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Abstract:In this paper we consider the Dunkl-Struve Laplace operator Ay, on R we define the
Dunkl-Bessel-Struve intertwining operator X}, o which turn out to be transmutation operator between
Aj.o and the Laplacian Agq, next we construct tz’\,’k@ the dual of the Dunkl-Bessel-Struve intertwining
operator. We exploit these operators to develop a new harmonic analysis corresponding to Ay 4.

1. INTRODUCTION
In this paper we consider the Dunkl-Bessel-Struve Laplace operator defined by
(1) Ak,a = Ak‘,ac’ + lomcd_H; ZU/ € Rda Td+1 € Rv

where Ay, is the Dunkl-Laplacian operator on R? (see[1]), I, is the Bessel-Struve operator on R given
by

2 lo ) )
2) u(@) @, zar) + dx g1 dx g 2

a2 2041 [ du(z',z411) _ du(z’, 0) a> -1
dx3 Ld+1 ’

Through this paper, we provide a new harmonic analysis on R4t corresponding to the Dunkl-Struve
Laplace operator Ay, 4.

The outline of the content of this paper is as follows.

Section 2 is dedicated to some properties and results concerning the Dunkl transform and the Bessel-
Struve transform.

In section 3, we construct the Dunkl-Bessel-Struve intertwining operator Xy , and its dual Xy ., next
we exploit these operators to build a new harmonic analysis on R%*! corresponding to operator AV

2. PRELIMINARIES

Throughout this paper, we denote by
Qo = M where o > -
C rl(a+ 1) 2
= (21, Tap1) = (2, 2g41) € R,
A=A Aarr) = (W, Agg) € CHL
E(R™1) (resp. D(R¥1)) the space of C* functions on R%!, even with respect to the last
variable (resp. with compact support).
R the root system in R?\ {0}, R is a fixed positive subsystem and k € R —]0, oo[ a multiplicity

function.
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e T} the Dunkl operator defined for j = 1,...,d, on R? and f € E(R?) by

I ) - £ 3 baga, )= Soala))

<ao,r >
a€ER 4

where <, > is the usual scalar product, o is the orthogonal reflection in the hyperplane orthog-
onal to o and the multiplicity function k& is invariant by the finite reflection group W generated
by the reflection o, (o € R).

e A; the Dunkl-Laplace operator defined by

Apf(z) = T f(x).

e w;, the weight function defined by
H | <a,z > [ 2 eRY
a€ER

. Li(Rd), 1 < p < 400 the space of measurable functions on R? such that

3) £ = ([ 11 P’ ) " < voc, if 1< <,
() Il = ess sup |fa)] < oo, if p= oo,
2’ €Rd

o [P (R), 1< p < 400 the space of measurable functions on R such that

(5) wmp—(@uwWWMW§p<+w,ﬁlgp<+w,

(6) | flla,o0 = €58 iuﬂg]f(tﬂ < 400, if p= 0.
€

In this section we recall some facts about harmonic analysis related to the Dunkl-Laplace operator Ay
and harmonic analysis associated with the generalized Bessel-Struve operator l,,. We cite here, as
briefly as possible, only some properties. For more details we refer to [1, 2, 3|.

Definition 1. For all z € R*! we define the measure g’;j*“ on R by

@ —2a a—2 !
(7) A&y (y) = aa 25 (@501 — Vi)™ 20wy, 1 [(War)diny (4 )dyara,

where s is a probability measure on R%, with support in the closed ball B(o,||z|) of center o and
radius ||z||. 1y0.4,,,( i the characteristic function of the interval |0, z411].

The Dunkl intertwining operator Vj is defined on C'(R%) by

(8) Ve e RY Vif(x / Fa)duy (y).

The dual of the Dunkl intertwining is defined on D(R?) by

(9) Vi) = [ F@)dvy (@),
R4
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where v,/ is a positive measure on R with support in the set {x' eRY |z > |y H} .

V. and 'V, are related with the following formula

(10) / V() (@ )9 (@)wp(a Y = / ) Via(y )y

For each y' € R?, the system
The Dunkl kernel defined by

j—jju(x/7y/) = y;u(x/?yl)? ] = 17 "'d7
u(O,y/) =1

admits a unique analytic solution K (wl,y/), z € R? called the Dunkl kernel. This kernel possesses
the following properties

/

(11) K =iX) = [ e, ).
R4

This kernel possesses the following properties

(12) K(2', ) = V(e=)(2).

Proposition 1. i) Vi is a topological isomorphism from E(RY) onto itself satisfying the following
transmutation relation

Ax(Vef) = Vie(Aaf), Vf € BE(RY),

d
d2
where Ag = E 12 is the Laplacian on RY.
xr“
j=1""J

ii) "Wy is a topological isomorphism from D(R®) onto itself.

