space then Baire ¢ — algebra By(X) on X is the smallest ¢ — algebra
containing the pre-images of all continuous functions f: X— X. And if there exist a measure y on B,(X)
s.t. u(X) < . Then pu is called a finite Baire measure on X. Further if B(X) is the Borel ¢ — algebra on
X (i.e. the smallest ¢ — algebra containing the open sets of X) then B, (X)c B(X).

Definition: Borel sets are those sets of X belonging to the smallest ¢ — algebra that contains all closed
subsets of X. Clearly a Baire set is always a Borel set. But in many familiar spaces including all metric
spaces the classes of all Baire sets and Borel sets are coincide.

Remark: If X be the metric space then B,(X)= B(X).

Regular Borel Measure: Let u be a Borel measure on a space X and let E € 8. We say that the measure
u is outer regular on E if u(E) = inf{u(U):E c U, U is open} and we say that measure u is inner
regular on E if u(E) = sup{u(K) : K c U,K is compact }. If u is both inner and outer regular on E then
we say that p is regular on E. Further u is called Regular Borel measure if it is regular on every Borel
set. For example a Radon measure is a Borel measure which is

a. Finite on every compact set.

b. Outer regular on every Borel set.

c. Inner regular on every open set.

Preposition: Let u be a Borel measure which is finite on compact sets. Then the following statements are
equivalent.
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1. u is outer regular on o-bounded sets.

2.u is inner regular on o-bounded sets.

Proof: (1) = (2) Suppose that E is a bounded Borel set and E c L. Where L is compact. Assume
thate > 0. We have to prove that there is a compact set K € E with u (K) = p (E)-e. As the relative
compliment L/E is bounded by outer regularity there is an open set 02 L/E such that u (0) < u (L/E)
+e¢. It follows that K = L/O = LN O°€ is a compact set of E satisfying u (K) =u (L) -pu (LN 0) = u (L)-u
(0) = u(L/E)-¢, as required .

In generallet E = E; UE, UE; U ... is a countable union of bounded Borel sets E;. We may assume that
the sets E; are disjoint. If some of the E; has finite measure, then by above we have Sup{u(K):K <
£ KER = ufi=+0, where £ is the family of compact sets. Then SupsK: K €4, Ke£ = p/=+o00 Proved.

But on the other hand if u(E;) < o for each i then for any € > 0 we can find a sequence of compact sets
K; € E; with the property that u(E;) < u(K;) + %

Taking L,=K; U K, U ....... UK, ,itis clear that L, is a compact subset of E for which

u(ly) = Yu(K;) = X u(K;) —% > Y™ u(K;) —e. Taking supremum over n we get Sup u(L,) =
u(E) — &. Which shows that u is Inner regular on o-bounded sets.

(2) = (1) Let E be abounded Borel set. Then closure of E is E and is compact set and by single covering
there exist a bounded open set U s.t. E € U. Let € > 0 then L/E is a bounded Borel set, then by Inner
regularity there exist a bounded compact set K € L/E with the property that u(K) = u(L/E) — €. Let V

= U/K = UNn K°¢ then V is a bounded and open which contains E and u(V) = u(UNn K¢) < u(LNK°) =

u(L)- u(K) < (,u (%) — e)z Uu(E) — &. As ¢ is arbitrary positive and this proves that u is outer regular on

bounded sets.

Further let E = U,, E,, where each E, is a bounded Borel set and each E; is disjoint and u(E,) < oo for all
n. From the above we have a sequence of open sets 0, 2 E,, such that (0,) < u(E,) + zin Therefore the
set E is contained in the union of O = U, 0, and we get u(0) < X u(0;) < X u(E) +e=pu(E) +e.
Hence the proof.

Content: A real valued function defined on a o — algebra A of sub sets of a space X is said to be a
content on X if 1) u(A4) > 0 for all A€ A.

2) (@) = 0and 3) u(A4, U Ay)=u(A,) + u(A,) forall 4;, A, € A.

Preposition: Let A be a content on X and ¢ be a regular Borel measure induced by 4, then the following
statements are equivalent.

1. Aisregular content.

2.u is an extension of A.

Proof: Suppose that (1) holds i.e. 4 is a regular content. Let C be any compact set, and > 0, By the
regularity of 1, we can find a compact set D s.t.

CcDand A(D) <A(CO)+e ¢
Let 1 * be the outer measure induced by 4. Then let U= D then CcU cD and U is an open bounded Borel
set, we have 1 *(C) <1*(U) {Because 1 * is monotone}

<AD)) < AC) +¢ {By (1)}

Hence 1 *(C) < A(C) Butu(C) = A*(c) Therefore A *(€) = A1(C) i.e. u(C) = A(C) which shows that u
is an extension of A.

Now suppose that (2) holds, that means u is an extension of A. Hence A is restriction of 4 and u is regular
Borel measure. Hence by case (1) 4 is a regular content.

