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Abstract: In this paper, we study a nonlinear boundary value problem (bvp) which generalizes capillarity
problem. An existence and uniqueness result is obtained using the knowledge of range for nonlinear operator.
Ours extends the result in [12].

I. Introduction

A research on the existence and uniqueness result for certain nonlinear boundary value problems of
capillarity problem has a close relationship with practical problems. Some significant work has been done on
this, see Wei et al. [Error! Reference source not found., Error! Reference source not found., Error!
Reference source not found., Error! Reference source not found., Error! Reference source not found.,
Error! Reference source not found., Error! Reference source not found., Error! Reference source not
found.]. In 1995, Wei and He [Error! Reference source not found.] used a perturbation result of ranges for m-
accretive mappings in Calvert and Gupta [ Error! Reference source not found.] to obtain a sufficient condition
so that the zero boundary value problem,

—Vpu+g(x,u(x)):f(x),a.e inQ,
EQ —\F(du,0n)=0\,a.e in '\,

has solutions in Lp(Q), where 2<p<+co. In 2008, as a summary of the work done in[ Error! Reference
source not found., Error! Reference source not found., Error! Reference source not found., Error!
Reference source not found., Error! Reference source not found., Error! Reference source not found.,
Error! Reference source not found.], Wei et al used some new technique to work for the following problem
with so-called generalized p-Laplacian operator:

—div[c(+Vu D P22yt et Purg(u(x))=R(x) a.¢ in Q
EQ ~(v\(c(x)+[Vu\s\up5(2)\s\up5(\F(,))(p—2)2Vu) eP\s\doS()u(x))\, a.c in T

where OSc(x)eLp(Q), € is a non-negative constant and v denotes the exterior normal derivatives of I'. It was

shown in [7] that (1.2) has solutions in Lp(Q) under some conditions where 2N/(N+1)<p<s<+oo, 1<q<too if
p=N, and ISqSNp/(N—p) if p<N, for N>1. In Chen lup[8], the authors studied the eigenvalue problem for the

following generalized capillarity equations:

vu P _ _ _
—div[(1+ —22 Ly vy P D v 9 2u T 2u), in Q.

1+|Vu|2p
EQu=0\,a.e. on 0Q.
In their paper [10], Wei et al, borrowed the main ideas dealing with the nonlinear elliptic boundary value
problem with the generalized p-Laplacian operator to study the nonlinear generalized Capillarity equations with
Neumann boundary conditions. They used the perturbation results of ranges for m-accretive mappings in
[Error! Reference source not found.] again to study

p
v —2 )|Vu\(p_2)Vu)eBX(u(x)), aconT
l+|Vu\2p

Motivated by [10,12],we study the following boundary value problem:
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vu P _ _ _ _
—div[(1+ —2 v P D v o W 292 2 2y

1+|Vu|2p
EQ + g(x\,u(x)\, Vu(x) )=f(x)\,a.e. inQ\,

vuP

—(v(1+ vul P20y ep (u(0), acinT

1+|Vu\2p

This equation generalized the Capillarity problem considered in [10]. We replaced the nonlinear term

g(xu(x)) by the term g(x,u(x),Vu(x)) which is rather general. In this paper, we will use some perturbation results
of the ranges for maximal monotone operators by Pascali and Shurlan [10] to prove that (Error! Reference

source not found.) has a unique solution in Wl’p(Q) and later show that this unique solution is the zero of a
suitably defined maximal monotone operator.

Il. Preliminaries
We now list some basic knowledge we need. Let X be a real Banach space with a strictly convex dual

*
space X .Using "<" and "w-lim" to denote strong and weak convergence respectively. For any subset G of X,
let intG denote its interior and @ its closure. Let " X< Y" denote that space X is embedded compactly in space

*
Y and " X Y" denote that space X is embedded continuously in space Y. A mapping, T:D(T)=X—>X is said to
e
be hemicontinuous on X ifw—tfloT(xﬂy):Tx, for any xye X Let J denote the duality mapping from X into 2X
, defined by

*
fx)=fex (. H)=|Ix]||IfIL.|£]=[[x]l,xe X

*
where (.,.) denotes the generalized duality pairing between X and X Let A:X—>2X be a given multi-valued
mapping, A is boundedly-inversely compact if for any pair of bounded subsets G and G of X, the subset

GA_I(G') is relatively compact in X.
The mapping A:X—)ZX is said to be accretive if ((v 1—V2),J(u1—u2))20, for any u eD(A) and
v.eAu.; i=1,2.
i i
The accretive mapping A is said to be m-accretive if R(I+pA)=X, for some p>0.
*

Let B:X—>2X be a given multi-valued mapping, the graph of B, G(B) is defined by G(B)={[u,w] |