Proposition 2. The Dunkl-Laplace operator Ay, and the function K are related by the following relation
(13) Ap(K (&', N)) = =N |PK (', X).

Definition 2. The Dunkl transform of a function f in D(RY) is given by

/ ’ / ’

vy e RY, Fu(f)(y) = . f@)K (2, —iy ywy(a)dz'.

Proposition 3. i) If f € LE(R) then | F*(f)llk00 < IIfllk1-
ii) For all f € D(R?) we have
Fi(f) = F o' Vi(f),

where F is the classical Fourier transform on R% defined by
FHN) = [ flaye =¥ dat,
Rd

In the next we recall some facts about harmonic analysis associated with the Bessel-Struve operator
la
For Aj11 € C, the differential equation:

at(2) = Mgy u(2)
14 4 d+11 (o
" { U(O) =L u®= AfFI(‘EM++:;)

possesses a unique solution denoted ®,(Ag112). This eigenfunction, called the Bessel-Struve kernel, is
given by:
(I)a()\d+12) = ja(’i)\d+12) — iha(’i)\d+12), z € R.
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Jjo and h,, are respectively the normalized Bessel and Struve functions of index « .These kernels are

given as follows
+o00 (_ 1 ) m (g) 2m

ja(z)zr(a+1)zm!1“(m+2a+1)

m=0
and
+oo (_1)m (%)Qm-‘rl
ho (2) =T (« .
(2) =T( +1)mZ::OF(m+g)F(m+a+g)

The kernel @, possesses the following integral representation:
1
(15) Oo(Ngr12) = aa/ (1— tQ)O‘*%e)‘d“tht, VzeR, Vg4 €C.
0

The Bessel-Struve intertwining operator on R denoted X}, introduced by L. Kamoun and M. Sifi in [3],
is defined by:

1
(16) Xo(f)(2) = aa/ (1-— t2)°‘_%f(zt)dt ,f€ER), zeR.
0
By change of variable X, can be also written in the form
(17) Xo(f)(2) = aaz%‘/ (22— 2> 3 f(t)dt , f € E(R), z € R.
0
The Bessel-Struve kernel ®,, is related to the exponential function by
(18) VzeR, Ygy1 €C, PBo(Mgy12) = Xa(e 1) (2).
X, is a transmutation operator from [, into j—; and verifies
d2

19 looXy =X,0—.

( ) © © sz

Theorem 1. The operator X, a > _71 is topological isomorphism from E(R) onto itself. The inverse
operator X' is given for all f € E(R) by
(i) ifa=r+m, meN, _71<7“<%

@) AN = e ] o)

(i) fa=3+m, meN

22m+lm! d

(21) X)) = mz(@)mﬂ(zmﬂﬂz))a zeR.

Definition 3. The Bessel-Struve transform is defined on LL(R) by
(22) VAar1 €ER, Fp o(f)(Aa1) = / f(2)®a(—irgi12)|2[** L dz.
R

Proposition 4. If f € LL(R) then ||]:§75(f)”C>O <[fli.a-

Definition 4. For f € LL(R) with bounded support, the integral transform W, given by
M(a+1) [T 5 sl
(23) Walf)2) = SO0 [ = b sgn()dr, = € R\(0)
Val(a+ 3) Jiz

1s called Weyl integral transform associated with Bessel-Struve operator.

_1
Remark 1. If we denote dw, (t) = aal)|;| oo (t) Gl zz)a 2 tdt we can write

Waf (2) = / £ (sgn (2) ) du- (1)
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Proposition 5. (i) Wy is a bounded operator from LL(R) to L'(R), where L'(R) is the space of
lebesgue-integrable functions.
(ii) Let f be a function in E(R) and g a function in Ly(R) with bounded support, the operators X,
and W, are related by the following relation

(24) /R Kol ) (2)9(2) 222z = /R () Walg)(2)d=.

(iii) Vf € LL(R), 5.5 = F o Wal(f) where F is the classical Fourier transform defined on L'(R)
by
F@)Oas) = [ gl2)eMmaz,
R

We designate by Ky the space of functions f infinitely differentiable on R* with bounded support
verifying for all n € N,

lim t"f™(t) and lim ¢"f(t)
y—0— t—0t
exist.
Definition 5. We define the operator V, on Ko as follows
. [foz:m—i—%, m & N
1 22m+1m! d

Voa(f)(z) = (=)™ m(@)mﬂ(f(@), x € R*.
e [fa=m+r, meN, %1<r<% and f € Ky
() 2y

Va(f)(z) =

N gLy sgn(z 2z € R*
o+ 1P =) /|z| (=572 ()"  (sgn(a)yedt |, 2 € R

Proposition 6. Let f € Ko and g € E(R), the operators Vo, and X, ' are related by the following
relation