Remark: Let Cand D be two disjoint sets of X, and then there exist open bounded Baire sets U and V s.t.
CcUandD cV.

Proof: Let x € C then x € D we can find disjoint open sets U, and V}, s.t..x € U,, DC V. It is clear that
{V. /x € C} is an open cover for C and C is compact, hence there exist a finite sub cover xj, Xy........ x, s.t.
Cc UL Uy, Let U= Ui Uy, and V™ = N, V;, then U* and V" are disjoint open sets and C ¢ U* and
D c VV*, By Baire sandwich theorem there exist open bounded Baire sets Uand Vs.t. CcUc U*and D cV
D c VV* and obviously U and V are disjoint.

Main Result: Every Baire measure has a unique extension to a regular Borel measure.

Lemma: Let v be any Baire measure on X. Define for compact set C
A(C) = Inf{v(C)/ C c U,U is open Baire set}. Then A is a regular content and A(D) = u(D) for every
compact G4 set D.
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Proof of the Lemma: (1) Since v > 0 then obviously 4 >0.

Let C be any compact set, By Baire sandwich theorem we can find an open Baire set U and a compact Gg
set Ds.t. C cU c D. Which gives that 1(C) < v(U) < v(D) < oo which shows thatis A a real valued.

(2) Suppose C and D are two compact sets and Cc D. Let U be any open Borel sets.t. D cUthenC c U =
AC) <v(U)=> AC) =Inf{v(U)/ Uis open Baire setand D c U }.

> A(C) < A(D)= Aismonotone.

(3) Let C and D be compact sets and U be any open Baire set s.t. C < U and V any open Baire set s.t. D
cVthenCuDcUuUV= A(CUD) < v(UUV)<vU)+v(V)

=> ACuD) <inf{v(U)}+inf{v(V)} = A(CuD) <A(C) + A(D) = Aissub additive.

(4) Let C and D be any two disjoint compact sets then by above remark we can find disjoint open
bounded Baire sets U and V s.t. C cU and D cV. Ler W be an open Baire set s.t. CUD cW then C
cUnWandDcVnWw.

SinceW > (UnW)u(VnW), we get v(W)= v[UnW)u (VnW)]= vUnW)+v(VnIW) =
A(C) + A(D). >Inf {y(W)} = A(C) + A(D) then from (3) we get A(CUD) < A(C) + A(D). Hence we get
A(Cu D) = A(C) + A(D). This proves that A is content.

(5) Regularity: Let C be any compact set, € > 0 then by definition of 1 we can find an open Baire set U
such that Cc Uand v(U) < A(C) + ¢. By Baire sandwich theorem we can find an open Baire set V and a
compact G5 set Dst. CcV € D c U. Then C< D and A(D) < v(U) < A(C) + .= A(C) = Inf{A(D)/C <
2 ,D is compact. This proves that .Zis regular content.

(6) Finally: Let D be any compact G set. Let (U,) be any sequence of open sets s.t.

D = NL,(U,) for each n, D c U,, By Baire sandwich theorem we can find an open Baire set V, and
compact Gs set D, st.Dc V, ¢ D, c U, = D=N%,(V,).

Define W, = N}-;(V;). Then (W,) is a monotone decreasing sequence of open bounded Baire sets s.t.
W)—-> D = v(W,) )- v(D). as DcW, for all n = A(D) <lim,, v(W,) = A(D) < v(D)

If V be any Open Baire set s.t. Dc Vthen v(D) <v(V) =v(D) <khflvW)} =v(D) <AD)

From (x)and(*x) we get A(D) =v(D).

Proof of the Main Theorem: Let v be any Baire measure on X.

Define for compact set C, A(C)= Inf{v(U)/C c U, U is Baire set}. Then A is a regular content. Let i be the
regular Borel measure induced by A. Then Let u is an extension of A.Let v/ be the Baire restriction of .
Let D be any compact G; set,

thenv(D) = A(D) = v/(D) [By above lemma]

= v(E) =v/(E) For all Baire set E. = v(E) = u(E) For every Baire set E.

i.e. p is an extension of v. Thus Baire measure v has been extended to a regular Borel measure p.

Uniqueness: Let y; and u; be two regular Borel measures such that y; (D) = p, (D) for every compact Gy
set D.

To prove above we have to show that y; (E) = u,(E) for every Borel set E. For this it is suffices to prove
that iy (C) = p,(C) for every compact set C.

Let C be any compact set. Since p;is regular Borel measure we can find a compact G5 set D; such that C
cDiandyy (€)= u(D)) D

By the same argument we can find a compact Gs set D, such that C € D, and pu, (C) = uy(D;)

Define D=D; N D, , then D is a compact G5 set and C € D;and C € D, = C c D shows that u; (C) =

(D)< u D)= (D)< pp(D2)= p2(C) = py (O)) < 2 (€)
By the same argument p, (C) < u; (C).
Hence proved that u; (C) = u,(C).
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