*
%
ueD(B),weBu}. B:X—>2X is said to be monotone [11] if G(B) is a monotone subset of XxX in the sense that

(u 1799 Wy —w2)20,for any [ui,wi] e G(B);i=1,2.
The monotone operator B is said to be maximal monotone if G(B) is maximal among all monotone subsets of

*
XxX in the sense of inclusion the mapping B is said to be strictly monotone if the equality in (Error!
Reference source not found.) implies that u =u,. The mapping B is said to be coercive if

lim

* ES
o (X VX _[)=o0 forall [x_.x ]e G(B) such that

*
Definition 1 The duality mapping J:X—)ZX is said to be satisfying condition (I) if there exists a function
1N:X—[0,+0) such that

im
n—>+ooHXn”:+w'

[[Ju—=Ju||gn (u—v), forall u, veX.
%
Definition 2 Let A:X—)ZX be an accretive mapping and J:X—X be a duality mapping. We say that A satisfies
condition (*) if, for any fe R(A) and ac D(A) and ae D(A), there exists a constant C(a,F) such that
(v—fJ(u—a))>C(a,f), forany ueD(A), veAu.

Lemma 3 (Li and Guo) Let Q be a bounded conical domain in RN. Then we have the following results;
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1. If mp>N then Wm’p(Q)%CB(Q) ; if mp<N and q=Np/(N-mp), then W™P(Q)>LI(Q) ; if mp=N,

and p>1, then for 1<q<+o0,W™P(Q)>LIQ)
2. If mp>N then Wm’p(Q)‘—><—>CB(Q) ;0 if  O0<mp<N and qO:Np/(N—mp) ,  then

wrP@eord@Q)isq<q,
E3

Lemma 4 (Pascali and Sburlan[11]) If B:X—>2X is an everywhere defined, monotone and hemicontinuous

operator, then B is maximal monotone.
*

*
Lemma 5 (Pascali and Sburlan[11]). If B:X—>2X is maximal monotone and coercive, then R(B)=X
Lemma 6 (Pascali and Sburlan[11]). If ®:X—(—o0,+x] is a proper, convexand lower semicontinuous

*
function, then 6@ is maximal monotone from Xto X .
Lemma 7 [Error! Reference source not found.]. If B1 and B2 are two maximal monotone operators in X

such that (intD(Bl))D(Bz);t@, then B1+B2 is maximal monotone.

Lemma 8 (Calvert and Gupta[l]). Let X:Lp(Q) and Q2 be a bounded domain in SRN. For 2<p<+oo, the duality

' _ 2—
mapping Jp:Lp(Q)—>Lp(Q) defined by JPu:|u\p lsgn | P for uelP(Q), satisfies condition (2); for

2N/(N+1)<p<2 and N21, the duality mapping Jp:Lp(Q)—>Lp (Q) defined by JPu=|u|p_lsgn u, for ueLP(Q),
satisfies condition (2), where (1/p)+(1/p")=1

I11. Main Result
3.1 Notations and Assumptions of (Error! Reference source not found.)
We assume, in this paper, that 2N/(N+1)<p<+oo,1£ql,qz,-~-,qm<+oo if p=N, and
1<q,,9+,"",q. <Np/(N— if p<N, where N>1. We use |l.||_ullIl. wll-ll. »esll- ,and||. to
4y d NP/(N-p) i p<N. w use ol okl wlHlg andlly o o
denote the norms in LP(©Q),L91(Q),L12(Q),--,L9m(Q) and WP@Q) respectively. Let

(1/p)y*+(1/p"=1, (1/q1)+(1/q1'):1,(l/q2)+(l/q2'):1,---, (l/qm)+(1/qm'):1
In (Error! Reference source not found.), Q is a bounded conical domain of a Euclidean space ‘RN with its

boundary TeC (c.£4]).

Let |.| denote the Euclidean norm in ERN,(.,.) the Euclidean inner-product and v the exterior normal derivative
of I". A is a nonnegative constant.

*
Lemma 1 Define the mapping B wlP @)W P @) by
P,ql,Clz,"'qu
Vulf _
(V,Bpq G u) = f<(1+#)|vu|p 2Vu,VV)dx
MM M m o) '\/H\Vu\zlj
+

2 S o 2uvdxi S o2 2uxv(xdx

Q Q
+ A f\u(x)\qm_zu(x)v(x)dx
Q
for any u,v er’p (©2) .Then B is everywhere defined, strictly monotone, hemicontinuous
p’qleqza""qm
and coercive.
The proof ofthe above lemma will be done in four steps:
[Sorry. Ignored \begin{proof} ... \end{proof}]

p
Definition 2 Define a mapping Ap:Lp(Q)—>2L @) as follows:
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D(A )={u eLP(Q)|there exist an f eLP(Q), such that f € B utod _(u)}
p P-91-92>" 9m p

EQ foru € D(A\s\do5(p))\, let A\s\doS(p)u={f € L\s\upS(p)(Q2)\, such that f e

B\s\do5(p\,q'\s\do4(1)\,q\s\do4(2)\, ---\,q\s\do4(m) )u+oD\s\do5(p)(u)}
Definition 3 : The mapping

p
Ap:Lp(Q)—>2L (Q)is m-accretive.