(25) AVa(f)(Z)g(Z)!Z\2“+1dZ=/Rf(z)?fal(g)(Z)dZ-

3. DUNKL-BESSEL-STRUVE TRANSFORM

Definition 6. The Dunkl-Bessel-Struve intertwining operator is the operator X}, o, defined on C(RH1)

by
! 20 [T o 2ya—1 !
(26) Xeof(@,Ta41) = aaxd_ﬁ‘/ (rgy — 7)) 2V f(x , t)dt,
0
Remark 2. A}, can also be written in the form
[
(27) Xk,a =V ® Xy
where Vy, is the Dunkl intertwining operator given by (8) and X, is the Bessel-Struve intertwin-
ing operator given by (17).
[ ]
Xeaf(@)= | fy)d&"(y).
Rd+1

where d&&® is given by (7).

Proposition 7. X}, is a topological isomorphism from E(RYY onto itself satisfying the following
transmutation relation
Apa(Xiaf) = Xiea(Baiif), ¥ € BRT),
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d+1 )
where Agyq = Z s is the Laplacian on RI+1,
j=1 "7

Proof. The result follows directly from (1), (19), (27) and Proposition 1
Apoa(Xaf) = (Ap+la)Vi® X)(f)
= Ap(Vi @ X)(f) +1la(Vi ® Xa)(f)
= Akz(vk’)on(f) + Vk:la(Xa)(f)

2
= Vk(Aan)erVk(XaOd 5—1)
La+1
2
= Vk:®on(Ad+d 2 )f
L1
= XpalAay1f).

Definition 7. The dual of the Dunkl-Bessel-Struve intertwining operator X o, is the operator "Xy
defined on D(RHY) by: Vy = (v, ygp1) € RETL,

[e.e]

(28) th,a(f)(y/7yd+1) = aa/ (52 - ygﬂ)a% thf(yla sgn(yd+1)s)sds,

[Ya+1l

where YV, is the dual Dunkl intertwining operator given by (9).

Remark 3. The operator ' X, o can also be write in the form

(29) "X =" Vi @ Wa,

where 'V, is the dual Dunkl intertwining operator given by (9) and Wy, is the Weyl integral given by
For all y € R?, we define the measure gg’a on R by

(30) dof®(x) = aa(3yy — Y31) 2 211 gy ) ool (a1 )dvy (2)dagsn.

From (9), (29) and Remark 1 the operator X}, can also be written in the form

(1) WD) = [ 1 sanlyssn)oan)dey® a).

We consider the function Ay, given for A = (X, A\g41) € C¢ x C by
(32) Aol N) = K(2', =iN)®a(Tar1Ady)-
Proposition 8. The Dunkl-Struve-Laplace operator Ay o and the function Ay, are related by the

following relation

(33) Apa(Ara) (@A) = =[[APAgalz, ).

Proof. By (1), (13), (14) and (32) we obtain

ApaMia)(@ ) = (Apy +lawg,) K@, —iN)Po(—irgr12441)

= Ak@/(K(ﬂj‘,, _i)\/))q)a(_i)\d+1$d+1) + K(ZBI, —Z')\/)la@dJrl ((I)a(_i)\d+1$d+1))
= WVPK (&, —iX)Ba(—ida 1) + (—idasn) 2K (2, X)) Ba(—idas1a11)
= VP (&, —iX)Ba(—idas1as1) — Ay K (2, —iN) B —ida17asn)
= —APAkalz,N).
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Proposition 9. The Dunkl-Bessel-Struve kernel Ay, o is related to the exponential function by
Vo € R WA € CH Ag o2, 0) = g o(e5) ().
Proof. The result follows directly from (12), (18) and (27). =

We denote by L} (R¥1), 1 < p < +oo the space of measurable functions on R4 such that

1 .
(31) iy = ([, 5P Arala)dn)? <400, if 1p<+oc,
(35) [fllkaco =ess sup  |f(x)] <400, if p=o0
R4 X [0,400]
where
(36) Apo(x)dr = wi(2)|xg P da'dz gy, = (2, 2401) € RTT

Theorem 2. Let f € L}f’a(RdH) and g in C(R™1), we have the formula

(37) Lo Bty = [ )Xl @) Asa(o)d

Rd+1

Proof. An easily combination of (10), (24), (27) and (29) shows that

/ o) W)g(w)dy = / Vi ® Wa(£)W s yas1)g(v)dy
Rd-+1 RéxR

- / VelF) W s ) Xag (o s yar ) lyans |y
RIxR

- / s v )V © Xag (0 g Ana(y)dy
RIxR

= / F Ya41) X 09V s Yar1) As.o(y)dy.
RIxR
| |

Proposition 10. Let f be in L} (R4). Then

/ o (f)(y)dy = () Ap o (2)dz.
Rad+1 RA+1
Proof. Let f be in Lk’a(Rd+1). By taking g = 1 in the relation (37) we deduce that
[ Fat@iy= [ 1) Aateld
Rd+1 Rd+1

Definition 8. The operator X}, o is topological isomorphism from D(R™1) onto itself. The inverse
operator Xk_; is given for all f € DR by

(i) fa=r+m meN, 3 <r<3

(38)
2/ d Fd+1 1
X_l 33/,1' — T m+1 |:/ .’L'2 _ t2 —r—3 tV .T/,t t 2a+1dt )
oo ()@ 2a11) Mo+ DI =) dH(da;?Hl) ; (Tg4 —17) kS (2 )]t
(i) Ifa=1+m, meN
(39) AN wan) = o (— L @2 ot ), 0 e R
k,a ) + (2m + 1)' + dx?l_H d+1 ’ + ’ .
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Remark 4. The operator X,;; can also be write in the form

(40) Ko =" Ve X

Definition 9. We define the operator Vi, o on D(RY) as follows
° Ifa:m—k%, meN

I 22m+1m! ( d
(2m +1)!

Via ()@ 2401) = (=1)™ )" Ve f (2, 2a41))-

2
g,
oIfa:m+r,m€N,_71<r<%andf€Ko

(_1)m+12\/7r
NGRS 1)I‘(% —r)

> —r—3z d m
Via(f) (@', 2441) = / (v —x3y1) é(diyz) TV f(, sgn(as)y)ydy | -

Tqy1l

Remark 5. The operator Vi, o, can also be write in the form

(41) Via = Vi @ Va,

where Vi is the Dunkl intertwining operator given by (8) and V,, is the operator given in Definition 4.

Proposition 11. Let f and g in D(RY), the operators Vi,a and Xk_; are related by the following
relation

/ Vi (£)(2)9(2) Ap o () = / F(2) X1 (9) (@) d.
Rd+1 Rd+1

Proof. From (10), (25), (40) and (41) we obtain

L f@X @@ - () Vi © X g) (@)

Rd+1

= Vaf() Vi(g)(@)|zas T da

Rd+1

= Vie @ Vo f (2)(9)(2) Ap o (x)dx

]Rd+1

= Viaf (2)(9)(2) Ak, o(z)dz.

Rd+1
]

Definition 10. The Dunkl-Bessel-Struve transform is given for f in D(RT1) by

(42) YA e R Fo(H(N) = (2) Ak o (2, \) Ag o (2)da.

’ Rd+1

Proposition 12. The relation (42) can also be written in the following form:
(43) VA= (X, ap1) ERIXR, Fra(f)(N) = Fio Fs()(N),

where Fy, is the Dunkl transform given in Definition 2 and F3 g is the Bessel-Struve transform given

by (22).
Proof. Due to (22), (32), (36) and Definition 2 we have

Freolf)A) = () Aoz, N) A o(x)dz

Rd+1

— [ ] 5 )iz K@ =X g P (o d’
R JR

= /fg,sf(x/a/\d+l)K($/7—i)\/)wk(l‘/)dx/
R4

= FioFgs(HHN, Aar).
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Proposition 13. (i) For f € L}C@(Rd*l), we have

H}—k,a<f)Hk,a,oo < ”f’

k,o,1-

(ii) For f € D(R¥1), we have

fk,a(f) =Fo th,a(f)7
where F is the transform defined by ¥\ € R4+

F(HO) = / f(@)e <N g

Proof.

(1]

2]
3l

Rd+1
(i) By Proposition 3)-i) and Proposition 4, we can deduce that
1Fka(Pllkace = supgeras|Fralf)(@)|

= supxd+1ER3upx’ERd’fk © ]:%S(f)(x)‘
< supg,erl|Fps(f)( @)k
< N fllkan-

(ii) From (23), (29), (43), Proposition 3)-ii) and Proposition 5-iii) we obtain
Fo 'Aa(f) = Fo Vi@ Walf)

— / th®Wa(f)(a:)e*i<‘”’>‘>dx
RIxR
> 2 2 ya—1t ! —1iTa11 A —i<z! N>
= Ga/ / (57 —2,1)" 2 Vif(x ,sgn(wgeq)s)e Fdritdrle 7 sdsdx
RE g

- /d th(fl%’,s)(f)(:c/,)\d+1)efi<z/7/\,>dx/
R

= Fkofg’S(/\/7)\d+1)

= FralN).
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