[Sorry. Ignored \begin{proof} ... \end{proof}]
Then X is monotone, Lipschitz with xn(0)=0 and X’n is continuous except at finitely many points on R. so

(Xn(u 1—u2),6®p(u1)—6®p(u2))20 .
Then, for uieD(Ap) and VieApui,izl 2, we have

(v | —V2,Jp(u 1_u2))

p-1
— sgn(u,—u,),B -B
(|u1 u2| g (ul u2) paqlaqza‘”’qmul pan ’q2a""qmu2)

-1
(P sgn(u;—u,). 0P (u))-0® (1))

p-1
— sgn(u,—u,),B -B
(|u1 u2| & (ul u2) paqlana"'aqmul paqlaqza"'aqmuz)
y Im o0 _(u,)-0d_(u,))
n%w(xn(ul_uz), p(ul)_ p(uz))—o
Step 2 R(1+pAp)=LP(Q), for every u>0.
*
We first define the mapping Ip:Wl’p (Q)—)(Wl’p (Q)) by Ipuw and
%k
(V,Ipu)(Wl’p(Q)) WP (@)~ (v,uv(Q) for uveW "P(Q) , where ()1 2(qyy denotes the inner

product opr(Q). Then Ip is maximal monotone [7].

Lpy*
Secondly, for any p>0, let the mapping Tu:Wl’p (Q)—>2(W @) be defined by

Tuw=I u+uB upuod (u
L Ut By g HOP )

[for uer’p(Q) . Then similar to that in [7], by lemmas 2.4, 2.6, 2.7 and 2.5 we see that TH is maximal

%
monotone and coercive, so that R(TjJ,)I(Wl’p (Q)) ,forany p>0
Therefore, for any fe LP(Q), there exists uer’p(Q) , such that

=T u=u+uB u u

Fromthe definition of Ap’ it follows that R(I+uAp)=Lp(Q), forall p>0. This completes the proof.

Lemma4 The mapping Ap:Lp(Q)—>2Lp(Q), has a compact resolvent for 2N/(N+1)<p<2 and N>1.
[Sorry. Ignored \begin{proof} ... \end{proof}]
Remark 5 Since CDp(u+oc)=<Dp(u), for any uer’p(Q) and ae CBO(Q), we have feApu implies that

=B in the sense of distributions.
P.q 1:QQ,' : 'aqm

Proposition 6 For fe Lp(Q),ifthere exists ueLp(Q) such that feApu, then u is the unique solution of (1.7).
[Sorry. Ignored \begin{proof} ... \end{proof}]
Remark 7 If BXEO for any xeI then 6CDp(u)EO, for all uer’p(Q) .
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Proposition 8 If BXEO for any xeI then {fe LP(Q)\ f fdx=0} cR(Ap).
Q
[Sorry. Ignored \begin{proof} ... \end{proof}]

0
Definition 9 (see[l,7]). For teRt,xeF, let Bx(t)eBX(t) be the element with least absolute value if Bx(t)¢0 and
lim
t—to0
for xeF.BX(t) define measurable functions on I', in view of our assumptions on BX.

0 0
Bx(t):ioo, where t>0 or t<0 respectively, in case Bx(t):®. Finally, let Bx(t): Bx(t) (in the extended sense)

Proposition 10 Let fe Lp(Q) such that

S b_oareo< S saxe S p, drco
r Q r
Then feIntR(Ap).

[Sorry. Ignored \begin{proof} ... \end{proof}]
This completes the proof.

Proposition 11 Ap+B 1:Lp (Q)—)Lp (Omega) is m-accretive and has a compact resolvent.
[Sorry. Ignored \begin{proof} ... \end{proof}]
Theorem: Let fe Lp(Q) be such that

S o oareor S i Srooax < S pLooarcor S g, (vdx
T Q

r Q Q
then(1.4) has a unique solution in Lp(Q), where 2N/(N+1)<p<+oo and N>1
[Sorry. Ignored \begin{proof} ... \end{proof}]

Remark: Compared to the work done in [1-7], not only the existence of the solution of (1.4) is obtained but also
the uniqueness of the solution is obtained. Furthermore, our work extended the work of [12]
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